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ì

(p ^ q) _ (p ^ r )
B

^
È’Å•Ã€Ä•Å‘É4ÇòÄB�Tï–É4Äçåˆå»ÇqÈ’Å™äNÈ’Æ‘É™Ê‹ÃBÈ

_
=

p _ (q^ r )
ì

(p _ q) ^ (p _ r )
B

_
È’Å•Ã€Ä•Å‘É4ÇòÄB�Tï–É4Äçåˆå»ÇqÈ’Å™äNÈ’Æ‘É™Ê‹ÃBÈ

^
=

: (p _ q)
ì

(: p) ^ (: q)
æ•È‰ì»ÃBÈ

�

ÈutRÊˆÇ<ô—å€í

: (p ^ q)
ì

(: p) _ (: q)
æ•È‰ì»ÃBÈ

�

ÈutRÊˆÇ<ô—å€í

(p , q)
ì

(q , p)
p ^ V

ì

p
p _ F

ì

p
(p ) q)

ì

(p ^ : q) ) F

Ž•{D}·{™½s{Tp„wDk•wDk•r

ê

oq{Dmv{T‰Ÿry•

º

uv{€Ö

(p ) q) ^ (q ) p) equivale l ¶ogicamente
j

(p , q)
(p ) q) equivale l ¶ogicamente

j

(: q) ) (: p)
(p ) q) equivale l ¶ogicamente

j

((p ^ : q) ) (: p))
p equivale l ¶ogicamente

j

(: p ) p)
p equivale l ¶ogicamente

j

(( : p) ) (q^ : q))
�6rypSr€o„p„r•}~j€t|r•{T}–{Ñ½s{D‰‹“|}•r•÷

¶

ê

¶

ØÀk•m|tvk•wTj

º

uv{

p ) q
{T•¼{

º

u|kn¸ŒjŒ}•{Tm—oq{•}•xy£€k•wTj€‰Ÿ{Dm0o„{

j

: p _ q¶

¾

•soqjƒo’jŒ•v}~jÏtv{Ÿ{

º

u|kn¸ŒjŒ}•{Tm|wTk•j€•ž}nxy£yknw�j€•‚“"rym|{Ÿtv{.‰»jŒmvknÁN{D•so„rƒ}•ry•	•sk•£yuvkn{Tm—oq{D•žp„{ò•

•„uv}Âo’j€tvr€•TÖ

÷

¶

i·j‡{

º

uvkn¸ŒjŒ}•{DmvwTk•j

(p , q)
{T•

V
•„kÒ¿R•„r€}•r‡•skã}~j€•œkn‰‹“|}•kÂw�jŒwTknrym|{T•

(p ) q)
¿

(q ) p)
•srym

V ¶

X

¶

i·j•k•‰Ÿ“v}nkÂw�j€wDknxym

(p ) q)
{D•¼}•xy£€k•wTj€‰Ÿ{Dm0oq{Ò{

º

uvkÂ¸Œj€}n{Tm—oq{¡j••„u‡Æ’ÊˆíNÉ4Çså€Ç‘ÇqÈ’Æ‘ð ä"ÇqÊEÆ„å

(: q) ) (: p) ¶

ê

¶�¾

}6ä"ÇòÄîí2Æ‘Ä ä"ÄÍÊƒÃBÈ:Ç’È„Ã€ïNÆ’Æ‘Ä	�ˆí?å€æ�å—�‘Åòï–ÇsÃBÊˆÖ•}~j‹¸y{TpstNj€tñtv{

p
{D•ž{

º

uvkn¸ŒjŒ}•{Dm0oq{.jŒ}

Ùv{DwòÙ|r†tv{

º

uv{�•„u.mv{D£—j€wDk•xym

: p
k•‰Ÿ“v}nk

º

uv{•uvmNj‚wTr€m0oqp„j€tvknwTwTknxym

¶S¾

•”oq{�Ùv{Tw’Ùvrž•„{

•„u|•soq{Dm0oqj‹{Dm�}•j:•sk•£yuvkn{Tm—oq{	{

º

u|kn¸ŒjŒ}•{Tm|wTk~jl}•xy£yknwTj|Ì|“|p„{T•s{Tm—o’j€tNj‹jŒm0oq{Dp„knryp„‰Ÿ{Tm—oq{ŒÖ

p equivale l ¶ogicamente
j

(( : p) ) (q^ : q))



ê

ë

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

¾

•so’jŒ•	{

º

uvkÂ¸Œj€}n{TmvwDk~jŒ••}•xy£yknwTj€•Àmvry••“"{Tp„‰Ÿkno„k•p„Š€m�“vps{T•„{Dm0oqj€pžjŒ}•£yuvmvj€•Ào„àTwDmvk•wTj€•‚tv{

t|{T‰Ÿry•so„pqj€wDk•xym

¶ â

m0o„{T•ƒk•m0o„p„rBtvu| Tw�jŒ‰‹r€•zwTr€m “vp„{DwTk••sk•xym+{T}	•s{Tm0o„k•tvr

º

uv{èo„k•{Dmv{è{D}

Ù|{Tw’Ùvr‹tv{

º

uv{†uvm]pqjŒ Trymvj€‰‹kn{Tm—oqr:•„{TjŸwDryp„ps{Tw‘oqr

¶
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§>ø1C
±4³—±BADCÄE�Glf)Gë’

³gÈ„å€í

A 1; :::;A n
ì

B
��ÊˆÇòÿŸåˆÅ•ä"ÇqÊ’äVÊEÅ‘ÄÍÆ‘ÄÍÊˆí"åŒæ•È’Å�ê ³gÈ‹Ã€ÄÍÆ’È

í

ïNÈ

ïBí�Çså£�ˆÊˆí"å€ÿ:ÄÍÈ‘íNÉÑÊŸÃBÈ‘ægÉ4Ä äNÊ

de A 1; :::;A n se deduce B
È’Å

³

þ

µˆµ²§B³€­

þ'Ê

©BASb"±<³yªN®R§šCá­E§u�|¯N©<±4´

þÏÅ‘Ä

A 1^ :::^ A n
Äîÿ•ä"æ ÄÍÆ„å•æë�„ô€ÄÍÆ„å€ÿ»È‘íNÉÑÈ

B
Ê£�2æ•Ê

í

ïNÈ�È’Åãæ•ÊÀÿ:Ä•Å‘ÿ»Ê£�"Å‘ÄgÈ’ÅãÄîÿ•äNÊEÅ‘ÄB�Tæ•È�È‘í2Æ’ÊˆíNÉ4Ç„å€Ç�ï–íÏÆ„åˆÅEÊžÈ‘íÏÈ‘æ

í

ïVÈ�Å‘ÄÍÈ‘í"ÃBÊ€å€È‘Ç„Ã—å—ÃBÈ‘ÇsåˆÅ

æÂåˆÅ•ÅEÈ‘íNÉ™È‘í2Æ‘Ä4åˆÅ

A 1
�	êçêçê��

A n
ÅEÈ„å��Då€æ ÅTå.æÂå:ÅEÈ‘íNÉÑÈ‘í2Æ‘Ä4å

B
êwv æÂåˆÅ•ÅEÈ‘íNÉ™È‘í2Æ‘Ä4åˆÅ

A 1
�	êçêçê��

A n
æÂåˆÅ»ÃBÈ‘í2Êˆÿ:Äîí"å€ÿ»Ê�Å	ý

µ²§B®?±4¨TªN¨

Ê

I
±

ý

AN­E§B¨�±4¨

ì'å'æÂå]ÅEÈ‘íNÉ™È‘í2Æ‘Ä4å

B ³

þ

C6³—©4¥6¨T±BADC

Ê

­�§–¨�±4¨

ê

�Sj€pqj•tvkn•so„k•mv£yu|k•pÒ}•j€•ã“vp„{D‰‹kn•qj€•ãtv{‚}•jœwTrym|wT}•u|•„k•x€mgÌ–{T}ápqj€ DrymNjŒ‰‹kn{Tm—oqrljŒm0o„{Tp„knrypã•„{

•suv{T}n{žp„{T“|p„{T•s{Tm—o’j€p�“"ryp

A 1
¶

¶

¶

A n

B

È1XT§B®

ý

©

þ

E�Glf)GBEš–

´ãæ2Å‘ÄÂô€ïBÄÍÈ‘íNÉ™È†Çså£�ˆÊˆí"å€ÿ:ÄÍÈ‘íNÉ™Ê»È’Å:Æ’ÊˆÇòÇqÈ’Æ‘ÉÑÊ�;

p ) q
p
q

xNå

í

ïVÈ

((p ) q) ^ p) ) q
È’Åžï–í"å‹É å€ïBÉÑÊˆæ•Ê„ô€ð4å>ê

È1XT§0µŒ³—±4³—±

þ

Œ

�

È‘ÉÑÈ‘Çòÿ:Äîí"å€ÇÀÅ‘Ä•È‘æáÅ‘ÄÂô€ï–ÄÍÈ‘íNÉ™ÈžÇ„å£�ˆÊˆí"å€ÿ:ÄÍÈ‘íNÉ™Ê»È’Å:Æ’ÊˆÇòÇqÈ’Æ‘ÉÑÊ�;

(p ) (q_ r ))
(q ) : r )

p
q^ : r

È1XT§0µŒ³—±4³—±

þ

‘

�

ÃBÈ‘íNÉ4Ä �¡Æ„å€Ç�å—ÃBÈ’Æ‘ïvå—Ã—å€ÿ»È‘íNÉ™È¢æÂåˆÅÀÃ€Ä•Å‘É<ÄîíNÉÍåˆÅ	Æ’Êˆí2È’Æ‘É4ÄçåˆåŒÅ�æ ÄîíBô�D–ð•ÅòÉ<ÄÍÆ„åˆÅ�ì

æÂåˆÅwåˆå€ÇòÄ4å>�Tæ•È’Åãä"ÇqÊ’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"å€æ•È’Åé�ÒÊm�TÉÑÈ‘í2È‘Ç‚æÂåˆÅ•ä"ÇqÈ‘ÿ:Ä•ÅTåˆÅ~ì.æÂåzÆòÊˆí2Æ‘æ ï0Å‘Ä	�ˆí‹ìÏÈ’Å‘É<ï|Ã€Ä4å€Ç

æÂå�åˆå€æ Ä4ÃBÈò�lÃBÈžæ•ÊEÅ‚Å‘ÄÂô€ï–ÄÍÈ‘íNÉ™È’ÅžÇså£�ˆÊˆí"å€ÿ:ÄÍÈ‘íNÉÑÊEÅ?;



kWj÷ö—j_•ãˆ0Ïx‚‰†‡qsrutwvxrMv�zU‚‰†‡‚‰vxp€q~• ê

Ø

@

êzy�È’Ålï–íñÅ‘ï|�™ô€Ç‘ïEäNÊ»Å‘Ä¢È’Å:í2Ê åˆåBÆ‘ðÍÊ£�•Æ’ÊˆíNÉ<ÄÍÈ‘í2È:å€æSí2È‘ïBÉ<ÇqÊ&ì'È’Å»Æ’È‘ÇòÇså—ÃBÊœä|å€Ç„å

æÂåÏÊ’äNÈ‘ÇsåBÆ‘Ä	�ˆíDêx³VÄWy È’Å‚í2Ê©åˆåBÆ‘ðÍÊ:ì»Æ’È‘Ç‘Çså—ÃBÊ�ä|å€Ç„å:æÂåÏÊ’äNÈ‘Çså–Æ‘Ä	�ˆí|��È‘íNÉÑÊˆí2Æ’È’ÅIy

Æ’ÊˆíNÉ4ÄÍÈ‘í2ÈÀå€æNí2È‘ïBÉ<ÇqÊmêx´ãí‡Æ’Êˆí|ÅEÈ’Æ‘ïNÈ‘í2Æ‘Ä4å[�gÅ‘Ä{y�È’Å	Æ’È‘ÇòÇså—ÃBÊ¡ä|å€Çså•æÂå.Ê’äVÈ‘ÇsåBÆ‘Ä	�ˆí|�

y È’ÅžïBí‡Å‘ïZ�™ô€ÇòïEäVÊmê

�šê0³VÄ

a
È’Å†ïBí�í��Bÿ»È‘Ç’Ê‚äNÈ‘Çç��È’Æ‘ÉÑÊÏÈ‘íNÉ™Êˆí2Æ’È’Å

a
È’Å�ä|å€Ç0ì

n
È’Å†Äîÿ•ä|å€Ç4ê

a
È’Å¡ä|å€Ç0ì

n
í2ÊÏÈ’ÅžÄîÿ‚ä|å€Ç4êx±�ÊˆÇlÆ’Êˆí|Å‘ÄÂô€ïBÄÍÈ‘íNÉ™È

a
í2ÊzÈ’Å¡äNÈ‘Çç��È’Æ‘ÉÑÊmê

E

ê0³VÄ�í2Ê¦î|åmìVîBïNÈ‘æ ô—å[��ÊzÈ‘æ2Å‘Äîí"Ã€ÄÍÆ„åyÉ™Ê.ÿ:ÄÍÈ‘íNÉÑÈlÊzÈ‘æ·ÿ:ÄîíNÄ•Å‘É4ÇqÊŸÉ4ÄÍÈ‘í2È†Ç„å£�[�ˆíDêIyžåmì

îBïNÈ‘æ ô—åGÊ È‘í¬Æ„åˆÅEÊÝÆ’ÊˆíNÉ4Çså€Ç‘ÄÍÊ8È‘æ•ÿ:ÄîíNÄ•Å‘É4ÇqÊRÅEÈRÈ

í

ï–Äçå€ÊEÆ„å>ê¾±�ÊˆÇ‡æ•ÊßÉÍå€íNÉ™Ê È‘æ

Å‘Äîí"Ã€ÄÍÆ„å€É™Ê.í2Ê.ÿ:ÄÍÈ‘íNÉÑÈ�ê

È
XT§0µˆ³—±<³—±

þ

•

�

È‘É™È‘Çòÿ.ÄîíVåyÇÀÅ‘Ä•È‘æáÅ‘ÄÂô€ïBÄÍÈ‘íNÉÑÈžÇså£�ˆÊˆí"å€ÿ:ÄÍÈ‘íNÉÑÊ»È’ÅlÆ’ÊˆÇòÇ’È’Æ‘É™Ê�;

³VÄ"|NÊEÅ£ÁSô—å€í…��æÂå†Æ„å€ÇòÇ’È‘Çså†È‘íNÉ™Êˆí2Æ’È’Å
±¢È„Ã€ÇqÊ-�òïVÈ�È‘æyÅEÈÍô€ïBí"ÃBÊ	Ê#}�å€ÿ��ˆí8�òïVÈ�È‘æyÅ�È ô€ïBí"ÃBÊmê

³VÄ8±¢È„Ã€ÇqÊw�òïNÈzÈ‘æ6ÅEÈÍô€ï–í"ÃBÊ‡È‘íNÉÑÊˆí2Æ’È’ÅH|NÊEÅ£Á.í2Ê‹ô—å€í…�ƒæÂåèÆ„å€Ç‘ÇqÈ‘Çså>ê�³VÄ

À

å€Ç‘æ•ÊEÅ6�òïVÈÏÈ‘æ

ÅEÈÍô€ï–í"ÃBÊ°È‘íNÉÑÊˆí2Æ’È’Åa}¡å€ÿ��ˆí í2Ê¦�òïVÈ'È‘æãÅEÈÍô€ï–í"ÃBÊmê~|NÊEÅ£Á‹ô—å€í…�èæÂådÆ„å€ÇòÇ’È‘Çså>ê

9

ïNÈÍôBÊ

À

å€Ç‘æ•ÊEÅ	í2Ê��òïNÈ:È‘æáÅEÈÍô€ï–í"ÃBÊmê

Ž•{‹{T•”o’j�‰‹j€mv{Dpqj|Ì6j]“Nj€pso„k•pžtv{Ÿ“vp„ry“"r€•„k•wDk•rym|{T•ž¸y{Dp„tNj€t|{TpqjŒ•zç

º

uv{‹k•mvknwTk•j€}Â‰Ÿ{Dm0oq{

wTrym|š›r€p„‰‹j€md}•r€•Ÿj²Î|knry‰‹j€•’éœ•„{]“|uv{Ttv{Dm u|o„k•}•kÂ �j€p•pqj€ DrymNj€‰Ÿk•{Dm0o„ry•l¸ŒŠŒ}•k•t|ry•:“NjŒpqjèt|{‘•

‰‹ry•”oqp„j€p

º

uv{ŸuvmvjƒmBu|{D¸Œjƒ“vp„r€“"ry•„knwTk•x€mè{D•	o’j€‰l•vknàTm'¸y{Dp„tNj€t|{Tpqj

¶

ù�{�jŒ‰‹r€•†jŒ}•£yu|mvry•

{Ñ½s{T‰Ÿ“v}nry•�tv{žtv{D‰‹r€•soqp„j€wTknrymv{D•�oqkn“"rvÖ

²
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§B®

þ

¨D­Eµ²ªN³—±

þ

C·§B¨R´
±›µˆ§B³€­EªN¨

Q'•„{]u|•qj€m8“Nj€pqj�“vp„r€•Nj€p

º

u|{�u|mNjè•„{Dm0oq{DmvwTk•j

tv{ƒ}~j‡š›ryp„‰‹j

p ) q
{D•.¸y{TpstNj€tv{Dpqjñ“Nj€p„jè}nrèwTuvj€}�u|oqkn}•kn Tj€‰Ÿr€•l}~j�•sk•£€uvk•{Dm0oq{

o’jŒu|oqry}nry£yÐnjlps{TwDuvp„•skn¸Œj€‰Ÿ{Dm0oq{ŒÖ

((p ) r ) ^ (r ) s)) ) (p ) s):

Ž•{Ÿ{D•so’jƒ‰»jŒmv{Tp„jƒ•sk�“"rBtv{D‰‹r€•žwTrym|•soqpsuvk•p	uvmNjƒw�j€tv{DmNjƒÁNm|kno’jztv{.•„{Dm0oq{DmvwDk~j€•

¸y{Dp„tNj€t|{TpqjŒ•‹tv{ƒ}~j'š›ryps‰»j

p ) p1
Ì

p1 ) p2
Ì

¶n¶Â¶

Ì

pn ) q
ÙNj€•|p„{T‰Ÿry•.t|{‘•

‰Ÿry•so„pqj€tvr

º

u|{

p ) q
{D•¢¸y{TpstNj€tv{Dpqj

¶

È
XT§B®

ý

©

þ

E�Gëf)GBESE

�

È‘ÿ»ÊEÅ‘É<ÇqÈ‘ÿ»ÊEÅ

í

ïNÈ†Å‘Ä

x
È’Åœï–íßÈ‘íNÉ™È‘Ç’Ê‹Äîÿ•ä|å€ÇžÅ‘ïñÆ‘ïvå—Ã€Çså—ÃBÊƒÈ’Å

Äîÿ•ä|åyÇ4ê

´•íRÈ���È’Æ‘ÉÑÊ£�¼Å‘Ä

x
È’ÅžÄîÿ•ä|å€Ç•È‘íNÉÑÊˆí2Æ’È’Å•È
õyÄ•Å‘ÉÑÈžïBí°È‘íNÉÑÈ‘ÇqÊ

p
ÉÍå€æ

í

ïVÈ

x = 2p + 1
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†‡q~r
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äNÊˆÇƒæÂåßÃBÈ���íNÄÍÆ‘Ä	�ˆí+ÃBÈzÅEÈ‘ÇƒÄîÿ•ä|å€Ç�ê•b·ÊˆÇ‘ÿŸå€æ ÿ»È‘íNÉ™È�îNÈ‘ÿ»ÊEÅ�ÃBÈ‘ÿ»ÊEÅ‘É<Çså—ÃBÊ

í

ïNÈƒÅòÄ	æÂå

ä"ÇqÊ’äNÊEÅ‘ÄÍÆ‘Ä	�ˆí

q
È’Å�Î¬È’ÅƒÄîÿ•ä|å€Ç ì

q1
È’ÅzæÂåƒä"Ç’Ê’äNÊEÅ‘ÄÍÆ‘Ä	�ˆíG{ŸõyÄ•Å‘É™È:äÞÈ‘íNÉ™È‘ÇqÊèÉ å€æ

í

ïNÈ

õ
$I�Tä€!

@

È‘íNÉ™Êˆí2Æ’È’ÅžÉ™È‘í2È‘ÿ»ÊEÅžæÂå�å€È‘ÇsåBÆ‘Ä4Ã—å—Ã»ÃBÈ?;

q ) q1:

�

ÈwîNÈ’ÆéîNÊ£�2äNÊˆÇœÃBÈ���íNÄÍÆ‘Ä	�ˆí�ÃBÈžÄîÿ•ä|å€Ç��

q , q1
ê

v•ä"æ ÄÍÆ„å€í"ÃBÊ.æÂåˆÅžÇqÈÍô€æÂåˆÅ¡ä|å€Ç„åVî|åBÆ’È‘Ç•È‘æ6Æ‘ïvå—Ã€Çså—ÃBÊ.É™È‘í2È‘ÿ»ÊEÅ?;

x2 = (2p + 1)2 = 4p2 + 4p + 1:

´�Å‘ÉÍåèÈ’Å.ïBí"å�Äîÿ•ä"æ ÄÍÆ„åBÆ‘Ä	�ˆí

q1 ) q2
ÃBÊˆí"ÃBÈ

q2
È’Å.æÂå:ä"Ç’Ê’äNÊEÅ‘ÄÍÆ‘Ä	�ˆíßÈ
õyÄ•Å‘ÉÑÈ•äGÈ‘íNÉ™È‘Ç’Ê

ÉÍå€æ

í

ïNÈ

x2 ÅEÈ¡ä"ïVÈ„ÃBÈlÈ’ÅEÆ‘ÇòÄB�TÄîÇ•Æ’Êˆÿ»Ê

x2 = 4p2 + 4p + 1
ê

³áåBÆ„å€í"ÃBÊ6�DåBÆ‘É™ÊˆÇlÆ’Êˆÿ¦�BíRÊm�TÉÑÈ‘í2È‘ÿ»ÊEÅ?;

x2 = 2(2p2 + 2p) + 1:

±¢ÊˆÇžæ•Ê

í

ïVÈ:È‘íRÈ���È’Æ‘É™Ê

x2 È’Å†Äîÿ•ä|å€Ç4ê

È1XT§0µŒ³—±4³—±

þ

™

³gÈ„å€í

a;b
ÃBÊEÅãí��Bÿ»È‘Ç’ÊEÅãí"å€É4ïBÇ„å€æ•È’Å

a;b2 N = f 1; 2; 3:::g
ê6³gÈ�ÃBÈ���í2È

í

ïNÈ

a > b
Å‘Ä�È
õyÄ•Å‘É™È:ï–í?í��Bÿ»È‘ÇqÊzí"å€É4ï–Çså€æ

c 2 N
ÉÍå€æ

í

ïNÈ

a = b+ c
ê

�

È‘ÿ»ÊEÅ‘É4Çså€Ç

í

ïNÈ	Å‘Ä

a > b
ì

b> c
È‘íNÉ™Êˆí2Æ’È’Å

a > c
ê

²
8

§B®

þ

¨D­�µˆªv³—±BADC

ý�þ

µ°³

þ

Cá­Eµ²ª

ý�þ

¨�±›­E±��

þ-QÏwTrymv•sk••”oq{Ï{Tmdu–oqk•}nkn �jŒpœ}•j‡{

º

uvkÂ¸Œjˆ•

}•{DmvwTk•j:}nxy£yknw�jlt|{†}•j€•�•s{Tm0o„{TmvwDk~jŒ•

p ) q
¿

: q ) : p:

È1XT§B®

ý

©

þ

E�Glf)GBEUd

`vå€ÿ»ÊEÅ]å?ÃBÈ‘ÿ»ÊEÅ‘É<Çså€Ç��œï—ÅTå€í"ÃBÊ�æÂå?ÃBÈ‘ÿ»ÊEÅ‘É4ÇsåBÆ‘Ä	�ˆíèäNÊˆÇ‡Æ’ÊˆíNÉ<Çsåmæ

äNÊEÅ‘ÄîÉ4Äçå€Ê£��æÂå‹Äîÿ•ä"æ ÄÍÆ„åBÆ‘Ä	�ˆí‡ÇqÈ’Æ‘ð ä"Ç’ÊEÆ„å»ÃBÈ‘æ6È›õ�È‘ÿ•ä"æ•ÊŸå€íNÉÑÈ‘ÇòÄÍÊˆÇ<;

x2 impar impl ica x impar:

�

È��DÈ‘ÿ»ÊEÅ	ÃBÈ‘ÿÏÊEÅ‘É4Çså€ÇœÈ‘íNÉÑÊˆí2Æ’È’Å

í

ïNÈlÈ’Å0å€È‘ÇsÃ—å—ÃBÈ‘ÇsåŸæÂå:ÅEÈ‘íNÉÑÈ‘í2Æ‘Ä4åzÆ’ÊˆíNÉ4Çså€Ç‘ÇqÈ’Æ‘ð ä"ÇqÊEÆ„å';

x no impar impl ica x2 no impar:

²�È

í

ï–Äçåˆå€æ•È‘íNÉ™È‘ÿ»È‘íNÉ™È?;

x par impl ica x2 par:
9

Ê

í

ïNÈ†ÅEÈaî|åBÆ’Èœÿ»È„Ã€Ä4å€íNÉ™ÈœïBí"å]ÃBÈ‘ÿ»ÊEÅ‘É<ÇsåBÆ‘Ä	�ˆíñÃ€ÄîÇqÈòÆ‘ÉÍåÏÄ4ÃšÁ‘íNÉ<ÄÍÆ„åƒåzæÂåƒÃBÈ‘æ�È›õ�È‘ÿ•ä"æ•Ê

å€íNÉ™È‘ÇòÄÍÊˆÇé�¡Æ„å€ÿc�TÄ4å€í"ÃBÊlæÂåzÃBÈ���íNÄÍÆ‘Ä	�ˆí�ÃBÈžÄîÿ•ä|å€Ç•äNÊˆÇžæÂåÏÃBÈ�ä|å€Ç4ê
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�

²
8

§B®

þ

¨D­Eµ²ªN³—±BADC

ý�þ

µ°µ²§B´
¥6³—³—±�ALC�ªN©•ª|›S¨�¥·µˆ´

þ-Q�wDrymv•sk••so„{z{Dmdu–oqk•}nkn �jŒpœ}•j

{

º

uvkÂ¸Œj€}n{TmvwDk~j:}nxy£yknw�j•{T•swTp„kÂo’jŸjŒm0o„{Tp„knryp„‰Ÿ{Tm—oq{

p , (: p ) (q^ : q)):

¾

•so„r‹{T•TÌV•suv“"rymv{Dp

º

uv{†}~jlÙvk•“"x€o„{T•sk••¢{D•¢¸y{Tp„tvj€tv{Dpqj|ÌV}~j:wDrymvwD}•uv•sk•xymƒ{T•¢š4j€}n•qjl¿

}•}n{T£yj€p�j:uvmNj.wDrym0o„pqj€t|k•wTwDk•x€m

¶

È
XT§B®

ý

©

þ

E�Gëf)GBEšf

�

È‘ÿ»ÊEÅ‘É<Çså€ÿ»ÊEÅ‹È‘æ6Å‘ÄÂô€ï–ÄÍÈ‘íNÉ™È©îNÈ’ÆéîNÊ�;:Å‘Ä

a
È’Å.ïBíßí��Bÿ»È‘ÇqÊƒÇqÈ„å€æÃ�

a > 0;
È‘íNÉ™Êˆí2Æ’È’Å 1

a > 0
ê

Q

ÅTå€ÿ»ÊEÅRæÂåñä"Ç’Ê’ä"ÄÍÈ„Ã—å—ÃGÃBÈRæ•ÊEÅ�Å‘ÄÂô€í2ÊEÅ

í

ïVÈRÄîí"Ã€ÄÍÆ„å

í

ïNÈdÈ‘æ¡ä"ÇqÊTÃ€ïVÆ‘É™ÊGÃBÈ°ÃBÊ²Å

í��–ÿ»È‘ÇqÊEÅ	ÇqÈ„å€æ•È’Å•È’Å•äNÊEÅ‘Ä•Å‘ÄîÉ4Äçå€ÊœÅ‘Ä1ìlÅEÊˆæÂå€ÿ»È‘íNÉ™ÈÀÅ‘ÄãÊŸå€ÿc�‘ÊEÅÀÅEÊˆíŸäNÊEÅ‘ÄîÉ4Äçå€Ê²ÅœÊŸå€ÿc�‘ÊEÅ

ÅEÊˆí'í2È ô—å€É4Äçå€ÊEÅ�ê

³VïEäNÊˆíBô—å€ÿ»ÊEÅ

í

ïNÈÏæÂå°Æ’Êˆí2Æ‘æ ï—Å‘Ä	�ˆíGÈ’ÅM�Då€æ ÅTå/ì'æÂåJîBÄ ä��ˆÉÑÈ’Å‘Ä•ÅƒÈ’Å�å€È‘ÇsÃ—å—ÃBÈ‘Ç„å[�œÈ’Å‘É™Ê

È’Åé�

a > 0
ì 1

a · 0
ê:´�Å‹È‰åEÄ4ÃBÈ‘íNÉ™È

í

ïVÈ 1
a 6= 0

ä"ïVÈ’Å

a1
a = 1

ê:±¢ÊˆÇ•ÉÍå€íNÉ™Ê£�•Æ’Êˆÿ»ÊƒÈ‘æ

ä"Ç’ÊTÃ€ïNÆ‘ÉÑÊ

a1
a = 1

��È‘íNÉ™Êˆí2Æ’È’Å

a < 0
È‘íRÆòÊˆíNÉ4Çså—Ã€ÄÍÆ’Æ‘Ä	�ˆíñÆ’Êˆí'æÂåcîBÄ ä��ˆÉ™È’Å‘Ä•Å

a > 0:

²
8

§B®

þ

¨D­Eµ²ªN³—±BADC

ý�þ

µ‡³yªN¨

þ

¨

Q†wDuNj€mvt|rƒ•s{loqkn{Tmv{•uvmNjÏkn‰‹“|}•kÂw�jŒwTknxym�tv{T}6oqkn“"r

p ) a1 _ a2 _ ::: _ an
“Nj€p„jœtv{T‰Ÿry•so„pqj€p

º

uv{

p ) q
{D•¡•su|ÁNwDk•{Dm0oq{•tv{T‰Ÿry•”oqpqjŒp

º

uv{

a1 ) q
¿

º

u|{

¶n¶Â¶ an ) q¶

È
XT§0µˆ³—±<³—±

þ

’

�

È‘É™È‘Çòÿ.ÄîíVåyÇ¼æÂå•ÉÍå€ï–É™Êˆæ•Ê„ô€ð4å

í

ïNÈVõòï—Å‘É<Ä �•ÆqåžÈ‘æ—ÿ�Á‘É™ÊTÃBÊÀÃBÈãÃBÈ‘ÿÏÊEÅ‘É4ÇsåBÆ‘Ä	�ˆí

äNÊˆÇlÆ„åˆÅEÊEÅ�ê•y	åBÆ’È‘ÇžæÂå‹É å>�TæÂåÏÃBÈaå€È‘ÇsÃ—å—Ãžä|å€Çså

n = 2
ê

È
XT§B®

ý

©

þ

E�Gëf)GBE>g

³gÈ„å

x 2 N
ÃBÈ‘ÿ»ÊEÅ‘É<Çså€ÿ»ÊEÅ

í

ïVÈŸÈ‘æ
ÇqÈ’Å‘É™ÊƒÃBÈlÃ€ÄçåEÄ4Ã€ÄîÇ

x2 È‘íNÉ<ÇqÈ2&

Å£�ˆæ•Ê‚ä"ïVÈ„ÃBÈžÉÑÊˆÿŸå€Ç	æ•ÊEÅ0åˆå€æ•ÊˆÇ’È’Åƒ‚&�

@

ê

À

Êˆÿ»Ê]ÅEÈÏÉ4ÄÍÈ‘í2È

í

ïNÈ‹Å‘Ä

x 2 N
È‘íNÉÑÊˆí2Æ’È’Å

x
È’Å†ä|å€Ç]Ê

x
È’Å»Äîÿ‚ä|å€Ç��•È‘íNÉÑÊˆí2Æ’È’Å

ÃBÈ��‘È‘ÿ»Ê²Å•ä"ÇqÊm�’å€Ç

í

ïNÈ?;

Å‘Ä

x
È’Å¡ä|å€ÇlÈ‘íNÉ™Êˆí2Æ’È’Å‚ÅEÈlÆ‘ï–ÿ•ä"æ•ÈžæÂåÏå
��ÇòÿŸåBÆ‘Ä	�ˆíJì

í

ïNÈ

Å‘Ä

x
È’ÅžÄîÿ•ä|å€Ç•È‘íNÉÑÊˆí2Æ’È’Å	É å€ÿc�TÄ	Á‘í�ÅEÈlÆ‘ïBÿ•ä"æ•ÈžæÂåzå
��ÇòÿŸåBÆ‘Ä	�ˆíDê

´•íRÈ���È’Æ‘ÉÑÊ£�¼Å‘Ä

x
È’Å¡ä|å€ÇlÈ‘íNÉ™Êˆí2Æ’È’ÅlÈ
õyÄ•Å‘É™È

p 2 N
ÃBÈ†ÿ»ÊTÃBÊ

í

ïVÈ

x = 2p
ìžäNÊˆÇžÉÍå€íNÉÑÊ

x2 = 4p2

ÃBÈ†ÿ»ÊTÃBÊ

í

ïVÈ

x
È’Åžÿ¦�–æ É4Ä ä"æ•Ê»ÃBÈ•&|�¡È’Å‘ÉÑÊÏÈ’Åé��Å‘ï]ÇqÈ’Å‘ÉÑÊ‹å€æ
Ã€ÄçåEÄ4Ã€ÄîÇ•äNÊˆÇ•&RÈ’Å„‚mê

xßÅ‘Ä

x
È’ÅžÄîÿ•ä|å€Ç•È‘íNÉÑÊˆí2Æ’È’ÅlÈ
õyÄ•Å‘É™È

p 2 N
ÃBÈžÿ»Ê�ÃBÊ

í

ïVÈ

x = 2p + 1



ê

Ú

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

ì	äNÊˆÇžÉÍå€íNÉÑÊ

x2 = 4p2 + 4p + 1 = 4(p2 + p) + 1
äNÊˆÇ	æ•Ê

í

ïNÈ:È‘ægÇ’È’Å‘É™Ê»ÃBÈœÃ€ÄçåEÄ4Ã€ÄîÇ•äNÊˆÇ•&°È’Å

@

ê

²
8

§B®

þ

¨D­�µˆªv³—±BADC ´·§ß´

þ

›6©4§B¨]±<®

ý

©4±›³yªN³—±

þ

C·§B¨

Q•i·jztv{T‰Ÿry•”oqpqj€wDk•x€mètv{.u|mNj

tvry•v}n{:k•‰Ÿ“v}nknwTj€wTknx€m

p , q
•„{.wTrym—¸Bk•{Dpsoq{ŒÌ
‰Ÿ{Ttvk•j€m—oq{:}•jz{

º

uvkn¸ŒjŒ}•{DmvwTk•jz}•xy£€k•wTj

wTrym

(p ) q) ^ (q ) p)
Ì·{TmRtvr€•†tv{D‰Ÿry•soqp„j€wDk•rymv{D•

¶

i·jƒtv{

p ) q
¿è}•jztv{

q ) p:

È1XT§B®

ý

©

þ

E�Glf)GBEUŒ

t‡ÄîÇså€í"ÃBÊ�æ•ÊEÅzÈ›õ�È‘ÿ•ä"æ•ÊEÅ‚äáÇqÈ’ÅEÈ‘íNÉÍå—ÃBÊEÅzÈ‘íßæÂåèÃBÈ‘ÿ»ÊEÅ‘É4Ç„åBÆ‘Ä	�ˆídÃ€Äçæ

ÇqÈ’Æ‘ÉÍå˜ìdÈ‘í+æÂåßÃBÈ‘ÿ»ÊEÅ‘É4Çså–Æ‘Ä	�ˆí ï—ÅTå€í"ÃBÊèæÂåñÅEÈ‘íNÉÑÈ‘í2Æ‘Ä4åßÆ’ÊˆíNÉ<Çså€ÇòÇ’È’Æ‘ð ä"ÇqÊEÆ„å�ÅEÈ&î|åßÃBÈ‰æ

ÿ»ÊEÅ‘É4Çså—ÃBÊÏÈ‘æ…îNÈ’ÆéîNÊ•Å‘ÄÂô€ï–ÄÍÈ‘íNÉ™È?;

x
È’ÅžÄîÿ•ä|å€Ç•Å‘Ä
ì:ÅEÊˆæÂå€ÿ»È‘íNÉÑÈ•Å‘Ä

x2 È’Å†Äîÿ•ä|å€Ç4ê

úuûBü�û†… ‡ˆ
‰,.Š{�Uþ#/Mþ./��‹+[��ŒY0I�
-��{	����

¾

}2‰ŸàDoqrBt|r:t|{	ps{Dš›u|oqj€wTknxymÏ•„k•p”¸y{‚“Nj€pqj•tv{‘oq{Tps‰‹knmNj€pã•„k2uvmNj•š›ryp„‰‹jœ“vp„r€“"ry•„knwTknrymNj€}"{T•

r.mvrŸuvmvj:o’j€u–oqry}nry£yÐ•j••„knm]m|{TwT{D•„kntNj€t�tv{žry•|o„{Tmv{Dp�•su]oqj€•v}~jltv{	¸y{Dp„tNj€t�wDry‰Ÿ“v}•{‘o’j

¶

¾

•soq{.‰‹à‘oqrBtvrƒwDrymv•sk••so„{.{Tmñk•m—oq{Dm0o’jŒp	“vp„r€•Nj€p

º

uv{Ÿ}•j»š›ryp„‰‹jÏ“vp„r€“"ry•„knwTknrymNj€}Stvjˆ•

tvjƒmvrƒ{T•žuvmNjzo’jŒu|oqry}nry£yÐnj»•vuv•„wTj€mvtvr‡j

º

u|{T}n}•ry••¸Œj€}•r€p„{D•žtv{.}•j€•‚¸ˆj€p„k•j€•v}•{D•	“|p„ry“"ry•skÂ•

wDk•rymvj€}•{D•

º

uv{.ÙNj€wT{Dmèš4j€}••„jÏ}~j»š›r€p„‰‹jÏ“|p„ry“"ry•sk•wDk•rymNjŒ}StNjŒtNj

¶

ó

kS¸y{T‰Ÿry•

º

uv{.{T•so„r]{T•

kn‰‹“"r€•„k••|}n{€ÌB}~jœš›ryp„‰‹j•“vp„r€“"ry•„knwTk•r€mNj€}áry•B½s{‘oqr.t|{ž{D•so„uvtvk•r:•„{DpqŠ:mv{TwD{T•qjŒp„k~jŒ‰‹{Dm0o„{žu|mNj

oqj€u|o„ry}•ry£€Ð•j

¶
¾

m:w�j€•sr	wTrym—oqp„j€p„knr•mvr	}nr••„{DpqŠ•¿•Ùvj€•vp„{D‰‹r€•¼{DmvwDrym0o„pqj€tvr	u|mvry•¼“"ry•sk••v}n{T•

¸ˆj€}•r€p„{T•�tv{	¸y{TpstNj€t�tv{ž}•j€•¡¸Œj€psk~jŒ•v}•{D•�“vp„r€“"ry•„knwTknrymNj€}n{T•

º

uv{†Ùvj€wT{Dm

º

u|{†mvrŸ}nr.•s{�j

¶

¾

••k•‰Ÿ“"rypsoqj€m0o„{†•s{T¹NjŒ}~j€p

º

uv{•{T•so„{l‰ŸàDo„rBtvr‹{T••{D•„“"{TwDk~j€}n‰‹{Dm0o„{†š›{TwDuvmvtvrÏtv{D•vk•tvr

j

º

u|{ž{T}g‰Ÿ{TwTj€mvkn•„‰Ÿr:•NŠŒ•„k•wDr

º

uv{	{T‰Ÿ“v}•{TjlwTrym|•„k••”oq{	{Tmƒp„{Tt|uvwTknp�}~jœš›xyp„‰luv}•jœtNj€tNj.j

u|mNj.{‘Î–“vps{T•„knxym�wTj€tNj:¸y{D †‰»Š€•�•sk•‰Ÿ“v}•{

¶

Æ]þ

­EªN³—±BADC�¶

ó

k

A
{T•‹uvmNjñš›r€p„‰‹jè“vpsry“"ry•„knwTknrymNj€}¡{Tm—oqrymvwD{T•

A : V
ç4p„{D•„“"{DwDoqkÂ¸Œjˆ•

‰Ÿ{Tm—oq{

A : F
é.•sk•£ym|knÁNwTj

º

uv{‡wDrymv•„kntv{Tp„j€‰Ÿry•Ÿ}~jñ“|p„ry“"ry•sk•wDk•xym

A
¸y{Dp„tNj€t|{Tpqj+ç›p„{‘•

•s“"{Tw‘oqkn¸ˆj€‰‹{Dm0o„{.š4j€}n•qj—é

¶

Ó

uNj€mvtvr]}~jÏš›r€p„‰‹jz{D•†uvmNjz¸Œj€psk~j€•|}•{ŒÌ�tvk•£yj€‰‹r€•

p
Ì
jz¸y{TwD{T•

{D•„wDp„k••|k•p„{D‰‹r€•

p := V
ç›p„{T•s“

¶ p := F
é

¶

È1XT§B®

ý

©

þ

E�Glf)GBEU‘

`vå€ÿ»ÊEÅRåGÃBÈ‘ÿ»ÊEÅ‘É4Ç„å€Ç

í

ïVÈèæÂådÅ‘ÄÂô€ïBÄÍÈ‘íNÉÑÈ»ä"Ç’Ê’äNÊEÅ‘ÄÍÆ‘Ä	�ˆí¬È’ÅèïBí"å

ÉÍå€ïBÉÑÊˆæ•Ê„ô€ð4å»ïBÉ4Äîæ Ä��Eå€í"ÃBÊÏÈ‘æ�ÿ�Á‘É™ÊTÃ–ÊŸÃBÈ†ÇqÈ��òïBÉ åBÆ‘Ä	�ˆí�;

((p ) q) _ (r ) q)) , ((p ^ r ) ) q)
³Vï²äNÊˆíBô—å€ÿ»ÊEÅ

í

ïNÈzÅ‘ï<åˆå€æ•ÊˆÇ]Ã–È�å€È‘ÇsÃ—å—ÃdÈ’Å

F
ìPåˆå€ÿ»ÊEÅ]å°ÄîÇ�ÃBÈ„Ã€ïNÆ‘ÄÍÈ‘í"ÃBÊèænÊ²Å

åˆå€æ•ÊˆÇqÈ’Å•ÃBÈaå€È‘ÇsÃ—å—Ã

í

ïNÈlÃBÈ��‘È‘í�É™È‘í2È‘Ç†æÂåˆÅaåˆå€ÇòÄ4å—�TænÈ’Å�ä"ÇqÊ’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"å€æ•È’Å

p; q
ì

r
ä|å€Ç„å



kWj÷ö—j_•ãˆ0Ïx‚‰†‡qsrutwvxrMv�zU‚‰†‡‚‰vxp€q~• êWž

í

ïVÈ:È’Å�ÊzÊEÆ‘ïBÇòÇ„å>ê€³VÄ

((p ) q) _ (r ) q)) , ((p ^ r ) ) q) : F;
Æ„å>�DÈ‘í�ÃBÊEÅ¡äNÊEÅ‘ÄB�TÄîæ Ä4Ã—å—ÃBÈ’Åé�

í

ïVÈ†ÄîÇqÈ‘ÿ»ÊEÅœÃBÈ’ÅTå€ÇòÇqÊˆæîæÂå€í"ÃBÊ•ä|åˆÅEÊ‹åžä|åˆÅEÊ�;

Ê��TÄÍÈ‘í Ê��TÄÍÈ‘í

(p ) q) _ (r ) q) :
`

(p ) q) _ (r ) q) :
b

ì

((p ^ r ) ) q)
;Ib ì

(p ^ r ) ) q
;•`

ÃBÈ•ÃBÊˆí"ÃBÈ ÃBÈ•ÃBÊˆí"ÃBÈ

(p ) q) _ (r ) q) :
`

(p ) q) :
b1�

(r ) q) :
b

(p ^ r ) :
`

; q :
b

(p ^ r ) ) q
;•`

æ ïNÈÍôBÊ æ ïVÈÍôBÊ

(p )
b

) _ (r )
b

) :
`

p
;•`…�

r :
`)�

q :
b

p :
`…�

r :
`

(p ^ r ) ) q
;n`

äNÊˆÇžæ•Ê

í

ïNÈ äNÊˆÇžæ•Ê

í

ïVÈ

(
`

)
b

) _ (
`

)
b

) :
`

(
`

^
`

) )
b•;z`

È’ÅœÃBÈ’Æ‘ÄîÇ È’Å•ÃBÈ’Æ‘ÄîÇ

b�;z`

(contradicci¶on)
b•;z`

(contradicci¶on)

9

ïVÈÍôBÊ

f alla
È‘ægÄîíNÉ™È‘íNÉÑÊ‹ÃBÈ¡ä"Ç’Êm�’å€Ç

í

ïNÈŽf�XRÈ’ÅžïBí"å»ÉÍå€ï–É™Êˆæ•Ê„ô€ð4å[�¡ÊŸæ•Ê

í
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ç4tvr€mvtv{žo’j€‰l•|k•àTmƒ•„{†“vuv{Dtv{Tm‡wTrym|•„k•t|{TpqjŒp¢¸Œj€psk~j€•�¸ˆj€p„k•j€•v}n{T•’é

¶

i
jŒ•�š›uvmvwDk•rym|{T•¢“vp„r€“"ry•„knwTk•r€mNj€}n{T•¡•„r€mc��ÊˆÇòÿŸåˆÅœÃBÈ¡ä"ÇqÈ„Ã€ÄÍÆqå—ÃBÊEÅ

¶

 

ªN¨

þ

d)G

ó

{‚“|uv{Tt|{TmƒwDrymv•so„p„uvknp•m0uv{D¸ˆj€•¡š›r€p„‰‹j€•ãtv{•“vps{Ttvknw�j€tvr€••uv•qj€m|tvr:}nry•ãwTr€mv{Twò•

oqkn¸yr€•¢}nxy£yknwTr€•

¶

�Nryps‰»jŒ•�“"ryp�{Ñ½s{D‰‹“|}•rvÌ|tv{D}goqk•“"r|Ö

P(x) ^ Q(x)
P(x) ^ Q(y)

: P(x)
P(x) _ Q(x)
P(x) ) Q(x)
P(x) , Q(x)

 

ªN¨

þ

f)G

Ž‚j€tNj¢uvmNj¢š›ryps‰»j�tv{Ò“|p„{Tt|k•w�jŒtvry•
tv{Ò}•j€•·wDrymv•so„p„uvkntNj€•
ÙNjŒ•so’j�j€Ùvryp„j|Ìˆtvrymvt|{

j€“Nj€ps{TwD{	}•jœ¸ˆj€p„k•j€•v}•{

x
Ì|tvkn£—j€‰Ÿry•Ò“"ryp¡•sk•‰Ÿ“v}•kÂwTkntNjŒt

P(x)
Ì–•„{	“|uv{Ttv{Dm]wDrymv•”oqp„u|k•p•}~j€•

{‘Î–“vp„{D•„knrymv{D•TÖ

8x P(x)

9x P(x):
�6ryp¢{™½s{T‰Ÿ“v}•r:•„{žwTrym|•soqpsu|¿y{Tm‡}•j€•¡š›ryps‰»jŒ•TÖ

8x (P(x) ^ Q(x))

9x (P(x; y) , Q(x)):



ë �

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

¾

m‹}~jŒ•¼š›ryp„‰‹j€•�wDrymv•”oqp„u|k•tNj€•�{Dm‹{T}N“vj€•„r

ê

Ì—}~j‚¸ˆj€p„k•j€•v}n{

x
jŒš›{Tw‘o’j€tvjž“"ryp�{D}NwTuNj€mB•

o„knÁNwTj€tvryp�u|mvkn¸y{Dp„•qjŒ}"rœ{òÎ–k••”oq{Tm|wTk~jŒ}V•„{ÀtvknwT{

º

uv{

º

uv{DtNj‹æ ÄÂô—å—Ã—å

¶¼¾

}"ps{T•”oqr•t|{À“"ry•sk••v}n{T•

¸ˆj€p„k•j€•v}n{T•�•s{†tvknwT{Dmñæ ÄB�TÇ’È’Å

¶

ù�ry}n¸y{Dp„{D‰‹ry•�‰‹Š€•¢j€t|{T}~jŒm0oq{	•sry•vp„{ž{T•”o’j.tv{DÁvmvk•wDk•xym

¶

 

ªN¨

þ

g*G

Ž•ry•:š›r€p„‰‹j€•ltv{z“vp„{Dtvk•wTj€tvrè•s{ƒ“vuv{Tt|{TmÝwDry‰l•vk•mNjŒpluv•„j€mvtvrèwTrym|{TwDo„kn¸yry•

}nxy£yknwTr€•

¶

i�r€•l“NjŒp„àTm—oq{D•„k••l•srymßmv{DwT{D•qj€psk•ry•l“NjŒpqj‡{D¸BkÂo’j€p•j€‰l•vk•£��v{TtNjŒtv{T•

¶�¾

•so’jŒ‰‹r€•

wDrymv•sk•tv{Dpqj€mvt|rvÌN“"ryp�{Ñ½s{T‰Ÿ“v}nrvÌ|{‘Î–“vps{T•„knrymv{D•Àtv{D}goqk•“"r|Ö

(8x P(x)) ) (9x Q(x)):

 

ªN¨

þ

Œ)G

Ž‚j€tvj‡uvmNj�š›ryps‰»j]tv{»“vps{Ttvknw�j€t|ry•

P(x)
tvrymvt|{zj€“vj€p„{DwT{»uvmNj�¸ŒjŒp„k~jŒ•v}•{

}nk••vps{

x
Ìv•„{ž“vuv{Tt|{Tm‡wDrymv•”oqp„u|k•p�{‘Î–“vp„{D•„knrymv{D•Àtv{D}�o„k•“"rvÖ

8x P(x)

9x P(x):
�6r€p¢{Ñ½s{D‰‹“|}•r:{‘Î–“vp„{D•„knrymv{T•�tv{T}go„k•“"rvÖ

8x(8y Q(x; y))
8x(P(x) ) (8y Q(y)))

 

ªN¨

þ

‘ƒG

Ž‚jŒtNj�uvmNj‡š›ryps‰»j‡t|{z“vp„{Dtvk•wTj€tvrvÌ�wTuvj€}

º

uvkn{Tpqj‡tv{z•suv•:¸ˆj€p„k•j€•v}•{D••}•kn•vp„{D•

“|uv{Ttv{R•„u|•soqkÂoquvknp„•s{ñ“"ryp]u|mNj8wTrymv•”o’j€m—oq{°jŒp„•vkÂoqpqjŒp„k•j–Ì•tvj€mvtvrÝ}nuv£—j€pƒj8uvmvjÝm0uv{‘¸Œj

š›r€p„‰‹j:t|{†“|p„{Tt|k•wTj€tvr

¶

ÜÀ•„j€p„{D‰‹ry•�}nry••o„àTp„‰Ÿk•m|ry•‡��ÊˆÇòÿŸå»ÃBÈ¡ä"ÇqÈ„Ã€ÄÍÆ„å—ÃBÊEÅ‘ÌVÅEÈ‘íNÉ™È‘í2Æ‘Ä4å»ÃBÈ	æë�„ô€ÄÍÆ„å»ÃBÈ¡ä"ÇqÈ„Ã€Äçæ

Æ„å—ÃBÊEÅ•r'È
õDä"ÇqÈ’Å‘Ä	�ˆíèÃBÈžæë�„ô€ÄÍÆ„åÏÃBÈ¡ä"ÇqÈ„Ã€ÄÍÆ„å—Ã–ÊEÅÒk•mvtvkn•so„k•m0oqj€‰.{Tm—oq{

¶

È1XT§B®

ý

©

þ

E�G g-GBE§Q

í"å]È
õDä"ÇqÈ’Å‘Ä	�ˆí�ÃBÈ†æl�qô€ÄÍÆ„å»ÃBÈ�ä"ÇqÈ„Ã€ÄÍÆ„å—ÃBÊEÅ•È’Åé�gäNÊˆÇlÈ›õ�È‘ÿ•ä"æ•Ê�;

(8x P(x)) =) : (9x Q(x)):
²�È‘æ6È›õ�È‘ÿ•ä"æ•Ê

í

ïVÈ†Äîæ ï—Å‘É4Ç„å>�’åƒÈ‘æSÆ’Êˆÿ:ÄÍÈ‘íš�ˆÊŸÃBÈžæÂåŸÅEÈ’Æ’Æ‘Ä	�ˆí�;

(8x P(x)) ) P(a):

r

›S¨T§0µs�|ªN³—±BADCFESG g-Gld

À

ïvå€í"ÃBÊ]È‘íñïBíƒä"Ç’È„Ã€ÄÍÆ„å—ÃBÊÏå‘ä|å€ÇqÈ’Æ’È•ïBí"å�åˆå€ÇòÄ4å>�Tæ•È:å
��È’Æ‘ÉÍå—Ã—å

äNÊˆÇ�ï–í�Æ‘ï|å€íNÉ<Ä �¡Æ„å—ÃBÊˆÇ€ì†Å‘Äîÿ:ï–æ É	è€í2È„å€ÿ»È‘íNÉÑÈ•å‘ä|å€ÇqÈ’Æ’ÈÀÉÍå€ÿc�TÄ	Á‘íÏÅ‘ÄîíÏÅEÈ‘Ç‚å
��È’Æ‘É å—Ã—å�äNÊˆÇ

¨�©'¨aª

k

©«ª

XèÆ‘ïvå€íNÉ4Ä �¡Æ„å—ÃBÊˆÇ��SÃBÈ��‘È¢ÄîíNÉ™È‘Ç™ä"ÇqÈ‘ÉÍå€Ç’ÅEÈ

í

ïNÈ�ÅEÈ	È’Å‘É	è•ïBÉ<Äîæ Ä��Eå€í"ÃBÊlÈ‘ævÿ:Ä•Å‘ÿ»Ê

í2Êˆÿc�TÇqÈ†Ã–È0åˆå€ÇòÄ4å>�Tæ•È¡ä|å€ÇsåÏÃBÊEÅ0åˆå€Ç‘Ä4å>�Tæ•È’Å†Ã€Ä•Å‘É4ÄîíNÉ åˆÅ�ê



kWj¡ —j_•ãˆ0Ïx‚‰†‡qs}~yŠrutMyu}•‚‰†‡q•}¦v�z

ë �

¬C­¯®�°W¬C±³²�´£µ�±³¶ ±³¬C·{¬¸²�¹€ºW¬C°W®C°W¬Cº“µ³°W»l¬¼´�¶g½z¶

ç

8x P(x)) _ (8x Q(x))
ç

8x P(x)) _ (8y Q(y))
ç

9x P(x)) _ (9x Q(x))
ç

9x P(x)) _ (9y Q(y))
r

›S¨D§Bµs�|ªN³—±�ALCFE�G g*Glf

�

å—ÃBÊ:ïBí�ï–íNÄçå€È‘ÇqÅEÊ‹ÃBÈœÃ€Ä•ÅEÆ‘ïBÇqÅEÊ

U
��æÂå]È
õDä"ÇqÈ’Å‘Ä	�ˆíñÆ’Êˆí|Å‘É4Ç‘ïšæ

Ä4Ã—å?È‘íÝæÂå�ÅEÈ’Æ’Æ‘Ä	�ˆí

@

ê¾&Dêq�m�œå'ÅTå>�‘È‘Ç��

8x 2 U P(x)
�†í2ÊRÈ’ÅÏïBí"åV��ÊˆÇòÿŸåRÃBÈœä"ÇqÈ„Ã€Äçæ

Æ„å—ÃBÊ'ÅEÈÍôm�BíGæÂåˆÅƒÇqÈÍô€æÂåˆÅ

í

ïVÈ�åBÆ„å>�’å€ÿ»ÊEÅƒÃBÈ�ÃBÈ’ÅEÆ‘ÇòÄB�TÄîÇ4êŠ±¡å€Ç„ådÆ’Êˆÿ•äNÊˆí2È‘ÇÏïBí"åc��ÊˆÇºæ

ÿŸå@ÃBÈ]ä"Ç’È„Ã€ÄÍÆ„å—ÃBÊIÆ’Êˆí È’ÅEÈñÅ‘ÄÂô€íNÄ �¡Æ„å—ÃBÊGÃBÈ���íNÄîÿ»ÊEÅRï–íIä"ÇqÈ„Ã€ÄÍÆ„å—ÃBÊGÃBÈ?æÂå/��ÊˆÇòÿŸå

U(x) := (x 2 U)
ìƒÈ’ÅEÆ‘ÇòÄB�TÄîÿ»ÊEÅ?;

8x (U(x) ) P(x))
ÊŸæ•Ê

í

ïVÈ:È’Åžæ•Ê.ÿ:Ä•Å‘ÿ»Ê

8x ((x 2 U) ) P(x)):

ü

{TwTu|“"{TpqjŒ‰‹r€•�}•j:t|{DÁNmvknwTknxymƒ{T•soqj€•v}n{TwDk•tNj.j€m0o„{Tpsk•ryps‰‹{Dm0o„{€Ö

8

§>ø‡C6±4³—±BADC”ESG g-G g

�

ÄîÇqÈ‘ÿ»ÊEÅ

í

ïVÈãïBí"åwåˆå€ÇòÄ4å>�Tæ•È

x
T�¿£T"h

¨

d

¨

ZÀkÁ]"T7j�T�È‘í.ïBí"å‡��ÊŒÇòÿŸå

ÃBÈ¡ä"ÇqÈ„Ã€ÄÍÆ„å—ÃBÊ

P
Å‘ÄãÈ’Å‘É	èÏå
��È’Æ‘É å—Ã—å‚äNÊˆÇ†å€æ ôm�–íñÆ‘ï|å€íNÉ<Ä �¡Æ„å—ÃBÊˆÇ4êx´•íñÆ„åˆÅEÊ‹ÃBÈ

í

ïVÈ	ï–í"å

åˆå€Ç‘Ä4å>�Tæ•È	í2Ê‹å‘ävå€ÇqÈò�ˆÆ„åŸæ ÄÂô—å—Ã—åÏÃ€ÄîÇqÈ‘ÿ»ÊEÅ

í

ïVÈƒT�¿£T"h

¨

d

¨

Zqk6Â“h

¨
Ã

�6ryp�{Ñ½s{T‰Ÿ“v}nr

Ä

¹ ­5µwÅ�»�Æ2Ç“µ³°W²Àµ�·{­5¬³Å�»�Æuµ³®^µ�°W¬�´�¬�Å�¹ Æ

N (x) x
j€“Nj€ps{TwD{

l ibre
x > y x

{

y
j€“vj€p„{DwT{Tm

l ibres
9y

ç

y > x) x
j€“NjŒp„{TwD{

l ibre
{

y l igada
N (x) ) 9y

ç

y > x) x
j€“vj€p„{DwT{

l ibre
{

y l igada
8x (N (x) ) 9y

ç

y > x)) x
{

y
j€“NjŒp„{DwT{Tm

l igadas

�Sj€p„j:“"rBtv{Tp¢j€•„kn£ymNj€pã¸Œj€}•r€p„{T•¡tv{	¸y{Dp„tNj€t�j:}•j€•¡š›r€p„‰‹j€•¡tv{	“vp„{Dtvk•wTj€tvr.ÙNj�¿

º

u|{€Ì

wTry‰Ÿrž•„{¢tv{TwDÐ~j†j€m—oq{Dp„k•r€p„‰Ÿ{Tm—oq{€ÌywT{Dp„pqjŒpÒ}•j€•¼š›ryps‰»j€•DÌ—{D•soqr†{T•DÌB•„uv•”oqkno„uvknp�}~j€•¼¸ˆj€p„k•j€•v}•{D•

}•k••|p„{T•‹“"r€p»wTr€mv•so’jŒm0o„{T•Ï¿Ý{Tm—oq{Dmvtv{DpzwTx€‰‹r°•„{�j€•sk•£€mNj€mÝ¸Œj€}nryp„{D•»tv{‡¸y{Dp„tNjŒt j°}•j€•

¸Œj€psk~j€•v}n{T•¡wTuNj€m—oqkÂÁNw�jŒtNj€•

¶

²
ó

kS{DmèuvmNj»š›r€p„‰‹j»mvrzj€“Nj€ps{TwT{DmèwTuNjŒm0oqkÂÁNw�jŒtvryps{T•TÌ�j€}6•„uv•”oqkno„uvk•pÀ}~j€•À¸ˆj€p„k•j€•v}•{D•

“"rypÒwTr€mv•soqj€m0o„{T•TÌ–}~j†j€•„kn£ymNjŒwTk•x€mŸtv{�¸ŒjŒ}•ryps{T•Òtv{�¸y{TpstNj€t»•„{ÀÙNj€wD{•{òÎ|j€wDoqj€‰‹{Dm0o„{

wTr€‰‹r.{Dm�}nxy£yknw�j•tv{ž“vp„{Dtvk•wTj€tvry•

¶



ë Ú

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

È1XT§B®

ý

©

þ

E�G g-GlŒ

±�ÊˆÇlÈ›õ�È‘ÿ•ä"æ•Ê£��É™Êˆÿ»È‘ÿ»ÊEÅžæÂå€��ÊˆÇ‘ÿŸå';

(P(x) ^ Q(x)) ) R(y);
ìzÆ’Êˆí|Å‘É å€íNÉ™È’Å

a
ì

b
êwv•æ2Å‘ï—Å‘É<ÄîÉ4ïBÄîÇœÉ™È‘í2È‘ÿ»ÊEÅ?;

(P(a) ^ Q(a)) ) R(b);

í

ïNÈÏÈ’Å.ï–í"åèÈ
õDä"ÇqÈ’Å‘Ä	�ˆíßÃBÈ.æë�„ô€ÄÍÆ„å:ä"Ç’Ê’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"åŒæÃ�ÀÃBÊˆí"ÃBÈ

P(a)
�

Q(a)
ì

R(b)
ÅEÊˆí

åˆå€ÇòÄ4å>�Tæ•È’Å¢ä"ÇqÊ’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"å€æ•È’Åé�Rì�Æ’Êˆÿ»Ê‹É å€æ�ÅEÈ•É<Çså€ÉÍå[�Sä"ï|Ã€Ä	Á‘í"ÃBÊEÅEÈ.Æ’Êˆí|Å‘É4Çòï–ÄîÇžÅ‘ï'ÉÍå>�TæÂå

ÃBÈ0å€È‘ÇsÃ—å—Ã>ê

²
Ž‚j€tNjèu|mNj�š›ryps‰»j't|{ƒ“vp„{Dtvk•wTj€tvrètv{T}¡o„k•“"r

8x P(x)
Ìãt|rymvtv{

P(x)
{D•Ÿuvmvj

š›ryp„‰‹j'tv{ƒ“vp„{Dtvk•wTj€tvrñ•sk•mdwTuNj€m—oqkÂÁNw�j€t|ryp„{D•.¿ßwDrym8uvmNjè•„r€}~j'¸ŒjŒp„k•j€•v}•{

x
Ìã•„{

tvk•wD{

º

uv{èæÂåßÈ
õDä"ÇqÈ’Å‘Ä	�ˆí

8x P(x)
È’Å&å€È‘ÇsÃ—å—ÃBÈ‘Ç„å»•„k�j€}••„u|•soqkÂoquvknp

x
“"r€p:uvmNj

wTrym|•so’j€m—oq{

a
wTuNjŒ}

º

uvkn{Tpqj»{DmèwTuvj€}

º

uvkn{Tp•uvmvkÂ¸y{Tp„•srƒt|{:tvkn•„wTu|p„•„r|Ì�•s{loqkn{Tmv{

º

uv{

P(a)
{T•�¸y{Tp„tvj€tv{Dp„r

¶

È1XT§B®

ý

©

þ

E�G g-Gl‘A9

å‹ÅEÈ‘íNÉÑÈ‘í2Æ‘Ä4å

8x (P(x) _ (: P(x)))
È’Å

V
ê0´ãíßÈ���È’Æ‘É™Ê•�ãì€å

í

ïVÈ

ä|å€ÇsåñÆ„å—Ã—åèÆ’Êˆí|Å‘É å€íNÉ™È

a
È‘í Æ„å0Ã—å�ïBíNÄçå€È‘ÇqÅEÊ‡ÃBÈ»Ã€Ä•ÅEÆ‘ïBÇ’ÅEÊ

U
Å�È‹É4ÄÍÈ‘í2È

í

ïNÈ

P(a) _
: P(a)

È’Å0å€È‘Ç„Ã—å—ÃBÈ‘Çså>ê

²
Ž‚j€tNjžuvmNj	š›ryp„‰‹j	t|{�“vp„{Dtvk•wTj€tvr†tv{D}Noqkn“"r

9x P(x)
Ì0tvrymvt|{

P(x)
{D•ÒuvmNj	š›ryp”•

‰»j‹tv{l“vp„{Dtvk•wTj€tvrÏ•„k•m'wTuvj€m0o„knÁNwTj€tvryps{T••¿‡wDrym�uvmNjÏ•sry}~jŸ¸Œj€p„k•j€•v}n{:õyÌ2•„{:t|k•wD{

º

u|{�æÂåèÈ
õDä"Ç’È’Å‘Ä	�ˆí

9x P(x)
È’Åcå€È‘ÇsÃ—å—ÃBÈ‘Çså:•„kÒjŒ}�•„uv•”oqkno„uvk•p

x
“"rypžuvmvj]wTr€m–•

•so’jŒm0oq{

a
{Dm]jŒ}•£yÔvm»uvmvkÂ¸y{Tps•„r:tv{‚tvkn•„wDuvp„•„r|Ìv•s{•oqk•{Dmv{

º

u|{

P(a)
{D•¡¸y{Dp„tNjŒtv{Tpsr

¶

¾

•¢tv{TwDk•pDÌN{D}g¸Œj€}nryp�t|{ž¸y{Dp„tNjŒt�tv{

9x P(x)
{T•¢{T}�‰Ÿk••„‰Ÿrltv{

: (8x : P(x)) ¶

È1XT§B®

ý

©

þ

E�G g-G ••9

åx��ÊˆÇòÿŸå

9x (P(x) ) P(a))
BÑÃBÊˆí"ÃBÈ

x
ïBí"åcåˆå€ÇòÄ4å>�Tæ•È•ì

a
ïBí"å

Æ’Êˆí|Å‘ÉÍå€íNÉÑÈ�=‹È’Å0å€È‘ÇsÃ—å—ÃBÈ‘Çså‚ä"ïVÈ’Å	É™ÊˆÿŸå€í"ÃBÊ:æÂåzÆ’Êˆí|Å‘É å€íNÉ™È

a
�ãå€æ"Å‘ï0Å‘É4ÄîÉ<ïBÄîÇžæÂåcåˆå€ÇòÄ4å>�Tæ•È

æ ÄB�TÇqÈ

x
äVÊˆÇ

a
ÅEÈ:Êm�TÉ4ÄÍÈ‘í2ÈžæÂå]È
õDä"ÇqÈ’Å‘Ä	�ˆí

(P(a) ) P(a)) í
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P(a)
È’Å#å€È‘Çºæ

Ã—å—ÃBÈ‘Çså[�2äVÊˆÇ	æ•Ê

í

ïNÈ

9y P(y)
È’Åaå€È‘ÇsÃ—å—ÃBÈ‘Çså>ê



kWj¡ —j_•ãˆ0Ïx‚‰†‡qs}~yŠrutMyu}•‚‰†‡q•}¦v�z

ë

ž

�Sj€p„jÏj€•„kn£ymNjŒp�¸Œj€}nryp„{D••tv{œ¸y{TpstNj€tèj»wTuvj€}

º

uvkn{Tp�š›ryp„‰‹jŸtv{l“|p„{Tt|k•w�jŒtvrÏmv{DwT{T•sknoqjˆ•

‰‹ry•¼{T}vwTr€mvwT{D“|oqr†tv{žÉÍå€ïBÉÑÊˆæ•Ê„ô€ð4å:{TmŸ}nxy£yknw�j•tv{�“vp„{Dtvk•wTj€tvry•DÌ

º

uv{¢mvrž{T•�{òÎ|j€wDoqj€‰‹{Dm0o„{

k•£yuNjŒ}

º

u|{.{T}

º

uv{:‰»j€m|{Ñ½„j€‰Ÿry••{Dmñ}nxy£yknw�j‹“vp„ry“"r€•„k•wDk•rymvj€}<Ìá¿‡uv•qj€p	wDryÙv{Dp„{Dm0oq{D‰‹{Dm0o„{

}•ry•�•sk•£ym|knÁNwTj€tvry•�t|{†}nry•�wDrymv{Tw‘oqkÂ¸yry•�}nxy£yknwDry•TÖ

8

§>ø‡C6±4³—±BADC”ESG g-Gl’

�

ÄîÇqÈ‘ÿ»ÊEÅ

í

ïNÈñïBí"å���ÊˆÇòÿŸåGÃBÈ»äáÇqÈ„Ã€ÄÍÆ„å—ÃBÊ

í

ïVÈ?Æ’ÊˆíNÉ™È‘íBô—å<åˆåmæ

Ç‘Ä4å>�Tæ•È’ÅŸæ ÄB�TÇqÈ’ÅzÈ’Å‹ïBí"å

­�ªN¥·­

þ

©

þ

b7�›ª

Å‘Ä¢É™ÊˆÿŸå �BíNÄÍÆ„åyÿ»È‘íNÉ™ÈzÈ‘æuåˆå€æ•ÊˆÇ

V
Äîí"ÃBÈ™äNÈ‘í"Ã€Äçæ

È‘íNÉÑÈ‘ÿ»È‘íNÉ™ÈžÃBÈ‘æáï–íNÄçå€È‘ÇqÅEÊ.ÃBÈžÃ€Ä•ÅEÆ‘ïBÇ’ÅEÊ©ì:æ•ÊEÅœÊm�<õ�È‘ÉÑÊEÅœÆ’Êˆí2Æ‘ÇqÈ‘É™ÊEÅžÃBÈžÃ€ÄÍÆéîNÊlïBíNÄçå€È‘Ç’ÅEÊ

í

ïVÈ•åˆÅ‘ÄÂô€íáÈ‘ÿÏÊEÅžå»æÂåˆÅ0åˆå€ÇòÄ4å>�Tæ•È’Å

í

ïNÈ•å‘ä|å€ÇqÈ’Æ’È‘í‡æ ÄB�TÇ’È’Å�ê

È
XT§B®

ý

©

þ

E�G�g-GBE—–

³VÄÍÈ‘í"ÃBÊ

P(x)
ïBí"å"�òïBí2Æ‘Ä	�ˆíÀä"Ç’Ê’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"å€æ ��È‘æTä"ÇqÈ„Ã€ÄÍÆ„å—ÃBÊ

P(x)_
(: P(x))

È’ÅñïBí"å ÉÍå€ï–É™Êˆæ•Ê„ô€ð4å>ê ±¢ÊTÃBÈ‘ÿ»ÊEÅñå€ÇÍô€ïBÿ»È‘íNÉÍå€Ç?È’ÅEÈ îNÈ’ÆéîNÊÝÃBÈ‘æÀÅ‘ÄÂô€ïBÄÍÈ‘íNÉÑÈ

ÿ»ÊTÃ–Ê�;•ä"ïNÈ’Å‘ÉÑÊ

í

ïVÈé��ÃBÈ™äNÈ‘í"Ã€ÄÍÈ‘í"ÃBÊ‹ÃBÈ‘æ¼Êm�<õ�È‘ÉÑÊƒÆ’Êˆí2Æ‘ÇqÈ‘ÉÑÊ

í

ïVÈŸÆ’Êˆæ•Ê

í

ïNÈ‘ÿ»ÊEÅ:È‘íèæ ïyô—å€Ç

ÃBÈ†æÂå

x
�

P(x)
ÅEÈ‘Ç
è

V
�

F
�ÒÉ™È‘í2È‘ÿ»ÊEÅžæÂå‹É å>�TæÂå';

P(x)
V
F

Q

É4Äîæ Ä��Eå€í"ÃBÊRå[îNÊˆÇ„å
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(n + 1)
ì•ä|å€Ç„å

(n ¡ 1)
;

am+( n+1) = a(m+ n)+1 = am+ n ¢a =

= (am ¢an ) ¢a = am ¢(an ¢a) = am ¢an+1 ;
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am+( n¡ 1) = a(m+ n)¡ 1 =
am+ n

a
=

= (
am ¢an

a
) = am ¢(

an

a
) = am ¢an¡ 1;
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ÃBÈ

A
ÃBÈ‘æáÅ‘ÄÂô€ïBÄÍÈ‘íNÉ™È†ÿ»ÊTÃBÊ�;

Si p es una variable proposicional; comp(p) = : p; comp(: p) = p;

comp(A _ B) = comp(A) ^ comp(B);

comp(A ^ B) = comp(A) _ comp(B):
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C
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comp(C) = : C:
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C = p;
comp(C) = comp(p) = : p = : C
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C = : p
comp(C) = comp(: p) = p = :: p = : C:
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³VÄ

C = A _ B;
É™È‘í"Ã€ÇqÈ‘ÿ»Ê²Å

í

ïNÈ

comp(A _ B) = comp(A) ^ comp(B) =

= :A ^ :B = (De M organ) =

= : (A _ B) = : C:
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³VÄ

C = A ^ B;
É™È‘í"Ã€ÇqÈ‘ÿ»Ê²Å

í

ïNÈ

comp(A ^ B) = comp(A) _ comp(B) =

= :A _ :B = (De M organ) =

= : (A ^ B) = : C:
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ÈlÈ’Å‘É™È†ÿ»ÊTÃBÊ£�2äVÊˆÇ•îBÄ ä��ˆÉÑÈ’Å‘Ä•Å†ÃBÈ†Äîí"Ã€ïNÆ’Æ‘Ä	�ˆí�;

comp(C) = comp(:A ) = : (:A ) = A = : C:
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í
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��ÊˆÇòÿŸåžä"ÇqÊ’äNÊEÅ‘ÄÍÆ‘ÄÍÊˆí"å€æ"Å�È†É4ÄÍÈ‘í2È?;

comp(C) = : C:
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> �2����� �����1*

> ö�7�8�9	A2*#,"ü&%���ÿ€þ5þ#�B��õ���� ù�
��Ïþ�
��^ø��!�;�����1*

> ö�7�8�9�C=*#,"ü&%���ÿ€þ�� ù�
��0
��^ø��2�)���1*

Ó

ry‰Ÿ“vp„r€•Nj€‰Ÿry•

º

u|{†•„rymƒoqj€u|oqr€}•ry£yÐnj€•DÖ

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þÓö�7�8�94:H��ø��[üI
"ö�õ“ø4���Wú

true

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þÓö�7�8�9�8+��ø��[üI
"ö�õ“ø4���Wú

true

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þÓö�7�8�9�?(��ø��[üI
"ö�õ“ø4���Wú

true

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þÓö�7�8�9	A=��ø��[üI
"ö�õ“ø4���Wú

true

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þÓö�7�8�9�C+��ø��[üI
"ö�õ“ø4���Wú

true
È
XT§0µˆ³—±4³—±

þ

f)G

EN¶

i·jÏ{

º

u|kn¸ŒjŒ}•{Tm|wTk•j»{Tm—oqp„{l}~j‹tvr€•v}•{•kn‰‹“v}nkÂw�j€wDknxym]¿‡}~j‹wDrymˆ½suvmvwDk•xym'tv{l}~jŒ••tvry•

k•‰Ÿ“v}nknwTj€wTknr€mv{T•zç›{Tmßp„{�jŒ}•k•tvj€t°{T•so„rè•„x€}•r'wTr€‰‹“|p„uv{D•Nj

º

u|{ƒÙ|{T‰Ÿry•lÙv{Tw’Ùvrè}•j€••wTry•„j€•

•vk•{Dm]“vuv{D•Àj€•„ÐgÙv{T‰Ÿry•¢t|{DÁNmvkntvrŸ}•j:tvr€•v}•{	kn‰‹“v}nkÂw�j€wDknxymƒjŒ}�wDrymv•”oqp„u|k•p�tvk•‰Ÿ“v}~é‘Ö

> J2*#,"üI%��Cÿ€þ#�>�<��� ù�
�� üI%��Cÿ€þ<�=�-�!�€ú

A := ( C

þ

­ p
þ

µ q) ª�C
´ ( C

þ

­ q
þ

µ p)

> J!:;*#,��Cü&%��Cÿ�þ��2�<���Wú

A1 := ( C

þ

­ p
þ

µ q) ª�C6´ ( C

þ

­ q
þ

µ p)
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> �%ö	���%ù
ÿ€þK���L
�G[ö'õ'ø�þ�J@��ø��
üM
%ö'õ'ø!�;�K�	�F
�G%ö�õ“ø�þ<J!:N��ø��
üM
%ö'õ'ø!���€ú

true

dg¶

i·j.{

º

uvkn¸ˆj€}•{DmvwTk•j:{Tm—oqp„{žuvmNj.•s{Tm—oq{Tm|wTk~j:¿z•„u]wTrym—oqp„j€p„ps{TwTÐn“vp„rBwTj|Ö

> J2*#,Cü&%��Cÿ€þ��2�<���€ú

A := C

þ

­ p
þ

µ q

> O>*#,Cü&%��Cÿ€þ�
��«ø��(�P
��^ø��!�Wú

B := q
þ

µ C

þ

­ p

> �%ö	���%ù
ÿ€þK���L
�G[ö'õ'ø�þ�J@��ø��
üM
%ö'õ'ø!�;�K�	�F
�G%ö�õ“ø�þ�O@��ø��[üI
"ö�õ“ø4���Wú

true
fg¶

¢•oqpqj†š›ryp„‰‹j†tv{•¸y{Dp¡}~jœkn‰‹“|}•kÂw�jŒwTknxymgÖ6ý

±<®

ý

©4±›³yª‡¤

{T•¡{

º

uvkÂ¸Œj€}n{Tm—oq{‚j

º

uv{‚ý

ªZC6´eC

þ

­‹¤8±<®

ý

©4±›³yª?C

þ

­

ýRQ

> O>*#,��Cü&%��Cÿ�þ>üI%���ÿ€þ��2�<��� �¢üI%���ÿ€þ�� ù�
Q�'
��«ø��(�#
��^ø

> �!���€ú

B := C

þ

­ (( C

þ

­ p
þ

µ q) ª�C
´ p ªZC6´¸C

þ

­ q ªZC6´ p) ªZC6´ (p ª�C6´¸C

þ

­ q ªZC6´ p
þ

µ/C

þ

­ p
þ

µ q)

> O.:;*�,��	�L
�G%ö�õ“ø�þ�O@��ø��[üI
"ö�õ“ø4�/*

> ø[ù��
ø��“ÿ�����D þ�O.:	�Wú)�%ö	���%ù[ÿ€þ�O.:N��ø
õ��"ö��€ú

true

true
g·¶

ü

{TtvuvwDwTknxym�j€}�j€•v•„u|p„tvrvÖ

> R@*#,��Cü&%��Cÿ�þ#�>�¢üI%���ÿ€þ�
��«ø��2�#�!���Wú

C := true

> ø[ù��
ø��“ÿ�����D þE�	�F
�G%ö�õ“ø�þSR(��ø��[üI
"ö�õ“ø4���Wú

true
Œ)G

ü

{Tt|uvwTwDk•xym�j€}�j€•|•„uvp„t|rvÖ
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> T>*#,	��ü&%��Cÿ€þ��>�¢üI%��Cÿ�þ�
��«ø��2���1ù�
��0
��^ø3�����€ú

E := true
È
XT§0µˆ³—±4³—±

þ

g-G

Ž•ry•|}•{	mv{T£—jŒwTknxymgÖ

> �Cü&%���ÿ€þ#
��^ø�þ�
��«ø����;�����Wú

true
â

m|t�{D•Àj€•srBwTk•jŒoqkÂ¸yrvÖ

> J�
��
ù%÷	���5ü«ù�ø7üMG��+*#,���ü&%��Cÿ�þ“þ�� ù�
������ ù�
��:õ@�-�

> ù�
��ôþ<�

> ù�
��‹õ����1*

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þ<J�
Q�
ù%÷	���5ü�ù�ø7üMG��1��ø��[üI
"ö�õ“ø4���Wú

true
¢‚p�{T•ÀjŒ•„rBwTk•jŒoqkÂ¸yrvÖ

> U�õ
ù[÷����5ü«ù�ø7üLG��(*#,	��üI%���ÿ€þ5þ#�B��õ����'��õ:õ=�-�V�«õÏþS�

> �«õ

> õ����1*

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þWU�õ[ù[÷����
ü«ù�ø�üLG��/��ø��
üM
%ö'õ'ø!���€ú

true
â

m|t�{D•�wDrymv‰lu|o’jˆoqkn¸yr|Ö

> J�
������L
	%��5ø%ù@*#,��Cü&%���ÿ€þ5þ#� ù�
������;�'þ<�1ù�
��'�.���1*

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þ<J�
Q�����L
�%��
ø[ù(��ø��
üM
%ö'õ'ø!���€ú

true
Ž•kn•soqpsk••vu–oqkn¸ˆj€•TÖ

> �Cü'÷løH:;*#,	�CüI%��Cÿ�þ#� ù�
��ÏþS�3�«õ:õ4�;�'þ#�Aù�
������'�«õ

> þ#�

> ù�
��‹õ����1*

> �Cü'÷lø�8=*#,	�CüI%��Cÿ�þ#�B��õÏþ<�‹ù�
��:õ4�;�'þ#�V��õ���� ù�
��

> þ#�

> �«õ:õ����1*

> ø[ù��5ø��“ÿ�����D�þE�	�F
�G[ö'õ“ø�þ<�Cü“÷løH:H��ø��[üI
"ö�õ“ø4���Wú

true
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> ø[ù��
ø��“ÿ�����D þE�	�F
�G%ö�õ“ø�þ<�Cü“÷lø�8+��ø��[üI
"ö�õ“ø4���Wú

true

i�{D¿y{T•�tv{žtv{œ…�ryps£—j€mgÖ

> �Cü&%��Cÿ€þ#
��«ø�þäõ ù�
Q����� �-
��^ø•õ��«õ'
��«ø����€ú

true

> �Cü&%��Cÿ€þ#
��«ø�þäõ��«õ����;�-
��«ø1õ1ù�
Q�'
��«ø����€ú

true

i·j€•¢p„{D•so’jŒm0o„{T•�•„rym]ry•—¸–k•j€•

¶

È
XT§0µˆ³—±<³—±

þ

ESG

�SjŒpqj:ÙNjŒwT{Tp¡o’j€•|}~j€•¡tv{‚¸y{TpstNj€t]ÙNjE¿

º

uv{žwDrymv•so„p„uvknp�uvm]“"{

º

uv{T¹|r

“|p„rBwT{Dtvk•‰Ÿk•{Dm0o„r‹{Dmè…‡j€“|}•{

¶

ó

{œwTrym|•soqpsu|¿y{Tm�“NjŒpqj‹uvmvj|Ìátvr€•À¿ƒoqps{T•�¸Œj€p„k•j€•v}n{T•¢¿]}nry•

m|ry‰l•vp„{D•¢tv{ž}~j€••¸Œj€p„k•j€•v}n{T•�}nry•�tvj.{T}�mvr€‰l•vp„{	tv{T}�“vpsrBwT{Dtvk•‰Ÿk•{Dm0o„r

¶

> ø[ù���ÿ�ù��X*#,��
õ����€þ�O!�

> ÿ�����ù
ÿYJ=�)Z=�[� � ü;�\7=*

> Z2*#,2]Áø5õ��%ö(��^[ù
ÿ
÷�ö	_2*

> ^��«õ4ü`^“õ��M%a:Lø��'8'���

> �/*#,���÷5ü&%��Oþ¢÷L���7÷Wþ��Q,�Z2]YüL_@����,	Z>]ÓüF_=��O4���Wú

> �
õCüM
5ø�þ#�Q,�Z2]YüL_@����,	Z>]ÓüF_=��J�,����€ú

> ���2*

> ö�
��>*

> ø[ù���ÿ�ù��Q�@*�,��[õ����Wþ�O4�

> ÿ�����ù
ÿYJ=�)Z=�[� � ü;�\7=*

> Z2*#,2]Áø5õ��%ö(��^[ù
ÿ
÷�ö	_2*

> ^��«õ4ü`^“õ��M%a:Lø��'8'���

> ^��«õ37'^“õ��M%a:Lø��'8'���

> �/*#,���÷5ü&%��Oþ¢÷L���7÷Wþ��Q,�Z2]YüL_@����,	Z>]�7	_=��O4���Wú

> �
õCüM
5ø�þ#�Q,�Z2]YüL_@����,	Z>]�7	_=��J�,����€ú

> ���2*

> ���2* ö�
��2*
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> ø[ù��Cÿ'ù��Q�'õ2*�,��
õ����Wþ�O!�

> ÿ�����ù[ÿYJ=�bZ=�c� �¸ü �\7+�PdX*

> Z2*#,@])ø5õ��%ö+��^[ù
ÿ
÷�ö�_>*

> ^��«õ4ü`^“õ��M%a:Lø��'8'���

> ^��«õ37'^“õ��M%a:Lø��'8'���

> ^��«õ�d�^“õ��M%a:Lø��'8'���

> �/*#,��7÷5ü&%���þ>÷L���7÷Wþ#��,�Z2]YüL_@����,	Z>]�7	_=�6õ�,�Z2]-d�_@�#O!���€ú

> �
õCüI

ø�þ#�Q,	Z>]YüL_@����,�Z>]�7	_=�6õ�,�Z2]-d�_@��J�,����Wú

> ���2*

> ���2*

> ���2* ö�
��2*

¾

•so„ry•:“vpsrBwT{Tt|k•‰Ÿk•{Tm—oqr€•••„{Ï“vuv{Tt|{Tm8u|•qj€pl•„kn{T‰Ÿ“vp„{

º

uv{zÙNj�¿—j'uvmNj|Ì�tvry•lr'o„p„{D•

¸Œj€psk~j€•v}n{T•†¿RàD•so’j€•l•s{Ï}•}•j€‰Ÿ{Dm°“gÌ

º

¿Rp

¶

ó

kãmvr'•„{Ï}n}~j€‰Ÿj€m°jŒ•„Ðã}~j€•œwTj€‰l•vk~jŒ‰‹r€•†{T}

mvry‰l•vp„{

¶

ó

k

º

uv{Tps{T‰Ÿry•œj€¹vj€tvk•p‚‰‹Š€•‚¸Œj€psk~j€•v}n{T•‚mvr]ÙNj�¿�‰»ŠŒ•

º

uv{.k•m0o„p„rBtvu|wTk•p‚r€o„p„r

•vuvwT}n{

¶

i·j€•¢wDk•mvwDrŸ“vpsry“"ry•sk•wTknrymv{D•

º

uv{ž•„{†“|p„{T•s{Tm—o’j€m�•„rym2Ö

> ö�7�:;*�,�
��^ø�þ��B��õ����1*

> ö�7�8=*�,��Aù�
��Ïþ�
��^ø��!�1*

> ö�7	?@*�,�
��^ø�þ�� ù�
��Ïþ�
��^ø��!���/*

> ö�7�A2*�,"ü&%��Cÿ�þ��2�<�•ù�
��0
��^ø1õ��1*

> ö�7�C=*�,	�Cü&%���ÿ�þ#
4�^ø�þ�� ù�
������;�'þ#
��«ø��.�'�«õÏþ�
��^ø

> �����1*

ó

uv•�o’j€•|}~j€•¡tv{	¸y{Tp„tvj€t�•„r€mgÖ

> ø[ù��Cÿ'ù��Q�gþUö�74:��€ú

p = true; q = true; A = false

p = true; q = false; A = false

p = false; q = true; A = false

p = false; q = false; A = true

> ø[ù��Cÿ'ù��Q�gþUö�7�8��€ú

p = true; q = true; A = false

p = true; q = false; A = false
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p = false; q = true; A = false

p = false; q = false; A = false

> ø[ù���ÿ�ù���þUö�7	?��Wú

p = true; q = true; A = true

p = false; q = false; A = true

> ø[ù���ÿ�ù��Q�'õ�þUö�7�A4�Wú

p = true; q = true; r = true; A = false

p = true; q = true; r = false; A = true

p = true; q = false; r = true; A = false

p = true; q = false; r = false; A = false

p = false; q = true; r = true; A = true

p = false; q = true; r = false; A = true

p = false; q = false; r = true; A = true

p = false; q = false; r = false; A = true

> ø[ù���ÿ�ù��Q�gþÓö�7�C��€ú

p = true; q = true; A = true

p = true; q = false; A = true

p = false; q = true; A = true

p = false; q = false; A = true
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m]{T}·j€“NjŒpso’jŒtvrƒ÷ž}~j€•¡¸ˆj€p„k•j€•v}n{T•¡“vp„ry“"r€•„k•wDk•rymvj€}n{T•¡•„{ž}•}•j€‰‹jŒmz“gÌ

º

¿z‰

¶

Ó

r€‰‹r

{Tm�mBu|{T•so„p„r‹“vp„rBwD{Ttvkn‰Ÿk•{Tm—oqr.•s{†}•}•j€‰‹jŒmƒ“2Ì

º

¿zpTÌNwTj€‰l•vk~jŒ‰Ÿry•�{D}·m|ry‰l•vp„{žt|{†‰ “ár€p

p

¶

> ö�7�:Me�9�:;*#,"üI%��Cÿ�þ“þ#�f�«õ'
4�^ø���� ù�
��'%>�g%.�€ú

ej18 h 1 := C

þ

­ ((p
þ

µ C

þ

­ q) ª�C
´ m)
þ

µ m

> ö�7�:Me�9�:;*#,%÷L����÷€þ-%�,“õ@�äö�7�:Le�94:��€ú

ej18 h 1 := C

þ

­ ((p
þ

µ C

þ

­ q) ª�C
´ r )
þ

µ r

> ø[ù��Cÿ'ù��Q�'õ þÓö�7�:Le�9�:	�€ú

p = true; q = true; r = true; A = true

p = true; q = true; r = false; A = true

p = true; q = false; r = true; A = true

p = true; q = false; r = false; A = true

p = false; q = true; r = true; A = true

p = false; q = true; r = false; A = true

p = false; q = false; r = true; A = true

p = false; q = false; r = false; A = true

¾

m�{D}·j€“NjŒpso’j€t|r

X

mvr.ÙNjE¿Ï“vp„ry•|}•{T‰‹j€•¡wTrym]}nry•�mvry‰l•|p„{T•¢t|{†}•j€•¡¸ˆj€p„k•j€•v}•{D•TÖ

> ö�7�:Me�9�8=*#,"üI%��Cÿ�þ#
��«ø��‹ù�
�� üI%��Cÿ€þ#�>����� �-
4�^ø��.�Wú

ej18 h 2 := C

þ

­ ( C

þ

­ q ªZC6´ ( C

þ

­ p
þ

µ q) ª�C6´ p)

> ø[ù��Cÿ'ù��Q�gþUö�74:Me�9�8��€ú

p = true; q = true; A = true

p = true; q = false; A = true
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p = false; q = true; A = true

p = false; q = false; A = true

¾

m‡}•ry•�j€“NjŒpso’j€t|ry•

ê

é•¿ ë é¡ÙNjE¿

º

uv{œw�j€‰l•vk•j€p�}•r€•�mvr€‰l•vp„{D•Àtv{†‰ ¿]m�“"ryp

º

¿

pDÖ

> ö�7�:Le�9	?@*#,Cü&%��Cÿ�þ>üI%���ÿ€þ��2�-%f�«õ0
!�;�g%H�1*

> ö�7�:Le�9	?@*#,"÷M����÷€þ-%�,��=�-
�,'õ@�äö�7�:Le�9�?��/*

> ö�7�:Le�9�A2*#,Cü&%��Cÿ�þ>üI%���ÿ€þ��2�-%4ù�
Q�'
!� �g%.�1*

> ö�7�:Le�9�A2*#,"÷M����÷€þ-%�,��=�-
�,'õ@�äö�7�:Le�9	A��/*

> ø[ù���ÿ�ù��Q�'õ�þUö�7�:Le�9�?��€ú

p = true; q = true; r = true; A = true

p = true; q = true; r = false; A = true

p = true; q = false; r = true; A = false

p = true; q = false; r = false; A = true

p = false; q = true; r = true; A = true

p = false; q = true; r = false; A = true

p = false; q = false; r = true; A = false

p = false; q = false; r = false; A = false

> ø[ù���ÿ�ù��Q�'õ�þUö�7�:Le�9	A��€ú

p = true; q = true; r = true; A = true

p = true; q = true; r = false; A = true

p = true; q = false; r = true; A = true
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p = true; q = false; r = false; A = true

p = false; q = true; r = true; A = true

p = false; q = true; r = false; A = true

p = false; q = false; r = true; A = false

p = false; q = false; r = false; A = false

È
XT§0µˆ³—±<³—±

þ

Œg¶

ó

{Tj€m

A1 := p ) (q_ r ) A2 := q ) : r

A3 := p A4 := q^ : r:
ó

{	oqpqjˆo’j:tv{žtv{D‰‹ry•”oqp„j€p

º

u|{†}~jl“vp„r€“"ry•„knwTk•x€mƒ•sk•£yu|k•{Tm—oq{

P
{T•�u|mNj:o’j€u–oqry}nry£yÐ•j–Ö

A1 ^ A2 ^ A3 ) A4:
ó

k�oqry‰‹j€‰Ÿry•

p = V
Ì

q = F
¿

r = V
•„{œry•v•s{Tp”¸Œj

º

u|{•}•j.“vpsry“"ry•„knwTknxym

P
oqr€‰»j:{T}

¸Œj€}nryp

F
wDrym]}•r

º

uv{†mvrŸ{D•�uvmvj:o’j€u–oqry}nry£yÐ•j

¶

È
XT§0µˆ³—±<³—±

þ

‘g¶

÷²é

ó

{Tj

p := H
È’ÅƒïBíÝÅ‘ï|�™ô€Çòï²äNÊˆÌ

q := (H 6= ; )
Ì

r :=
È‘æ�È‘æ•È‘ÿ»È‘íNÉÑÊ'í2È‘ï–É4ÇqÊ

äNÈ‘Ç‘É™È‘í2È‘í2È’Æ’È†å‰y•Ì

s := H
È’Å:Æ’È‘ÇòÇså—ÃBÊ

¶

i·j:“vp„kn‰‹{DpqjlÙvk•“"xŒoq{T•sk••�{D•TÖ

A 1 := (q^ r ^ s) ) p:
i
j:•„{D£yuvmvtvjŸÙvk•“"xŒoq{T•sk••�{T•DÖ

A 2 := (q^ s) ) r:
i
j:wTr€mvwT}nuv•„knxymƒ{T•DÖ

B := s ) p
ó

{	oqp„jŒo’j:t|{†t|{T‰Ÿry•so„pqj€p�•„k�}•j:•sk•£yu|k•{Tm—oq{	“|p„ry“"ry•sk•wDk•xymz{T•¢uvmNj:o’jŒu|oqry}nry£yÐnj|Ö

(A 1 ^ A 2) ) B :

ø

ÙNj€wDk•{DmvtvrŸ•su]o’jŒ•v}~jltv{	¸y{TpstNj€t�•s{†wDry‰‹“|p„uv{D•Nj

º

uv{†mvr.}•r:{T•

¶



Ú

X †‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

X

é

ó

{Tj

p
ÖÍÌ.åñÈ’Å‚äNÈ‘Ç���È’Æ‘É™ÊˆÌ

q
ÖÍÌ.åñÈ’Å‚ä|åyÇ•{

i
Ö¾ÌlíßÄîÿ•ä|å€Ç••„{ŸwTry‰Ÿ“vpsuv{T•Nj

º

uv{‹}•j

“|p„ry“"ry•sk•wDk•xymz•„kn£yuvk•{Dm0o„{	{T•¢{Tm�{‘š›{Tw‘oqrŸuvmNj:o’jŒu|oqry}nry£yÐnj|Ö

((p ) q^ i ) ^ q^ : i ) ) : p:

ê

é

ó

k

h
{D•ãî|åmì•îBïNÈ‘æ ô—å€Ì

s
{T•ÀÈ‘æ0Å‘Äîí"Ã€ÄÍÆ„å€É™Ê‚ÿ:ÄÍÈ‘íNÉ™È·¿

r
{D•ÀÈ‘æ–ÿ:ÄîíNÄ•Å‘É<ÇqÊ‚É4ÄÍÈ‘í2È�Çså£�[�ˆí

{Dm0o„rymvwT{D•‚{T}6p„j€ Tr€mNj€‰Ÿk•{Tm—oqr

º

u|{l•s{l“vps{T•s{Tm0oqjÏmvr»{T••wTr€p„p„{DwDoqrÏ“"r€p

º

uv{•}~jŸ•„kn£yuvkn{Tm0o„{

“|p„ry“"ry•sk•wDk•xymzmvrŸ{D•�uvmNj:oqj€u|o„ry}•r€£yÐ•j–Ö

(: h ) s _ r ) ^ (h _ (: h ^ : r )) ) : s:

È1XT§0µŒ³—±4³—±

þ

•á¶

ó

{�jŒm

p :=
|VÊEÅ£ÁÏô—å€í…�RæÂåÝÆ„å€ÇòÇ’È‘Çså€Ì

q :=
±�È„Ã€ÇqÊc�òïNÈñÈ‘æ�ÅEÈÍô€ïBí"ÃBÊˆÌ

r :=
}�å€ÿ��ˆí#�òïVÈlÈ‘æ2ÅEÈÍô€ïBí"ÃBÊÀ¿

s :=
À

å€Çòæ•ÊEÅ
�òïNÈ:È‘æ2ÅEÈÍô€ïBí"ÃBÊ

¶

¾

}·pqj€ DrymNj€‰Ÿk•{Dm0o„r

º

uv{œ•s{œ“vps{T•„{Dm0oqj‹{T•�wTrypsp„{DwDoqr‹“"ryp

º

uv{œ}•j.•sk•£yu|k•{Tm—oq{ž“|p„ry“"ry•skÂ•

wDk•xymƒ{D•�uvmNjlo’j€u|o„ry}•r€£yÐ•j–Ö

((p ) q_ r ) ^ (q ) : p) ^ (s ) : r ) ^ p) ) : s:

¾

m:{Dš›{DwDo„rvÌ—wDry‰‹r•}~jÀÔv}Âoqkn‰‹j�Ùvkn“"x€oq{D•„k••S{D•

p
“"rBtv{D‰‹r€•¼•suv“"rymv{Dp

º

uv{

p
{T•S¸y{Dp„tNj€t|{Tp„r

¶

Ó

r€‰‹r

p
{T•ã¸y{Dp„tNj€t|{Tp„rl}~j†“vp„kn‰Ÿ{TpqjžÙvk•“"x€o„{T•sk••ãtvknwT{

º

uv{‚r••vkn{Tm

q
{T•ã¸y{TpstNj€tv{Dp„r:r•}•r

{D•

r ¶

i·jÀ•„{D£yuvmvtNj•Ùvkn“"x€oq{D•„k••
k•mvtvknw�j

º

uv{••„k

q
{T•6¸y{TpstNj€tv{Dp„r‚{Tm0o„rymvwD{T•

p
{T•6š4j€}••srvÌŒ“"r€p

oqj€m0o„r]m|r]•„{.“vuv{Tt|{‹tvj€p

q
¸y{TpstNj€tv{Dp„r

¶‹¾

m—oqrym|wT{D•

r
{T•	¸y{Tp„tvj€tv{Dp„r

¶

i·jƒ•s{Tm—oq{DmvwTk•j

wDrym0o„pqj€psp„{DwTÐ•“|p„rBw�jœtv{•}~jžoq{Dp„wD{Tpqj•Ùvk•“"xŒoq{T•sk••ãknmvtvk•wTj

º

uv{••„k

r
{T•ã¸y{Tp„tvj€tv{Dp„r:{Tm—oqrym|wT{T•

: s
{T•¢¸€{Tp„tvj€tv{TpsrvÌVwDry‰Ÿr

º

u|{Tp„Ð•j€‰Ÿry•�tv{D‰‹r€•soqp„j€p

¶

È1XT§0µŒ³—±4³—±

þ

™g¶

ó

k

a > b
{Dm0oqr€mvwT{D•¡{òÎ|kn•so„{•uvm»mBÔ|‰‹{Dp„r•mvjŒoquvp„j€}

d
o’jŒ}

º

uv{

a = b+ d ¶

ŽÀ{.k•£yuvj€}S‰‹j€mv{DpqjÏ•sk

b > c
{Tm—oqrymvwD{T•ž{‘Î–k••”oq{.u|mñm0Ôv‰‹{Dp„rzmNjŒoqu|pqj€}

d0 o’j€}

º

uv{

b =
c + d0¶

Ž•{†{T•”oq{†‰ŸrBtvr.u|•qj€mvt|r»j€‰l•vj€•�k•£yuvj€}•tvj€tv{T•¡•„{ž“vuv{Dtv{†{T•„wDp„kn•vk•p

a = b+ d = (c + d0) + d = c + (d + d0)

wDrym]}•r

º

uv{†{Dš›{DwDo„kn¸ŒjŒ‰‹{Dm0oq{ž•s{ž¸y{Dp„kÂÁNw�j

a > c¶

È1XT§0µŒ³—±4³—±

þ

’g¶

i·jÀo’j€u|o„ry}•r€£yÐ•j

º

uv{6½su|•soqkÂÁNw�j•{D}|‰ŸàDoqrBt|r‚tv{¡tv{D‰‹ry•”oqp„j€wTknxyml“"r€p¼wTj€•„r€•

{D•TÖ

((p ) a1 _ ::: _ an ) ^ (a1 ) q) ^ ::: ^ (an ) q)) ) (p ) q):



kWj¡ñ—j_y#î[yutw†‡‚‰†‡‚‰v�z‹tMyRz1n*yu•-{8v�z

Ú

ê

¾

m]{T}�wTj€•„rŸ“NjŒpsoqknwTuv}•j€p•tv{

n = 2
•„{	oqk•{Dmv{€Ö

((p ) a1 _ a2) ^ (a1 ) q) ^ (a2 ) q)) ) (p ) q):

Ó

u|¿—j.o’jŒ•v}~jltv{	¸y{TpstNj€t�{D•soqŠŸ{‘š›{TwDo„kn¸ŒjŒ‰‹{Dm0o„{	š›ryp„‰‹j€tNjl•sxy}•r:“"ryp�ù

¶

È
XT§0µˆ³—±<³—±

þ

Eš–�¶ ¾

}�{Ñ½s{Dp„wDk•wDk•rR{T•‹wTrym|•„{TwDuv{TmvwTk•j°tv{�}~j€•Ÿ•sk•£yu|k•{Tm—oq{D•‹{

º

u|kn¸Œj€}n{Tm|wTk~jŒ•

}•xy£€k•wTj€•TÖ

p # q , : (p _ q)

p # p , : (p _ p) , : p

: p # : q , : (: p _ : q) , p ^ q

pjq , : (p ^ q)

pjp , : (p ^ p) , : p

: pj: q , : (: p ^ : q) , p _ q

(pjq)j(pjq) , : (pjq) , p ^ q

È
XT§0µˆ³—±<³—±

þ

ESEN¶

Ó

ry‰‹rÀ}•j�Ù|k•“"x€o„{T•„kn•

P(x)^ : P(x)
{D•S•sk•{T‰Ÿ“vps{Òš4jŒ}••qj¢}~j¢k•‰Ÿ“v}nknwTj€wDk•x€m

{T•�•sk•{D‰‹“|p„{‚¸y{TpstNj€tv{Dpqj

¶

È
XT§0µˆ³—±<³—±

þ

Ešd�¶

ó

{žtv{Tt|uvwT{Dm‡tvk•ps{TwDoqj€‰Ÿ{Tm—oq{	tv{ž}~j•o’j€u|o„ry}•r€£yÐ•j–Ö

9x P(x) , : (8x: P(x))
{Tm {T}‚“vp„kn‰Ÿ{TpÏwTj€•„rÝjŒ“v}•knw�Š€m|tvry}•j?j

: P(x)
¿+{Dm {T}‚•„{T£€uvmvtvr8w�j€•srdoqr€‰»j€m|tvrß}~j

{

º

uvkn¸ˆj€}•{DmvwTk•j:tv{ž}~jŒ•�mv{T£yj€wTknrymv{D•

¶

È
XT§0µˆ³—±<³—±

þ

EUfg¶

ü

j€ Trymvj€‰‹r€•Ït|{T‰Ÿry•so„pqj€mvt|rß}~j°•„{Dm0o„{TmvwDk~jßwTrym—oqp„j€p„ps{TwTÐn“vp„rBwTj|ÖR•„k

a 6= 0
ÌVwDry‰ŸrŸ{T•

a ¸ 0
{Tm—oqrym|wT{D•••„{žoqkn{Tmv{

a > 0 ¶

Ž•{œ{D•soq{†‰‹rBtvr:oqry‰‹j€mvt|r

² = a
•„{ž¸€{Tp„kÂÁNw�j

º

uv{ž{‘Î–k••”oq{

²
¸y{Dp„kÂÁNw�j€m|tvr

0 < ² · a ¶

È
XT§0µˆ³—±<³—±

þ

E>g
¶

÷²é

ó

{�j:{T}guvm|kn¸y{Dp„•„r

U
tv{ž}•j€•¡“"{Tps•„rymNjŒ•¢¿Ï}nry•¡“vps{Ttvknw�j€t|ry•

E(x) =
ÅEÈ‘Ç•È’Å™ä|å�Ñ2Êˆæ

¿

P(x) =
ÅEÈ‘Ç¡äNÈ‘ÇòÄÍÊTÃ€Ä•Å‘É å€Ö

: (8x 2 U(E(x) ) P(x)))



Ú ë

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

r.{

º

uvkÂ¸Œj€}n{Tm0o„{T‰Ÿ{Tm—oq{

9x 2 U(E(x) ^ : P(x)):
ó

u�m|{T£—j€wDk•xymƒ{D•TÖ

8x 2 U(E(x) ) P(x))
{D•so„r‹{D•TÌ·É™ÊTÃBÊEÅžæ•ÊEÅ:È’Å™ä|å�Ñ2Êˆæ•È’Å•ÅEÊˆí‹äNÈ‘ÇòÄÍÊTÃ€Ä•Å‘É åˆÅ

¶

X

é

ó

{�j

U
{T}¡wDrymˆ½suvm—oqrètv{z}•r€•lw�j€‰ŸknmNj€m0o„{T••¿?{D}¡“vp„{Dtvk•wTj€tvr

B(x)
õh�‘ÊEÅ‘É™Èò�Eå

¶

¾

m—oqrymvwD{T•DÖ

(9x 2 U B(x)) ) (8x 2 U B(x)):
ó

u�m|{T£—j€wDk•xymƒ{D•TÖ

(9x 2 U B(x)) ^ (9x 2 U : B(x)):
¾

•”oqrŸ{T•TÌSÈ
õyÄ•Å‘ÉÑÈ‘í‹äNÈ‘ÇqÅEÊˆí"åˆÅ

í

ïVÈ#�‘ÊEÅ‘ÉÑÈò�Eå€í ì	äNÈ‘ÇqÅEÊˆí"åˆÅ

í

ïNÈ†í2Ê��‘ÊEÅ‘ÉÑÈò�Eå€í

¶

ê

é

¾

mñ{T}¼uvmvkn¸y{Dp„•sr

U
tv{.}•j€•‚“"{Tp„•srymNj€•ž•„{:oqr€‰»j€m�}nry•	“|p„{Tt|k•w�jŒtvry•

M (x)
õñÈ’Å

ÿ»ÊTÃ€Ä•Å‘É™ÊÀ¿

P(x; y)
õ�Æ’Êˆí2ÊEÆ’Èœå�ìŒÖ

8x 2 U 9y 2 U (P(x; y) ^ M (y)):

ó

u�m|{T£—j€wDk•xymƒ{D•TÖ

9x 2 U 8y 2 U (: P(x; y) _ : M (y)):

¾

•”oqrŸ{T•TÌSÈ
õyÄ•Å‘ÉÑÈ‘í‹äNÈ‘ÇqÅEÊˆí"åˆÅ

í

ïVÈží2ÊzÆ’Êˆí2ÊEÆ’È‘í�å»íNÄîí0ôm�–í'ÿ»ÊTÃ€Ä•Å‘ÉÑÊ

¶

ë
é

8p;q 2 R p < q 9s 2 Q p < s < q
ó

u�m|{T£—j€wDk•xymƒ{D•TÖ

9p;q 2 R p < q 8s 2 Q ((s ¸ q) _ (s · p)):

¾

•”oqrŸ{T•TÌSÈ
õyÄ•Å‘ÉÑÈ‘íèÃBÊEÅží��Bÿ»È‘ÇqÊEÅžÇ’È„å€æ•È’Å

p;q
Å‘Äîí'í��Bÿ»È‘Ç’ÊEÅ	Ç„åBÆ‘ÄÍÊˆí"å€æ•È’Å•È‘íNÉ4Ç’ÈlÈ‘æîæ•ÊEÅ

¶

Øyé

ó

{�j

P
{T}�wTr€mˆ½suvm0o„rŸtv{ž}•ry•¡mBÔv‰Ÿ{Tpsry•¢“vpsk•‰Ÿry•TÖ

8p 2 P 9q 2 P p < q:

ó

u�m|{T£—j€wDk•xymƒ{D•TÖ

9p 2 P 8q 2 P p ¸ q:
¾

•”oqrŸ{T•TÌSÈ
õyÄ•Å‘ÉÑÈžïBí�í��–ÿ»È‘ÇqÊ‚ä"ÇòÄîÿ»Ê.ÿŸåmì0ÊˆÇ

í

ïVÈlÈ‘æ�ÇqÈ’Å‘ÉÑÊ‹ÃBÈ†æ•ÊEÅží��Bÿ»È‘Ç’ÊEÅ•äáÇòÄîÿ»ÊEÅ

¶



kWj¡ñ—j_y#î[yutw†‡‚‰†‡‚‰v�z‹tMyRz1n*yu•-{8v�z

Ú—Ø

È
XT§0µˆ³—±<³—±

þ

EšŒ�¶�¾

}

l im (xn ) 6= a
•sk

: (8² 2 R+ (9n 2 N(8m 2 N(m > n ) jxm ¡ aj < ²))))
rl{

º

uvkn¸ˆj€}•{Dm0o„{T‰Ÿ{Tm—oq{€Ì|uv•„j€mvtvr:}•jœ{

º

uvkÂ¸Œj€}n{TmvwDk~j•}nxy£yknwTjœ{Dm0o„p„{‚}~jœkn‰‹“|}•kÂw�jŒwTknxym

p ) q
¿

: p _ q
Ö

9² > 0 8n 9m > n jxm ¡ aj > ²:

È
XT§0µˆ³—±<³—±

þ

Eš‘�¶

Ž•{T‰Ÿry•”oqpqjŒwTk•r€mv{T•¢“"r€p¢knmvtvuvwDwTk•x€mgÖ

kîé

1 + ::: + n = n(n + 1)=2 ¶

ú¡j€•„{žtv{žk•m|tvuvwTwDk•x€mgÖ�{Tm]{Dš›{DwDoqrŸ•„{žwTuv‰Ÿ“v}n{

º

u|{

1 = (1 ¢2)=2 ¶

�Sj€•„rŸtv{žk•m|tvuvwTwDk•x€mgÖ�uv•qjŒmvtvrŸ}~jlÙvk•“"x€o„{T•sk••�tv{žk•m|tvuvwTwDk•xymƒ•s{žoqkn{Tmv{ŒÖ

1 + ::: + n + (n + 1) = (1 + :: + n) + (n + 1) = n(n + 1)=2 + (n + 1):

ø

{T•¢uvmNj.wDry‰‹“|p„ry•NjŒwTknxymz¸y{Dp„kÂÁNw�jŒp¢}~jlk•£yuvj€}•tvj€tztv{ž“"ry}nk•mvr€‰Ÿknr€•TÖ

n(n + 1)=2 + (n + 1) = (n + 1)(n + 2)=2:

k•k~é

§ n
k=1 (2k ¡ 1) = n2:

ú¡j€•„{žtv{žk•m|tvuvwTwDk•x€mgÖ�{Tm]{Dš›{DwDoqrŸ•„{žwTuv‰Ÿ“v}n{

º

u|{

1 = 1 ¶

�Sj€•„rŸtv{žk•m|tvuvwTwDk•x€mgÖ�uv•qjŒmvtvrŸ}~jlÙvk•“"x€o„{T•sk••�tv{žk•m|tvuvwTwDk•xymƒ•s{žoqkn{Tmv{ŒÖ

§ n+1
k=1 (2k ¡ 1) = § n

k=1 (2k ¡ 1) + (2n + 1) = n2 + 2n + 1:

ø

{Tm]{Dš›{DwDo„r‹•„{	oqkn{Tmv{ŒÖ

n2 + 2n + 1 = (n + 1)2:

k•knk~é

2n · (n + 1)!:
ú¡j€•„{žtv{žk•m|tvuvwTwDk•x€mgÖ�{Tm]{Dš›{DwDoqrŸ•„{žwTuv‰Ÿ“v}n{

º

u|{

2 · 2! = 2 ¶

�Sj€•„rŸtv{žk•m|tvuvwTwDk•x€mgÖ�uv•qjŒmvtvrŸ}~jlÙvk•“"x€o„{T•sk••�tv{žk•m|tvuvwTwDk•xymƒ•s{žoqkn{Tmv{ŒÖ

2n+1 = 2n ¢2 · (n + 1)!2:



Úm�

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

ø

wTry‰Ÿr

2 · n + 2
•„{	oqk•{Dmv{

º

u|{€Ö

2n+1 · (n + 2)!

wDry‰Ÿr

º

u|{Tp„Ð•j€‰Ÿry•�tv{D‰‹r€•soqp„j€p

¶

È1XT§0µŒ³—±4³—±

þ

E|•2¶

ú•j€•„{œtv{•knmvtvuvwDwTknxymgÖ

((p ) a1) ^ (a1 ) q)) ) (p ) q)
{T••uvmvj

oqj€u|o„ry}•ry£€Ð•j•wTry‰Ÿr:¸Bk•‰Ÿry•¡{Tm]}•ry•¢jŒ“vuvm0o„{T•

¶

�Sj€•„rdtv{�k•m|tvuvwTwDk•xym2Ö

¾

•zuvmNjßwTr€mv•„{DwTuv{DmvwTk~jdk•m|‰‹{Dtvk~jˆo’jRtv{�}~j°{

º

uvkn¸ˆj€}•{DmvwTk•j

}nxy£yknw�j–Ö

(p ) a1 _ ::: _ an _ an+1 ) , ((p ) a1 _ ::: _ an ) _ (p ) an+1 )) :

È1XT§0µŒ³—±4³—±

þ

Eš’g¶

ó

{�j

x 2 U
tvrymvtv{

U
{T•6{T}0wTrym²½suvm0o„r•tv{ã{D•so„uvtvk~jŒm0oq{D•

¶

ó

{Tj

R(x) :
È‘æ

È’Å‘É4ï|Ã€Ä4å€íNÉÑÈ

x
È’Å†ÃBÈlÈ’Å‘ÉÍåƒÆ‘æÂåˆÅEÈ

¶

ó

{Tj

P(x) :
´ãæ6È’Å‘É4ïvÃ€Ä4å€íNÉ™È

x
ÿ:Ä4ÃBÈ•È’Å‘É4ÇòÄÍÆ‘É å€ÿ»È‘íNÉ™È

ÿ»È‘í2ÊEÅ

í

ïVÈ

@

ê-i«‚

¶�¾

}�pqj€ DrymNj€‰Ÿkn{Tm0o„r:•„{ž“vuv{Dtv{†•„k•‰l•"ry}nkn Tj€p•{Tm]}~j•š›ryp„‰‹j

(H1 ^ H2) ) T
t|rymvtv{

H1 := 8x 2 U R(x) ) )P(x) _ : P(x)):

H2 := : P(a)

T := R(a)
¿Gtvr€mvtv{

a
ps{T“vps{T•„{Dm0oqjÝjÙ�6{Ttvpsr

¶

¢	•|•„{Tp”¸Œj€‰Ÿry•

º

uv{

H1
{D•ƒ•„kn{T‰Ÿ“vp„{

V
¿

º

uv{

o„ry‰‹j€mvtvr

R(a) := F
¿

P(a) := F
•s{	oqk•{Dmv{

º

uv{ž{D}�p„j€ Tr€mNj€‰Ÿk•{Tm—oqrlmvr.{D•�¸ŒŠ€}nk•tvr

¶

È1XT§0µŒ³—±4³—±

þ

d�–�¶

Ë

knmv£yÔvmƒ“Nj€Ðn•�ÙNj.£—jŒmNj€tvr:oqrBtvj€•¢}•j€•�‰‹{DtNj€}n}~j–Ö

: (9x8y M (x; y):

¢�{

º

uvkn¸ŒjŒ}•{Dm0oq{D‰‹{Dm0o„{

8x9y: M (x; y):
×6rBt|ry•¢}•ry•�“NjŒÐ••s{T•¢ÙNj€m]£yj€mNj€tvrŸj€}n£yuvmNjl‰Ÿ{TtNjŒ}•}•j|Ö

8x9y M (x; y) ¶

â

}n£yÔvmƒ“Nj€Ðn•�ÙNj.£—jŒmNj€tvrŸj€}n£yuvmNjl‰Ÿ{TtNj€}n}~j–Ö

9x9y M (x; y) ¶

â

}n£yÔvmƒ“Nj€Ðn•�mvrŸÙNj:£—j€mNjŒtvr.mvk•mv£€uvmNj:‰‹{DtNj€}n}~j

9x8y : M (x; y) ¶
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Ú>�

È
XT§0µˆ³—±<³—±

þ

dƒEV¶ P(2; 3) : F
Ì

P(5; 10) : V
Ì

P(2; 3) ^ P(5; 10) : F
Ì

P(2; 3) _
P(5; 10) : V

Ì

P(2; 3) ) P(5; 10) : V
Ì

8m 2 N 8m 2 N P(m; n) : F
Ì

9m 2 N 8n 2 N P(m; n) : V
Ì

9n 2 N 8m 2 N P(m; n) : F
Ì

8n 2 N P(1; n) :
V; 8m 2 N P(m; 1) : F ¶

È
XT§0µˆ³—±<³—±

þ

dSd�¶

³VÄ1åˆå€æ•Èžÿ»È‘í2ÊEÅœÃBÈ

@

‚'‚'‚‚ä"É åˆÅé�¡Æ’Êˆÿ»È‘Ç�ÁlÈ‘í'æÂå]Æ„å
��È‘É™È‘Ç‘ð4å>ê

ó

{Tj

U
{T}2wTrymˆ½su|m0oqr:tv{	“"r€•„k••|}•{T••“vp„{DwTknry•�t|{	}~j•wDry‰Ÿk•tNj

¶

ó

{Tj

P(x) : x < 1000¶

ó

{�j

q :
Æ’Êˆÿ»È‘Ç�Á¡È‘í.æÂå†Æ„å
��È‘ÉÑÈ‘Çòð4å

¶
Ë

uv{D•soqp„j¢š›p„j€•„{�{D•TÌŒ{Dmœ}n{Tmv£€uNj²½s{¼š›ryp„‰‹j€}<Ì

P(x) ) q¶

ó

uœmv{T£yj€wTknxym†{T•

: (P(x) ) q)
Ì

º

u|{ã{T•
}•xy£€k•wTj€‰Ÿ{Dm0o„{�{

º

uvkn¸ˆj€}•{Dm0o„{ãj

: (: P(x) _ q) ¶

�6rypS}•jÀ}•{‘¿†tv{•tv{�…�ryp„£yj€mgÌ€{T•”oqr‚{T•¼{

º

uvkn¸ˆj€}•{Dm0oq{¡j

P(x)^ : q: ¾

m:}•{Dmv£yuvjˆ½s{ãmNjˆoquvpqjŒ}ÍÖ

åˆå€æ•Èžÿ»È‘í2ÊEÅœÃBÈ

@

‚'‚'‚‚ä"ÉÍåˆÅaìŸí2ÊzÆ’Êˆÿ»ÊÏÈ‘í'æÂåƒÆ„å
��È‘ÉÑÈ‘Çòð4å>ê

µ"ÊTÃBÊEÅžæ•ÊEÅ~î|å>�TÄîÉÍå€íNÉÑÈ’ÅœÃBÈut�å—Ã€Ç‘Ä4Ã�åEÄ4åsõDå€íRÈ‘í'ÿ»È‘É4Ç’Êmê

ó

{Tj

U
{T}áwTrymˆ½su|m0oqrltv{‚ÙNj€•vkÂo’j€m—oq{D•¡t|{ž…‡j€tvpsk•t

¶

ó

{Tj

P(x) : x
åEÄ4åsõDåÏÈ‘í�ÿ»È‘É<ÇqÊ

¶

i
j.š›p„j€•„{†{T•À{Tm‡}n{Tmv£yuvjˆ½s{	š›ryp„‰‹j€}

8x 2 U; P(x) ¶

ó

u�mv{T£—jŒwTk•x€m�{T•

:8 x 2 U P(x)
º

u|{†{T•¢}•xy£€k•wTj€‰Ÿ{Dm0oq{‚{

º

u|kn¸ŒjŒ}•{Tm—oq{†j

9x 2 U : P(x) ¶�¾

m�}n{Tmv£yuvjˆ½s{	mNjˆoquvp„j€}ÍÖ

È
õyÄ•Å‘É™È•å€æ ôm�Bí‹î|å>�TÄîÉ å€íNÉ™ÈœÃBÈzt�å—Ã€ÇòÄ4Ã

í

ïNÈ†í2ÊVåEÄ4åsõDåƒÈ‘í'ÿÏÈ‘É4ÇqÊmê

�

ÄîíBôm�–íJî|å>�TÄîÉÍå€íNÉ™ÈœÃ–Èut•�EÅ‘ÉÑÊˆæ•È’ÅlÆ’Ê„ôBÈlÈ‘æ
å€ïBÉÑÊm���—Å�ê

ó

{Tj

U
{T}BwTr€mˆ½suvm—oqr•tv{ãÙNj€•|kno’jŒm0oq{D•6t|{�…�x€•soqr€}•{D•

¶

ó

{�j

P(x) : x
Æ’Ê„ôBÈ�È‘æ|å€ï–É™Êm���—Å

¶

i
j•š›p„j€•„{¡{T•�{Dm.}•{Dmv£yuNj²½s{•š›r€p„‰‹j€}

: (9x 2 U P(x)) ¶

ó

u:mv{T£—jŒwTknxym:{T•

9x 2 U P(x) ¶

¾

m]}•{Dmv£yuvjˆ½s{	mNjˆoquvpqjŒ}ÍÖ

È
õyÄ•Å‘É™È•å€æ ôm�Bí‹î|å>�TÄîÉ å€íNÉ™ÈœÃBÈzt•�EÅ‘ÉÑÊˆæ•È’Å

í

ïNÈ:Æ’Ê„ôBÈlÈ‘æ
å€ïBÉÑÊm���—Å�ê

y	åmìžäNÈ‘Ç’ÅEÊˆí"åˆÅ•È‘í'ÉÑÊTÃ—åˆÅžæÂåˆÅlÆ‘ÄîïvÃ—å—ÃBÈ’Å

í

ïVÈžï0ÅTå€íRÈ‘æ�É4Ç„å€í|Å™äNÊˆÇòÉ™È�äD�|�Tæ ÄÍÆ’Êmê

ó

{Tj

U
{D}2wDrymˆ½suvm—oqrltv{•“"{Tps•„rymNjŒ••¿

V
{D}2wDrymˆ½suvm—oqrltv{•wTknuvtNj€tv{D•

¶

ó

{Tj

P(x; y) :
9

å‚äNÈ‘ÇqÅEÊˆí"å

x
ï0ÅTåÏÈ‘æáÉ<Çså€í|Å™äNÊˆÇòÉÑÈãäD�|�Tæ ÄÍÆ’Ê‹È‘í�æÂåÏÆ‘Äîï|Ã0å—Ã

y ¶�¾

m0oqr€mvwT{D•TÌv{Tmz}n{Tmv£yuvjˆ½s{

š›ryp„‰‹j€}<ÌÒmBu|{T•so„pqjñš›p„j€•„{]{T•

8y 2 V 9x 2 U P(x; y) ¶

ó

uÝmv{T£—jŒwTknxymÝ{D•

:8 y 2
V 9x 2 U P(x; y)

Ì

º

uv{�{T•Ò}•xy£€k•wTj€‰Ÿ{Dm0o„{�{

º

uvkn¸ˆj€}•{Dm0o„{Àj

9y 2 V :9 x 2 U P(x; y)
{

º

uvkn¸ˆj€}•{Dm0o„{†j.•su]¸y{T œj

9y 2 V 8x 2 U : P(x; y) ¶Ò¾

m]}•{Tm|£yuNj²½s{	mNjŒo„uvpqj€}<Ö

î|åmì:Æ‘Äîï|Ã—å—ÃBÈ’Å‚È‘íÏæÂåˆÅ

í

ïVÈ�ívÄîíBô€ï–í2ÊœÃBÈ¡Å‘ï—Åxî|å>�TÄîÉ å€íNÉ™È’Å¢ï—ÅTåŸÈ‘ævÉ<Çså€í|Å™äNÊˆÇòÉÑÈ¼äD�|�Tæ Äçæ

Æ’Ê

¶

È
XT§0µˆ³—±<³—±

þ

dSf�¶

j—é

P(n) :
nX

k=1

k2 =
n(n + 1)(2n + 1)

6



Ú€Ú

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

ù�{Dp„kÂÁ

º

uv{T‰Ÿry•¢}•j:•NjŒ•„{žtv{†knmvtvu|wTwTknxym

P(1) ¶

�6r€p¢uvmNj.“vj€pso„{€Ì

1X

k=1

k2 = 1

¿Ï“ár€p¢r€o„pqj

1(1+ 1)(2 ¢1 + 1)
6

= 1

¾

m]wTrym|•„{TwDuv{TmvwTk•j|Ì

P(1)
{D•

V ¶

ù�{TpsknÁ

º

uv{D‰‹r€•

º

uv{l•vjˆ½sr»}~j‹Ù|k•“"x€o„{T•„kn••t|{lknmvtvuvwDwTk•x€mdç

P(n)
{D•

V
é�{T•

P(n) )
P(n + 1)

oqj€‰l•vknàTm

V
öv{T•¢tv{TwDk•pDÌ

º

uv{

P(n + 1)
{D•

V:
�Sj€p„j.{D}•}•rlw�j€}nwTuv}•j€‰Ÿry•

n+1X

k=1

k2 =
nX

k=1

k2 + (n + 1)2 =
ç›“"ryp¢Ù|k•“"x€o„{T•„kn•�tv{žk•mvtvu|wTwDk•xymVé

Ì

n(n + 1)(2n + 1)
6

+ (n + 1)2 = (n + 1)
·

n(2n + 1)
6

+ (n + 1)
¸

=

= (n + 1)
·

2n2 + 7n + 6
6

¸
== (n + 1)

((n + 1) + 2)(2(n + 1) + 1)
6

}nr

º

uv{•k•‰Ÿ“v}nknwTj

º

uv{ŒÌv{Dmz{‘š›{Tw‘oqrvÌ|{D•

P(n + 1)
¸y{TpstNj€tv{Dp„r

¶

�6ryp•knmvtvuvwDwTknxymgÌ

8n 2 N
Ì

P(n)
{T•

V ¶

•Vé

P(n) : 2n > n + 1
“vj€pqj

n ¸ 2 ¶

Ë

uv{T•”oqpsr‡j€p„£yu|‰‹{Dm0oqrƒwDry‰Ÿk•{Tm| �jz{Tm

n = 2 ¶

�6ryp	o’jŒm0oqr|Ì·}~jz•vj€•„{Ÿt|{ŸknmvtvuvwDwTk•x€mñ}•j

“"rBtv{D‰Ÿry••oqr€‰»jŒpÀwTry‰Ÿr

P(2) ¶ P(2)
{D•

V
Ìá¿—j

º

uv{

22 > 2 + 1 ¶

i·j»Ùvk•“"xŒoq{T•sk•••tv{

knmvtvuvwDwTknxyml{D•

º

u|{

P(n)
{T•

V ¶

ù�{Dp„knÁ

º

u|{T‰Ÿry•

º

u|{�•Nj²½sr‚{D•soqj‚Ùvk•“"xŒoq{T•sk••DÌy{D•

P(n+ 1)
¸y{Dp„tNjŒtv{Tp„j|Ö

2n+1 = 2n2 >
ç›“"ryp�Ùvk•“"x€o„{T•sk••�tv{žk•mvt|uvwTwDk•xymNé

> (n + 1) ¢2 = n + 2 + n > n + 2 = (n + 1) + 1
i�uv{D£yr

8n 2 N
Ì

P(n)
{T•

V ¶

wEé

P(n) : xn ¡ yn {D•�tvkÂ¸–kn•„kn•v}n{‚“"ryp

x ¡ y
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Ú

ž

i
j»•Nj€•s{:tv{:knmvtvuvwDwTknxym'{T•

V
Ì2¿—j

º

uv{

x ¡ y
{T•	t|kn¸Bk••sk••v}n{œ“"ryp

x ¡ y
ç4ry•—¸–knr0é

¶

i·j

Ùvk•“"x€o„{T•sk••
tv{ãk•mvtvu|wTwDk•xymœ{T•

º

u|{

xn ¡ yn {T•6tvkn¸Bk••sk••v}n{�“"r€p

x¡ y ¶

ù�{Tj€‰Ÿry•6•sk

P(n+ 1)
{T•

V
Ö

xn+1 ¡ yn+1 = x(xn ¡ yn ) + (x ¡ y)yn

º

u|{ƒ{T•.wD}~jŒpqj€‰Ÿ{Tm—oq{Ït|kn¸Bk••sk••v}n{»“"ryp

(x ¡ y)
•„k¡}nr�{D•

(xn ¡ yn ) ¶

�6ryp:knmvtvuvwDwTknxymgÌ

8n 2 N
Ì

P(n)
{D•

V ¶

È
XT§0µˆ³—±<³—±

þ

dZg·¶

ó

{�j

P(x; y)
Ö

y
È’Å:È‘æ|ä|å—Ã€ÇqÈœÃBÈ

x ¶ã¾

•�wT}•j€p„r

º

uv{žo„rBtvr

x
o„k•{Dmv{žuvm

“Nj€tvps{€ÌB“"{Tpsr•m|rœ{T•ãwDk•{Dpsoqr

º

uv{À{òÎ|kn•soqj•jŒ}V‰Ÿ{Tmvr€•Òuvm

x º

uv{À{T•ÒÙvk ½sržtv{

y
ç

º

uv{À“|uv{Ttv{

mvr.oq{Dmv{Dp�Ùvk ½sry•�{Tm�j€•v•sry}•u–oqr0é

¶

È
XT§0µˆ³—±<³—±

þ

dSŒ�¶�ì

j�¿zwTuvjŒoqpsrŸw�jŒ•„ry•DÖ

j—é

x ¸ 0; y ¸ 0 ¶�¾

m—oqr€mvwT{D•

xy ¸ 0
¿Ï•„{žo„k•{Dmv{

jxyj = xy = jxj jyj ¶

•Vé

x < 0; y ¸ 0 ¶S¾

m0oqr€mvwT{D•

xy · 0
¿†•„{ão„k•{Tm|{

jxyj = ¡ xy = (¡ x)y = jxj jyj ¶

wEé

x ¸ 0; y < 0 ¶�¾

m—oqrymvwD{T•

xy · 0
¿:•„{�o„k•{Dmv{

jxyj = ¡ xy = x(¡ y) = jxj jyj ¶

tVé

x < 0; y < 0 ¶Ï¾

m—oqrymvwD{T•

xy > 0
¿è•s{Ÿoqkn{Tmv{

jxyj = xy = (¡ x)(¡ y) =
jxj jyj ¶

È
XT§0µˆ³—±<³—±

þ

dS‘g¶

µ"ÊTÃBÊ	È‘íNÉÑÈ‘ÇqÊÀÿŸåmì—ÊˆÇ

í

ïNÈ

@

iÀÈ’Å¢È‘ævÆ‘ï|å—Ã€Çså—Ã–Ê•ÃBÈÒï–í.í��Bÿ»È‘Ç’Ê	È‘íNÉ™È‘Ç’Ê

¶

�6ryp�{Ñ½s{T‰Ÿ“v}nrvÌN{T}

21
mvr‹{T•À{D}
wTuvj€tvpqjŒtvr»tv{†uvm‡{Tm—oq{Dp„rvÌV¿—j

º

uv{

42 = 16
{T•À‰Ÿ{Tmvr€p

º

u|{

21
¿

52 = 25
{T•¢‰»j�¿yryp

¶

µ"ÊTÃBÊÏÈ‘íNÉ™È‘ÇqÊŸÿŸåmì—ÊˆÇ

í

ïNÈ�jzÈ’Åžÿ¦�Bæ É<Ä ä"æ•Ê‹ÃBÈc�‹�»ÃBÈ

E

¶Ò¾

}

XŒê

{D•�“vpsk•‰Ÿr

¶

100n + 1 > n2 ¶

ú•j€•so’jèoqry‰‹j€p

n
•„u|ÁNwDk•{Dm0oq{D‰Ÿ{Tm0o„{'£€pqj€mvt|{

¶

�6ryp‹{™½s{T‰Ÿ“v}•rvÌ

n = 1000¶

È
XT§0µˆ³—±<³—±

þ

d…•á¶

ó

k

p
2

{T•�pqjŒwTk•r€mNj€}"{Tm0o„rymvwD{T•¢{‘Î–kn•soq{Dm

p;q 2 N
“vp„kn‰‹r€••{Dm0oqps{	•„Ð2tv{

‰‹rBtvr

º

uv{

p
2 = p=q:

¾

}n{D¸ˆj€mvtvr]j€}¼wTuvj€tvpqjŒtvr]•s{.ry•|oqkn{Tmv{

2q2 = p2 wDrymñ}nr

º

u|{

p2 {T•ž“Nj€p‚¿'“"ryp‚o’jŒm0oqr

ç4tv{D‰‹ry•”oqp„j€tvrÏ{Tmè}•r€•‚j€“vuvm—oq{T•qé

p
{T•	“NjŒp

¶

ó

k

p
{T•	“NjŒp‚{Tm—oqrymvwD{T•ž{òÎ–k••so„{

r 2 N
tv{

‰‹rBtvr

º

uv{

p = 2r
wDrym.}•r

º

u|{

p2 = 4r 2 ¶

Ž•{¢{D•so„{¢‰‹rBt|r

2q2 = p2 = 4r 2 tv{�tvrymvt|{

•„{�tv{Ttvu|wT{

º

u|{

q2 {D•ã“vj€p�¿:“"ryp�oqj€m0o„r

q
{T•Ò“Nj€p

¶¼¾

m0oqr€mvwT{D•

p
¿

q
•„rym»j€‰l•"r€•�“Nj€p„{D•

{Tm]wTrym—oqpqjŒtvk•wDwTknxymƒwDrym]{T}�Ùv{DwòÙ|r‹tv{

º

u|{†}•r€•�Ùv{T‰Ÿry•�o„ry‰‹j€tvr:“vp„kn‰‹r€•¡{Tm0o„p„{ž•„Ð

¶

ó

k

¼+ x
{T•ÏpqjŒwTknrymNj€}�{Dm0o„rymvwT{D•z{‘Î–k••”oq{

y 2 Q
tv{‡‰‹rBtvr

º

uv{

¼+ x = y ¶

Ž•{T•s“"{Ñ½„j€mvt|rGry•|o„{Tmv{D‰‹ry•

¼ = y ¡ x
Ì	wDrym }nr

º

uv{

¼
{D•�}~jßtvknš›{Dp„{DmvwTk•jdtv{Rtvr€•



ž

Û

†‡q~r

Î

{•n*•ãv¾kmj¯•Rˆ0Ïx‚‰†‡q

m0Ôv‰Ÿ{Tp„r€•:p„j€wTknrymNjŒ}•{T•œ“"ryp•o’jŒm0oqr'pqj€wDk•rymvj€}

¶

Ó

ry‰Ÿr

¼
m|rè{D•:pqj€wDk•rymvj€}Òo„{Tmv{D‰‹r€•:}~j

wDrym0o„pqj€t|k•wTwDk•x€m

¶

È1XT§0µŒ³—±4³—±

þ

dS™g¶

j—é

ó

{Tj

p :=
ÅTå€æ ôBÊßåßæÂå Æ„å€æîæ•È.¿

q :=
ÿ»È‹åEÄ•Å‘ÉÑÊ

¶*¾

m0oqr€mvwT{D•TÌÀ{T}
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{T}á“vpsk•‰Ÿ{Tp„rœÙNj€•”o’j•{D}2{D‰‹àD•„kn‰‹r†¿‹tvry•ã¸ŒjŒp„k~jŒ•v}•{D•TÌBuvmNj•tvrym|tv{‚•s{•¸Œj€mzj€¹Nj€t|k•{Dmvtvrl}nry•

¸Œj€}nryp„{D•�tv{	}nry•¡k•m|£yp„{D•„ry••¿Ïr€o„pqjl“Nj€p„jl}•ry•¡£yj€•so„ry•

¶

�Sk•mvj€}n‰Ÿ{Tm—oq{•ÙNjŒwT{Tp�}•jltvkÂš›{Tps{TmvwDk~j

“Nj€pqj:ry•|o„{Tmv{Dp�{D}�•Nj€}•j€mvwD{

¶

ÜÀmNj†¸€{T 

º

uv{••„j€•"{T‰Ÿry•ãwDxy‰‹r†p„{T•sry}n¸y{Dpã{T}"“|p„ry•v}n{T‰‹j

º

uv{Tps{T‰Ÿry••{D•„wDp„k••|k•pÒ{D}áj€}n£yryp„kÂo”•

‰‹rltv{	‰‹j€mv{Tp„j

º

uv{ž•s{�j:wT}•j€p„rl{Tmƒ•„uƒ{T•swTpsknoqu|pqjl¿‹š4Š€wTkn}átv{‚oqpqjŒtvuvwDk•p�jluvmƒ}n{Tmv£yuvjˆ½s{

wTrymvwDp„{‘oqr»tv{œ“vpsry£yp„j€‰»jŒwTknxym

¶•¾

}
}n{Tmv£yuvjˆ½s{žtv{œ}•r€•Àj€}n£yrypskÂoq‰.ry•�{Tm‡mBu|{T•so„p„r»wTr€m0oq{òÎ0•

oqrvÌ�{D•soqrè{T•TÌÒ{Tmd{T}¡‰ŸrBtv{T}nr }wv2t •s{ƒ•„uv{D}•{zwTr€mvrBwT{Dp.wTry‰Ÿr‡äNÅEÈ‘ï|ÃBÊEÆº�TÃ€ÄÂôBÊ.¿?{D•soqŠ

š›ryp„‰‹j€tvr:“"ryp�}•r€•�•„kn£yuvk•{Dm0o„{T•�{T}•{D‰‹{Dm0o„ry•TÖ

i·r€•

´·ª|­

þ

¨:´
§]§UC"­Eµ²ªN´
ª

•srymz¸Œj€psk~jŒ•v}•{D•

º

u|{ž•s{	“vuv{Ttvj€mƒ•„uv•so„kno„uvk•p•“"ryp¡wDrymv•”o’j€m—oq{T•

“Nj€pqj

º

uv{Ï{D}•j€}n£yryp„kÂo„‰Ÿr�jŒwDoqÔ|{Ï•sry•vp„{»{D}•}•j€•

¶�Ë

ryp„‰‹j€}n‰Ÿ{Tm—oq{Ÿps{T“vps{T•„{Dm0oqj€p„{D‰‹ry•l}•j€•

¸Œj€psk~j€•v}n{T•¡“"ryp¢}n{Do„pqj€•

¶

�Sj€pqj

ªN¨�±�bLC·ªvµ

j.uvmvj:¸Œj€p„k•j€•v}n{

x
uvmƒ¸ŒjŒ}•ryp

a
{D•„wDp„k••|k•p„{D‰Ÿry•TÖ

x := a:

�Sj€pqj

¨�¥6®Rªvµ“ê6µ²§B¨D­Eªvµ

þ

®è¥
©›­²±

ý

©›±4³€ªvµ

mBÔv‰Ÿ{Tpsry•¡{Dm0oq{Dp„ry•¡u|oqkn}•kn Tj€p„{D‰Ÿry•ã}nry•••sk•£ymvr€•

ÙNj€•vkÂoquNj€}n{T•DÖ

a + b; a ¡ b; a ¢b:
�Sj€pqj:{T}�wDrBwTk•{Dm0o„{	¿z{T}�ps{T•so„r‹t|{†}•j

´
±��·±<¨�±�ADC8§šCá­E§0µ²ª

Ö

a=b; a mod b:



ž

�

†‡q•r

Î

{•n"•Rv¤Â|j<q~•RÏav�t�‚�{‡•hv�z

ŽÀrymvtv{ŒÌ
“"ryp	{™½s{T‰Ÿ“v}•r|Ì

5=2
{T•

X

¿

5 mod 2
{D•.÷

¶lâ

oq{DmvwTknxymñjz}~jÏtvkÂš›{Tps{TmvwDk~jÏwTr€m

}•j�mvr€oqj€wTknxym°‰‹jŒoq{D‰»ŠˆoqknwTj]ÙNj€•vkÂoquNjŒ}

¶�¾

mß{T}ãwDrym0o„{‘ÎBoqr�tv{»mBu|{T•so„p„r�“v•s{Tuvt|rBwTxBtvkn£yr

5=2
mvr:{T•�uvmvjlš›pqjŒwTwDk•xymÏ•„k•m|r:uvmƒm0Ôv‰‹{Dp„r:{Dm0oq{Dp„rvÌˆ½suv•”o’j€‰Ÿ{Dm0oq{‚}~j•“NjŒpsoq{‚{Tm—oq{Dpqj:tv{

t|k•w’ÙvrŸm0Ôv‰Ÿ{Tpsr

¶

i·j€•:wDry‰Ÿ“Nj€pqjŒwTk•r€mv{T•••„{zp„{D“vp„{D•„{Tm—o’j€m8wTr€md}•ry•••„kn£ymvry•

·
ç4‰Ÿ{Tmvryp•rèkn£yuNjŒ}îéòÌ

¸
ç›‰»j�¿yrypgr�kn£yuNj€}~é‘Ì

<
ç›{T•so„p„knwDo’jŒ‰‹{Dm0oq{�‰Ÿ{Tm|ryp’éòÌ

>
ç4{T•”oqpsk•wDoqj€‰Ÿ{Tm0o„{�‰»j�¿yryp’éòÌ

=
ç›k•£yuvj€}îé

¿

6=
ç4tvkn•soqknm0o„r0é

¶

¾

•”oqrŸwTrym]p„{D•„“"{DwDoqr»j.}•j€•�ry“"{Dpqj€wDk•rym|{T•¢•NŠŒ•„k•wTj€•

¶

×6j€‰l•vknàTmƒknm0oqpsrBtvuvwDk•‰Ÿry•¡wDk•{Dpso’jŒ•¢knmv•so„p„uvwDwTk•r€mv{T•

¶

²
�6rBtv{T‰Ÿry•¢{D•„wDp„k••|k•p¡š›pqjŒ•„{T•

³

þ

C6´
±<³—±

þ

C
ªN©›§B¨

tv{D}�o„k•“"rvÖ

u

ª

wDrymvt|k•wTknxym

­£I
§šC

r€“á{DpqjŒwTk•x€mñ÷

§B©<¨T§

ry“"{Tp„j€wTknxym

X

¶

ó

k•rBwDuvp„ps{Ï}•j�wTrym|tvk•wDk•xym°{Dm0oqr€mvwT{D•:•„{Ï{‘š›{Tw‘oqÔNj'}~j]ry“"{Tp„j€wTknxymG÷»¿R•sk•mvr'rBwDuvp„ps{Ï•„{

{‘š›{Tw‘oqÔNj�}~jƒry“"{Dpqj€wDk•xym

X

¶

ó

k�mvr�•„{‹{T•swTp„kn•"{‹}~jƒ•„{D£yuvmvtNj�“Nj€p”oq{Ÿtv{‹}~jƒwDrymvtvknwTk•r€mNj€}

ç›}~j

º

uv{»{T‰Ÿ“vkn{T Tj�wDrym°{T}n•„{�éž•„{»knm0o„{Tps“vp„{‘o’j

º

u|{»•„kÒ}•j]wDrymvtvknwTk•x€mRmvr‡rBwDuvp„ps{‹mvr‡•„{

Ùvj€wT{žmNj€tvj

¶

Ó

jŒ•"{†•s{T¹NjŒ}~j€p

º

uv{	o’j€‰l•vknàTmz“"rBtv{D‰‹ry•¡oq{Dmv{Tp�¸ŒjŒp„k~jŒ•�wTrym|tvk•wDk•rym|{T•

º

u|{

•s{T“NjŒpqj€ps{T‰Ÿry•¢wTr€m�wDry‰‹j€•

¶

È1XT§B®

ý

©

þ

d)GBE�G g

±�ÊˆÇlÈ›õ�È‘ÿ•ä"æ•Ê�;

¾

m—oqp„j€tNj|Ö

a;b
˜ š

a > b
oqÙ|{Tm

c := a
{T}n•„{

c := b¶

ó

j€}nk•tNj|Ö

c
ç4{D}�‰»ŠŒ•¢£€pqj€mvt|{ž{Tm—oqp„{ž}•r€•�tvry•¢m0Ôv‰‹{Dp„ry•qé

¶

² ü

{D“"{DoqknwTknxymƒtv{žry“"{Dpqj€wDk•rym|{T•¢tv{Dmvry‰Ÿk•mNjŒtNj€tNj€•

›S¥
³—©4§B¨€¶

÷

¶=v

þ

µ i = a ­

þ

b
ry“"{Dpqj€wDk•x€m

¶

ŽÀrymvtv{.}~jÏr€“á{DpqjŒwTk•x€mè•„{.ps{T“vkÂoq{:tv{D•„tv{Ÿ{D}¼¸ˆj€}•ryp

a
tv{T}¼wTrym—o’j€tvr€p

i
ÙNjŒ•so’j

º

uv{.àT•so„{

o„ry‰‹jÏ{T}¼¸ŒjŒ}•ryp

b
Ì�k•mvwDp„{D‰‹àDm0o’jŒmvtvry•s{.{T}¼¸ˆj€}•r€p	t|{T}�wDrym0oqj€tvryp	{TmñuvmvjƒuvmvkntNj€tèw�jŒtNj

¸y{D 

º

uv{†•„{žp„{Tj€}•kn �jl}•j:ry“"{Dpqj€wDk•xym

¶

È1XT§B®

ý

©

þ

d)GBE�GlŒ

±�ÊˆÇlÈ›õ�È‘ÿ•ä"æ•Ê�;
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¾

m0o„pqj€tNj–Ö

a;b
ç›mBuv‰Ÿ{Dp„ry•¢{Dm0o„{Tp„r€•�“"ry•„kÂoqkÂ¸yry•’é

c := 0
�Nryp

i = 1
oqr

b
c := c + a

ó

j€}nk•tNj–Ö

c
ç4{D}�“vpsrBtvuvwDo„r

ab
é

¶

¢‚•v•„{Dps¸ˆj€p

º

uv{	}~j€••ry“"{Tp„j€wTknrymv{T•

º

uv{ž•„{	p„{Tj€}nk• �jŒmÏtv{Tm—oqp„r.t|{T}g•vu|wT}•{‚•„{	{T•swTp„kn•"{Tm

uvm]“"rBwTrŸ‰‹Š€•�{Tm]{T}�knm0oq{Dp„knryp¡t|{T}�“NŠ€pspqjŒš›r.“vj€pqj:tvk••”oqknmv£yuvknp„}nj€•

¶

X

¶+w I6±4©›§

wDrymvtvknwTknxymgÌ|ry“"{Tp„j€wTknxym

¶

…�k•{Dm0oqp„j€•¢}•j:wDrymvtvknwTknxymƒ•s{†wTu|‰‹“|}•{	•„{žp„{T“|knoq{	}•j:ry“"{Dpqj€wDk•xym

¶

È
XT§B®

ý

©

þ

d)G§E�Gl‘

±¢ÊˆÇlÈ›õ�È‘ÿ•ä"æ•ÊÏÈ‘æ-�TïNÆ‘æ•È•å€íNÉ™È‘Ç‘ÄÍÊˆÇ•ÅEÈ�ä"ïNÈ„ÃBÈlÈ’ÅEÆ‘ÇòÄB�TÄîÇlÆ’Êˆÿ»Ê�;

i := 1
xIÙvkn}•{

i · b
c := c + a
i := i + 1

ø

tv{•mBu|{D¸yrz•„{D¹Nj€}•j€pÀ}~jŸ“"ry•„kn•vk•}nkntvj€t�tv{

º

uv{l•s{•o„{Tmv£yj€m‡¸Œj€psk~j€•ÀwDrymvtvknwTknrymv{T•À•„{D“Njˆ•

pqj€tNjŒ•¢“"ryp�wTry‰‹j€•

¶

¾

•soqj€•œmvryps‰»j€•žt|{‹{T•swTpsknoqu|pqj]mvry•†“"{Tps‰‹kÂoq{DmR{D•„wDp„k••|k•pž{T}Òj€}n£yrypskÂoq‰.rƒt|{‹}~jzwTrymB•

o’j€•vkn}•kÂtNj€t°tv{zuvmNj�‰‹j€mv{Dpqj'wT}•j€p„j‡¿°š4ŠŒwTk•}n‰Ÿ{Dm0oq{‹o„pqj€mv•swTpsk••vkn•v}•{»j�uvmd}n{Tmv£yuvjˆ½s{Ïtv{

“vp„ry£€pqj€‰‹j€wDk•x€mzwTr€m�}•j:•sk•m—o’jˆÎ–k••¢jŒtv{TwDuNj€tNj.tv{T}�}n{Tmv£€uNj²½s{ž{D•„wDry£yk•t|r

¶

Ž‚jŒo„ry•¢tv{ž{Tm—oqpqjŒtNj|Ö

a1; :::; an ; b1; :::; bm

I := a1
Ì

i := 1
O¢Ùvkn}•{

i · n ¡ 1
i := i + 1
I := I + ai

I ngresos:= I
G := b1 j := 1

O¢Ùvkn}•{

j · m ¡ 1
j := j + 1
G := G + bj

Gastos := G
ó

j€}nk•tNj–Ö

Balance:= I ngresos¡ Gastos
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Ú

†‡q•r

Î

{•n"•Rv¤Â|j<q~•RÏav�t�‚�{‡•hv�z

¾

oqj€“Nj

ê

Ö

¾

•soqu|tvk•r�tv{Ÿ}~jƒ•sry}n¸y{DmvwTk•j]tv{D}ãj€}n£yrypskÂoq‰.rvÖžwDry‰‹“|p„ry•"{D‰‹ry•

º

uv{‹{T}Òj€}n£yrŒ•

pskno„‰‹rÏoq{Tps‰‹knmNj

¶‹¾

m°{Dš›{DwDo„rvÌSj€}�knm0o„p„rBtvuvwDk•p	}•r€•žtNjŒoqr€•†tv{‹{Dm0o„pqj€tNj–Ì6•„{Ÿ{T•soqj€•v}n{TwD{Tm

}nry•�¸Œj€}nryp„{D•�tv{

n
¿

m º

u|{••srym�tvry•�mBÔv‰Ÿ{Tpsry•�{Tm—oq{Dp„ry•À“"ry•skno„kn¸yry•

¶ãâ

•„Ð·•„{†{Tm0o„pqjŸ{Tm

{D}¡“vpsk•‰Ÿ{Tp••vu|wT}•{

º

uv{ƒ•s{ƒps{T“vkÂoq{Ï{‘Î|j€w‘o’j€‰Ÿ{Tm—oq{

n ¡ 1
¸y{DwT{T•�ç4tv{D•„tv{

i = 1
ÙNj€•”o’j

n ¡ 1
é‘ÌáwDuNj€mvt|r

i
oqry‰‹jŸ{T}
¸ŒjŒ}•ryp

n
{D•„{l“vpsrBwT{D•„rÏo„{Tp„‰Ÿk•mvj

¶

i�r»‰‹kn•„‰ŸrŸ“Nj€•qj‹{Tm'{T}

•s{T£yu|mvtvr�•vuvwD}•{»w�jŒ‰l•vk~j€m|tvr‡{D}ã“Nj€“"{D}•tv{

n
“"ryp•{D}ãtv{

m ¶

�Sk•mvj€}n‰Ÿ{Tm—oq{ŸÙNjE¿ñuvmNj

jŒ•„k•£€mNj€wTknxym.tv{T}N¸ŒjŒ}•ryp�wTrypsp„{T•s“"rymvtvkn{Tm—oq{•j€}N•Nj€}•j€mvwD{�wDrym»}nr

º

uv{À{D}V“vp„rBwD{T•„rœÁvmNj€}nk• �j

¶

¾

}"j€}n£yrypskÂoq‰.ržtvj†}~j	•„ry}nuvwTknxym‹jŒ}V“vpsry•v}n{T‰‹j	“"ryp

º

uv{ÀwDry“vk•jž{‘Î|j€w‘o’j€‰Ÿ{Tm—oq{�{T}V“vp„rBwD{T•sr

‰‹j€m0uNj€}

º

uv{žp„{�jŒ}•kn �j€psÐ•jlu|m�wDrym—o’j€•v}n{

¶

¾

oqj€“Nj ë Ö

¾

•”oquvtvknrÏtv{l}~j‹{‘ÁNwTkn{TmvwDk~j»tv{D}¼j€}n£yrypskÂoq‰.r

¶

�Sj€p„j»p„{�jŒ}•kn �j€p�tvknwòÙ|rÏ{T•so„uvtvknr

m|{TwT{D•„kÂo’j€‰Ÿry•�j€}•£€uvmNj€•�tv{‘ÁNmvk•wDk•r€mv{T•¢“vp„{DwTk••„j€•TÌ

º

uv{†•s{œ{D•soqj€•v}•{DwT{DpqŠ€m�‰‹Š€•�j€t|{T}•j€m0o„{€Ì

“vj€pqj‡•„j€•"{Tp•{Tm

º

uvà»oqàDp„‰Ÿk•mvr€•œ•„{»¸ˆj�j‡‰Ÿ{Tt|k•pœ{D•qj'{‘ÁNwTkn{TmvwDk~j

¶

�6ry•s“"rymv{D‰‹ry••{T•so„{

{D•so„uvtvk•r.“Nj€pqj:tv{D•„“vuvàD•Àtv{†}•jltv{DÁNm|k•wTknxymƒtv{T}�wDrymvwD{T“|o„r‹tv{ÏÆ’Êˆÿ‚ä"æ•È›õ’Ä4Ã0å—Ã

¶

È1XT§0µŒ³—±4³—±

þ

dS’

v•ä"æ ÄÍÆ„å€Ç¢È‘æ–åEôBÊˆÇòÄîÉ<ÿ»Ê‚å€íNÉ™È‘ÇòÄÍÊˆÇ¡å†ÃBÊEÅãæ Ä•Å‘ÉÍåˆÅ�Æ’Êˆí2Æ‘ÇqÈ‘ÉÍåˆÅ¡ÃBÈãí��–ÿ»È‘ÇqÊEÅ�ê

B§´�Åžï–í"å»ÿŸå€í2È‘Çså»å—ÃBÈ’Æ‘ïvå—Ã—å»ÃBÈ:Êm�‘ÅEÈ‘Çºåˆå€Ç•È‘æm�òï–í2Æ‘ÄÍÊˆí"å€ÿ:ÄÍÈ‘íNÉ™ÊŸÃBÈžï–íñå€æ ôBÊˆÇòÄîÉ4ÿ»Êmê =

È1XT§B®

ý

©

þ

d)GBE�G •

´•í2Æ’ÊˆíNÉ4Çså€Ç•È‘æZåˆå€æ•ÊˆÇ�ÿcèŸõyÄîÿ»ÊœÈ‘íÏïBí"åœæ Ä•Å‘É ålÃBÈ�í��–ÿ»È‘ÇqÊEÅ•È‘íNÉÑÈ‘ÇqÊEÅ�ê

Ž•jŒoqry•¢tv{ž{Dm0oqp„j€tNj|Ö�uvmNj.}nk••soqjltv{ž{Tm—oq{Dp„ry•

a1; a2; :::; an
¶

��psr–wD{Tt|k•‰Ÿk•{Tm—oqr|Ö¼tv{‘ÁNmvknp�u|mNjl¸ŒjŒp„k~jŒ•v}•{

a º

uv{‚oqr€‰»j•knmvk•wDk~jŒ}n‰.{Tm—oq{•{T}á¸Œj€}nryp•tv{

a1
¿

º

uv{ã¸ŒjÀwTry‰Ÿ“Nj€p„Š€mvtvr€•„{ãwTrym•}•ry•
tvkn•soqknm0oqr€•·¸Œj€}nryp„{D•

a2
Ì

a3
¶Â¶n¶

ÙNj€•soqj

an
w�jŒ‰l•vk~j€m|tvrÀ•„u

¸ˆj€}•r€p†ç4“"r€p¢{D}�tv{†}•j:wDryp„ps{T•s“"rymvtvkn{Tm—oq{

ai
é¡•sk�{Tm]}~j:wDry‰Ÿ“Nj€pqjŒwTknxymz{T•�{D•so„p„k•w‘o’j€‰Ÿ{Dm0oq{

‰Ÿ{Tm|ryp

¶

Ž‚jŒoqr€•¢tv{†{Dm0o„pqj€tvj|Ö

a1; :::; an

a := a1
Ì

i := 1
O¢Ùvk•}n{

i · n ¡ 1
i := i + 1

˜ š

a < ai
o„Ùv{Tm

a := ai
ó

j€}nk•tNj|Ö

a

¢�{

º

uvkn¸ŒjŒ}•{Dm0oq{D‰‹{Dm0o„{žuv•qj€m|tvr‹{D}�•vuvwD}•{	š›rypDÖ

Ž‚jŒoqr€•¢tv{†{Dm0o„pqj€tvj|Ö

a1; :::; an

a := a1
Ì

i := 1
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š›ryp

i = 2
o„r

n
˜ š

a < ai
oqÙv{Dm

a := ai
ó

j€}nk•tNj–Ö

a

È
XT§0µˆ³—±<³—±

þ

f�–

v¡ä"æ ÄÍÆ„å€ÇlÈ‘æ
å€æ ôBÊˆÇòÄîÉ4ÿÏÊ‹å»ïBí"å»æ Ä•Å‘É å]Æ’Êˆí2Æ‘ÇqÈ‘É åÏÃBÈ†í��Bÿ»È‘ÇqÊEÅ:È‘íNÉ™È‘Ç’ÊEÅ�ê

tRÊEÅ‘É4ÇsåyÇ

í

ïNÈ:È‘æ·å€æ ôBÊˆÇ‘ÄîÉ4ÿ»Ê.É™È‘Ç‘ÿ:Äîí"å>ê

È
XT§B®

ý

©

þ

d)G§E�Gl™

´ãæ•Å‘ÄÂô€ïBÄÍÈ‘íNÉÑÈÏä"ÇqÊEÆ’È„Ã€Äîÿ.ÄÍÈ‘ívÉÑÊ?í2Ê+È’ÅèïBí�å€æ ôBÊˆÇòÄîÉ<ÿ»Ê‡äNÊŒÇ

í

ïNÈèí2Ê

ÉÑÈ‘Çòÿ:Äîí"å>êx´�Å‘É™Ê

í

ïBÄÍÈ‘Ç’È	ÃBÈ’Æ‘ÄîÇ

í

ïNÈ•Ç’È„å€æ Ä��EålïBí"åÏÆ„å€íNÉ4Ä4Ã—å—Ã:íáÊã��íNÄîÉ åŸÃBÈ†Ê’äNÈ‘ÇsåBÆ‘ÄÍÊˆí2È’Å�ê

³VÄgæ•Ê:Æ’Êˆí|Å‘Ä4ÃBÈ‘Çså€ÿ»ÊEÅ¡Äîÿ•ä"æ•È‘ÿ»È‘íNÉÍå—ÃBÊãäVÊˆÇ�ïBí"å•ÿcè

í

ïBÄîí"å[�6Ã€ÄÍÆéîvå†ÿcè

í

ïBÄîí"å.Æ’Êˆÿ:ÄÍÈ‘íš�Eå

å]È›õ�È’Æ‘ïBÉ å€ÇlÊ’äNÈ‘ÇsåBÆ‘ÄÍÊˆí2È’Å•äNÈ‘ÇqÊ.í2Ê.ÉÑÈ‘Çòÿ:Äîí"å‹íNï–í2Æ„å>ê

k := 0
š›ryp

a = 1
oqr

10
b := a

O¢Ùvkn}•{

b · 10
k := k + 1

ó

j€}nk•tNj

:= k

¢‚•v•„{Dps¸ˆj€‰‹r€•

º

uv{¢{D}|¸Œj€}nrypSk•mvknwTk•j€}Btv{�}~j

a
{D•¢÷yÌy“"ryp¼oqj€m0o„r

b
oqry‰‹j•k•mvknwTk•j€}Â‰Ÿ{Dm0o„{

{T}2¸Œj€}nryp‚÷yÌ

º

uv{ž{T•¢‰Ÿ{Tmvr€p�r.kn£yuNj€}

º

u|{Ÿ÷EÛ

¶

ó

{žps{�j€}nk• Tjl{Dm0oqr€mvwT{D•�{T}g•vuvwD}•{	k•m0o„{Tpsk•rypDÌ

tvrymvtv{

k
wTj€‰l•vk•jœtv{•¸Œj€}nrypã“"{Tp„r

b
mvr:wTj€‰l•vk•jœtv{•¸Œj€}nryp

¶Sâ

•sÐÍÌ|}•jœwTrymvt|k•wDk•xym

b · 10
•„{ž¸€{Tp„kÂÁNw�j.•sk•{D‰‹“vps{‚¿z{T}�“vpsrBwT{Dtvk•‰Ÿk•{Dm0o„r:mBuvmvwTjŸ•„j€}•{	tv{ž{T•s{†•vuvwD}•{

¶

È
XT§0µˆ³—±<³—±

þ

fƒE

À

Êˆí|Å‘Ä4ÃBÈ‘ÇqÈ‘ÿÏÊ�Å•È‘æáÅ‘ÄÂô€ï–ÄÍÈ‘íNÉ™Èœå€æ ôBÊˆÇ‘ÄîÉ4ÿ»Ê�;

´ãíNÉ<Çså—Ã—å';

n 2 N
Æ?;†$z‚

b
ÊˆÇ	ÄÁ$

@

ÉÑÊŸí

b
ÊˆÇ¼õi$

@

ÉÑÊŸÄ

Æ?;†$	Æ^!gõ

³áå€æ Ä4Ã—å';	Æ

´1õDä"æ ÄÍÆ„å€Ç

í

ï�Áwî|åBÆ’ÈlÈ‘æ·å€æ ôBÊˆÇòÄîÉ<ÿ»ÊVì»Ã—å€ÇžïBí"åM�Ÿ�ˆÇòÿ:ï–æÂåžä|å€Çså‹æÂåŸÅTå€æ Ä4Ã—å>ê

×
{Tps‰‹knmNj€‰Ÿry•¡{D•soqj.•„{TwDwTknxym]wTr€m]}~jlwDrymv•so„p„uvwDwTknxym]tv{†j€}n£yuvmvr€•¢j€}n£yrypskÂoq‰.ry••‰‹Š€•

¶

ù�{�j€‰Ÿry•‹wTxy‰Ÿr°ÙNj€wD{TpÏj€}•£€uvmNj€•‹ry“"{Dpqj€wDk•rym|{T•»•NŠ€•sk•wTj€•»{TmG}•k••”o’j€•

¶

Ü�•qj€p„{D‰Ÿry•»uvmNj

š›uvmvwTknxym

longitud (L) º

uv{†knmvtvk•wTjl{T}�m0Ôv‰‹{Dp„r.tv{ž{T}n{T‰Ÿ{Tm0o„ry•�tv{žuvmNj.}•kn•soqj

¶
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µ

þ

›S©›§–®Rª)G

Ž‚j€tNj'u|mNj'}nk••soqj

L = a1; : : : ; an
¿°u|mßmBÔv‰Ÿ{Tpsr�mvjŒoquvp„j€}

1 · i ·
n

Ì¼wTr€mv•so„p„uvknp•u|mNj‡}nk••soqj]wDrym?uvm?{T}n{T‰Ÿ{Tm—oqr‡‰Ÿ{Tm|ry•TÌSp„{T•suv}noqj€tvr‡tv{»•"rypspqj€p†tv{

L
{T}

{D}•{D‰‹{Dm0oqr

º

uv{žrBwTuv“Nj.{D}�}•uv£yj€p

i
•™àD•„k•‰Ÿr

¶

i·r.tv{Dmvr€o’jŒp„{T‰Ÿry•

Borrar(L; i ) ¶

È1XT§B®

ý

©

þ

G

ó

{Tj

L = 3; 4; 2; 8
{Dm0o„rymvwT{D•

Borrar(L; 2) = 3; 2; 8 ¶

•

©�b

þ

µŒ±~­²®

þ

Borrar(L; i )
ÈwCá­Eµ²ªN´·ª

Q

L = a1; : : : an
Ì

i
�Nryp

j = i
oqr

n ¡ 1
aj := aj +1

an := nul l
ç4tv{D•„ÙNj€wD{œ}•j.jŒ•„k•£€mNj€wTknxymztv{

an
é

@

ªv©<±4´
ª

Q

L

 

µ

þ

›S©›§–®Rª)G

ó

{Tj

m
u|mñmBÔ|‰‹{Dp„rƒ{Dm0oq{Dp„r

¶

Ž‚jŒtNjƒu|mNjƒ}nk••”o’j

L = a1; : : : ; an
¿'uvm

m0Ôv‰Ÿ{Tp„rèmNjŒo„uvpqjŒ}

1 · i · n + 1
ÌãwDrymv•so„p„uvknp.uvmvjè}•kn•so’j'wDrym8uvm8{T}n{T‰Ÿ{Tm—oqrè‰‹Š€•TÌ

ps{T•suv}noqj€tvr�t|{»j€¹vj€tvk•pžj

L
{Dm°{T}�}nuv£—j€p

i
• àT•„kn‰‹rƒ{D}�{T}•{D‰‹{Dm0o„r

m
Ì
tv{T•s“v}~j€ Tj€mvtvr�{Dm

u|mNj.uvmvkntNj€tƒ}•ry•¡o„àTps‰‹knmvry•�j.“NjŒpsoqknp¡tv{†àD}

¶

i�r.tv{Tm|r€o’j€ps{T‰Ÿry•�vzÑ"å—Ã€ÄîÇ

(L; m; i ) ¶

È1XT§B®

ý

©

þ

G

ó

{Tj

L = 3; 4; 2; 8
{Dm0o„rymvwT{D•uvzÑ"å—Ã€ÄîÇ

(L; 7; 3) = 3; 4; 7; 2; 8 ¶

•

©�b

þ

µˆ±î­E®

þ vzÑ"å—Ã€ÄîÇ

(L; m; i )
ÈwCá­Eµ²ªN´·ª

Q

L = a1; : : : an
Ì

i
Ì

m
j := n + 1

O¢Ùvk•}n{

j > i
aj := aj ¡ 1

j := j ¡ 1
ai := m

@

ªv©<±4´
ª

Q

L
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Ž‚j€tNj€•†tvry•†}•kn•so’jŒ•

L = a1; : : : ; an
¿

L0 = b1; : : : ; bm
wTr€mv•soqpsuvk•pž}~j

}nk••”o’j‚tv{�}nrymv£ykÂoqu|t

n + m
p„{D•„uv}Âo’j€t|r†tv{¢“ár€mv{Tp�}•r€•�{D}•{D‰‹{Dm0oqr€•�tv{

L 0 j	wTrym—oqk•m0uNj€wDk•xym

t|{�}•r€•.{T}•{D‰‹{Dm0o„ry•Ÿtv{

L
Ì•{D•soqrR{T•DÌ�{D}¢p„{T•suv}noqj€tvrñ•„{Tp„Š

a1; : : : ; an ; b1; : : : ; bm
¶

i·r

t|{Tmvr€oqj€p„{D‰‹r€•

Concatenar(L; L 0) ¶

È1XT§B®

ý

©

þ

G

ó

{Tj

L = 3; 4; 2; 8
¿

L 0 = 4; 8
{Tm—oqrymvwD{T•

Concatenar(L; L 0) = 3; 4; 2; 8; 4; 8:
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•

©�b

þ

µŒ±î­E®

þ

Concatenar(L; L 0)
ÈwC"­Eµ²ªN´
ª

Q

L = a1; : : : an
Ì

L0 = b1; : : : ; bm
�Nryp

i = 1
oqr

m
L :=

vŽÑ"å—Ã€ÄîÇ

(L; bi ; n + i )
@

ªN©<±4´·ª

Q

L

 

µ

þ

›S©›§B®°ª)G

ó

{�j

m
uvmñm0Ôv‰‹{Dp„rz{Tm0o„{Tpsr

¶

Ž•j€tNjzuvmNjz}•kn•so’j

L = a1; : : : ; an
¿'uvm

mBÔv‰Ÿ{TpsrŸmNjŒoqu|pqj€}

1 · i · n + 1
ÌNwTrymv•”oqpsuvk•p¢uvmvjŸ}•kn•so’jlwTr€m�}•ry•�‰‹kn•„‰Ÿry•¡{T}•{D‰Ÿ{Tm0o„ry•

p„{T•suv}noqj€tvr.tv{ž•„uv•”oqkÂoquvknp

L i
“"r€p

m ¶

i�r.tv{TmvrŒo’j€ps{T‰Ÿry•

Sustituir (L; i; m) ¶

È
XT§B®

ý

©

þ

G

ó

{Tj

L = 3; 4; 2; 8
Ì

m = 3
Ì

i = 4
{Dm0o„rymvwT{D•

Sustituir (L; 3; 4) =
3; 4; 2; 3 ¶

•

©Bb

þ

µˆ±î­²®

þ

Sustituir (L; i; m)
ÈwC"­Eµ²ªN´
ª

Q

L = a1; : : : an
Ì

i
Ì

m
L i := m

@

ªN©<±4´·ª

Q

L

 

µ

þ

›S©›§B®°ª)G

ó

{�jŒm†tvr€•·}nk••”o’j€•2tv{�m0Ôv‰‹{Dp„ry•gp„{�jŒ}•{T•

L = a1; : : : ; an
¿

L0 = b1; : : : ; bm
ryp„tv{DmNj€tNjŒ•	tv{:‰Ÿ{Tmvryp‚jz‰‹jE¿yr€pTÖÀwTr€mv•so„p„uvknp	u|mñj€}•£€ryp„kÂo„‰Ÿr»“vj€pqj

®°§“Ô0³—©›ªvµ

j€‰l•Nj€•

}•k••”o’j€•DÌ–{T•so„rŸ{D•TÌvwTrymv•”oqpsuvk•p¡uvmNj:}nk••”o’j

M
tv{	}•rymv£€kno„uvt

n + m
wDrymƒ}•ry•¡{D}•{D‰‹{Dm0o„ry•�t|{

L
¿

L0 ryp„tv{DmNj€t|ry••tv{œ‰‹{DmvrypÀj‹‰‹jE¿yryp

¶�¾

}·š›uvmvwDk•rymvj€‰‹kn{Tm—oqrŸtv{D}SjŒ}•£yr€p„kÂo„‰Ÿr.tv{T•"{

•„{Tp¢{T}�•sk•£yu|k•{Dm0oq{ŒÖ

È
XT§B®

ý

©

þ

G

ó

{Tj€m

L = 1; 5; 89
Ì

L 0 = 3; 6; 8
{Dm0o„rymvwT{D•

M := mezclar(L 1; L2) =
1; 3; 5; 6; 8; 89¶

u

´·§0ª)G

Ó

ry‰Ÿ“Nj€p„j€pž}•ry•ž“vp„kn‰‹{Dp„ry•ž{D}•{D‰‹{Dm0o„ry•†tv{

L
¿

L0 ¿è{T}n{T£yknpž{D}Ò‰Ÿ{Tmvr€p†wTry‰Ÿr

“vp„kn‰‹{Dp¡{T}•{D‰‹{Dm0o„r.tv{ž}~jl}•k••”o’jl•„j€}•kntNj

¶

Ó

rym‹}•jžkntv{�j	•„{T¹vj€}~j€tvjž¿:{T•”oqry•ãj€}•£€ryp„kÂo„‰Ÿr€•�•„{�“vuv{Dtv{À{D•„wTpsk••vknp�uvmvj†•„ry}nuvwTknxym.tv{T}

“vp„ry•|}•{T‰‹jltv{ž}~jl•„kn£yuvkn{Tm0o„{	‰‹j€mv{Tp„j

¶

•

©�b

þ

µˆ±î­E®

þ

mezclar(L; L 0)
ÈwC"­Eµ²ªN´
ª

Ö

L; L 0 tvry•¢}nk••”o’j€•¡ryp„t|{TmNjŒtNj€•TÖ
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xIÙvk•}n{

elementos(L)elementos(L 0) = 1
knš

min f L 1; L0
1g = L 1

oqÙv{Dm

j = 0
{D}••„{

j = 1
M i := min f L 1; L0

1g
knš

j = 0
o„Ùv{Tm

L = Borrar(L; 1)
{T}n•„{

L 0 = Borrar(L 0; 1)
knš

longitud (L) > 0
oqÙv{Dm

M := concatenar(M ; L)
{T}n•„{

M = concatenar(M ; L 0)
@

ªv©<±4´
ª

Q

M

¾

•À•„k•{D‰‹“|p„{žtv{œu|o„k•}nkntNj€tz¸y{Dp„kÂÁNw�j€p�{D}·š›u|mvwTknrymNj€‰Ÿkn{Tm—oqr.tv{œu|m'j€}n£yrypskÂoq‰.r.•sry•vp„{

u|mNj.}•kn•so’j•“Nj€pso„k•wDuv}~jŒp

¶

i�}•j€‰‹j€p„{D‰Ÿry•¡j.{D•soqr€•Àj€}•£€ryp„kÂo„‰Ÿr€•¡{Tm]•„{DwTwDk•rym|{T•�“"ry•soq{Dp„knryp„{D•

wDuNj€mvt|r‹}nry•�mv{DwT{T•skno„{T‰Ÿry•

¶

¶V��¶ å 24Ûa!0 ‡34(*. !#'¼+&%zyP{�';|c$&%�+�� ó +&%Ü!a ‡+�%����a78349#�

ŽÀry•‚“vpsry•v}•{D‰»jŒ•�oqÐn“vk•wDry•

º

u|{l•„k•p”¸y{Tm'“Nj€pqj‹k•}nuv•so„pqj€p�t|k••so„k•m—o’j€•À‰‹j€mv{Dpqj€•Àtv{•tvk••s{T¹Nj€p

jŒ}•£yrypskÂoq‰.ry•¢•„rym'}•r€•À“vp„r€•v}•{D‰»jŒ•Àtv{••vÔ|•

º

uv{Ttvjñç4tv{‘oq{Tps‰‹knmNj€p�•„k6u|m�tvjŒoqr»{T•”o’Š»rÏm|r

{DmRuvmNjƒ}nk••soqjÏtv{ŸtvjŒoqry•qé•¿�tv{Ÿr€p„tv{DmNj€wDk•xymÝç4tNj€tvjƒuvmR}nk••”o’j|Ìgryp„t|{TmNj€ps}~jzt|{‹j€}n£yuvmNj

‰‹j€mv{DpqjÀ“vp„{D{T•soqj€•v}n{TwTkntNj—é

¶

ó

ryml“vp„r€•v}•{D‰»j€•6kn‰‹“"r€pso’jŒm0oq{D•6tNj€tvr

º

uv{¡{T}|‰‹j€m|{Ñ½sr	jŒtv{‘•

wDuNj€tvr¢tv{�}~j•k•m|š›r€p„‰‹j€wTkÂxym‚{D•�š›uvmvtNjŒ‰‹{Dm0oqj€}€“Nj€pqj¡}~jãoq{TwDmvry}nry£yÐ•j¡j€w‘oquNj€}

¶
¾

•”oquvt|k•ry•�tv{

‰Ÿ{Tpsw�j€t|rvÌg{D}S£y{Tm|ry‰»j»Ù0uv‰‹j€mvrvÌ2tv{‘oq{Dp„‰Ÿk•mNjŒwTk•x€m't|{:“NjŒo„p„rym|{T•‚tv{:wDry‰Ÿ“"rypsoqj€‰‹kÂ{Tm–•

o„r

¶Â¶n¶

•„r€mzj€}n£yuvmNjŒ•Òtv{•}•j€•Ò•„kÂoquNjŒwTk•r€mv{T•Ò{Tm»}~j€•ÒwDuNj€}•{D•ãuvmzjŒtv{TwDuNj€tvrœoqpqjˆo’j€‰Ÿkn{Tm0o„r†tv{

}nry•¼tvjŒoqry•¼{T•�wTpsuvwTk•j€}|“NjŒpqj‚“"rBtv{Tp¼{‘ÎBoqpqjŒ{Tp¼oqrBtvj€•�}•j€•¼wDrymv•„{DwTu|{TmvwTk~j€•�tv{�}•ry•S‰‹kn•„‰Ÿry•

¶

(6ûÁ(6û
ú } 
��uþ +%	)�[,¾þuÿ�/��‹Ÿ6~•ÿ�•w02��/�-

ó

{žo„pqjŒoqj:tv{žp„{T•sry}n¸y{Dp¢}~jl•„kn£yuvk•{Dm0o„{	wTuv{D•so„k•xymgÖ

 

µ

þ

›S©›§–®Rª

Ö6tNj€tNjœuvmvj•}nk••soqj†t|{•mBÔ|‰‹{Dp„ry•ã{Tm—oq{Dp„ry••tv{‘oq{Tps‰‹knmNj€pÒ•skáuvm»mBÔv‰Ÿ{Tpsr

º

u|{

•s{†tNj:{T•soqŠŸr.mvrŸ{Dm�}•j:}nk••soqj

¶

Ž•jŒoqry••tv{l{Dm0oqp„j€tNj|Ö

a1; a2; :::an
ö

a ¶

ÜÀmvjÏ}nk••soqjŸtv{lmBÔ|‰‹{Dp„ry••{Tm—oq{Dp„ry••¿�uvm�{Dm0oq{Dp„r

a ¶

•

©�b

þ

µˆ±î­E®

þ

E�G

ß

Ç

¨�¤g¥
§B´·ª

@

§B³—¥
§šC
³—±4ªN©œG

ùÒj‹wTr€‰‹“NjŒpqj€mvt|r»{T}6{D}•{D‰‹{Dm0o„r

a
wDrym

o„rBtvry•:}•ry•ltv{ƒ}•j'}•k••”o’j

¶

ó

k¡{TmvwDuv{Dm0oqp„jñuvmvrèk•£yuNjŒ}

º

uv{

a
}•j'•qj€}nk•tNj‡{T•ÏÅ‘ðÒ{Tm8wTj€•„r

wDrym0o„pqj€psk•r:}~jl•qj€}nk•tvjl{T•ží2Ê
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min (aj ; aj +1 ; :::; an ) 6= aj
oqÙv{Dm�knm0o„{Tp„wTj€‰l•vk•j€p••„uv•¢¸ˆj€}•ryps{T•

ó

j€}nk•tNj|Ö

a1; :::; an
¶

ù�{Tj€‰Ÿry•�uvm]{Ñ½s{T‰Ÿ“v}nrvÖ

×6r€‰»jŒ‰‹ry•¡}•j:}nk••soqj

a1 = 2
Ì

a2 = 1
Ì

a3 = 6
Ì

a4 = 4 ¶

Ó

ry‰Ÿr'{T}•‰ŸÐ•mvkn‰.r�tv{z}•j‡}nk••”o’j�{D•

a2
¿

a2 6= a1
{Dm0o„rymvwD{T•.knm0o„{Tp„wTj€‰l•vk•j€m°•suv•

¸ˆj€}•r€p„{T•DÌNr€•|oq{Dmvk•àDmvtvry•s{†“"ryp¡o’j€m—oqrvÖ

a1 = 1 a2 = 2:
¾

mz}~jœ}•kn•soqj

a2 = 2
Ì

a3 = 6
Ì

a4 = 4
{D}2‰ŸÐ•m|k•‰.rœ{D•

a2
“"ryp•}nr

º

u|{	mvrl•s{‚p„{�jŒ}•k• Tj

m|k•mv£yu|mNj:ry“"{Tp„j€wTknxym

¶

�Sk•mvj€}•‰.{Tm—oq{Ï{TmÝ}•j�}•kn•soqj

a3 = 6
Ì

a4 = 4
{D}¢‰ŸÐnmvkn‰Ÿr'{T•

a4
¿ß“"ryp:oqj€m0o„rñ•„{

knm0o„{Tp„wTj€‰l•vk•j€m }•r€•‹¸Œj€}nryp„{D•Ïtv{'}•r€•»tvry•Ï{T}n{T‰Ÿ{Tm—oqry•DÌ�rypstv{TmvŠ€mvtvry•s{�tv{'{T•so„{�‰‹rBt|r
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¸–kntv{Tm—oq{D‰‹{Dm0o„{]ÙNj�¿?tvry•.“vj€pqŠ€‰Ÿ{Do„p„ry•
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¾

}�o’jŒ‰»j€¹|rŸt|{†}~j:{Tm—oqpqjŒtNjŸ{Tm�{T}�‰‹rBtv{D}•r.wDry‰Ÿ“vu|o’jŒwTk•r€mNj€}�ç

ü

â

…'é

º

uv{œÙ|{T‰Ÿry•

{T}•{D£ykntvr.{T•”o’j€p„ŠŸps{T}~jŒwTknrymNj€tNjlwTr€m�}~j:wTj€m—oqk•tvj€t]tv{†m�„v‰Ÿ{Tpsry•�{Dm0o„{Tpsry•

º

uv{†knm0¸yry}nuvwTp„j

tvk•w’ÙNj‡{Tm—oqpqjŒtNj

¶

i·j€••ry“"{Tp„j€wTknrymv{D•.j

º

uv{z•„{Ïp„{‘ÁN{Tps{z}~j�tv{DÁvmvk•wDk•xym?tv{Ï}•j�š›uvm|wTk•x€m

tv{Tmvr€‰‹knmNj€tNj

T(n)
•srym]}~j€•¡ry“"{Tp„j€wTknrymv{D•¢•NŠ€•„knw�j€•�tv{žmBuv{D•soqpsr‹‰ŸrBtv{T}nr

¶
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ªvµ²ªR§B©•§‰XT§B®
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©

þ

´·§B©¡³y¯N©4³—¥6©

þ
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ü

{D“vp„rBtvu|wTk•‰Ÿry•Ÿ{D}Àj€}•£€ryp„kÂo„‰Ÿr

º

uv{�o„{TmvÐ•j€‰‹r€•Ÿ“NjŒpqjñw�j€}nwTuv}•j€p.{T}�‰‹ŠˆÎ–k•‰Ÿrètv{�uvmNj

}•k••”o’j|Ö

Ž‚jŒo„ry•¢tv{ž{Tm—oqpqjŒtNj|Ö

a1; :::; an

a := a1 i := 1
O¢Ùvkn}•{

i · n ¡ 1
i := i + 1

˜ š

a < ai
oqÙv{Dm

a := ai
ó

j€}nk•tNj–Ö

a

Ž•{DÁNm|k•‰Ÿry••{T}6o’jŒ‰»j€¹|rÏt|{:}•j»{Dm0o„pqj€tNj»wTry‰ŸrÏ}~j‹}•r€mv£ykÂoquvt‡tv{l}•j»}nk••soqj

¶‚¾

•‚tv{TwDk•p•{T}

¸Œj€}nryp�tv{

n ¶ãâ

mNj€}nk•wT{D‰‹r€•�{T}�m�„v‰Ÿ{TpsrŸtv{†ry“"{Dpqj€wDk•rymv{D•�“NjŒpqj.uvmNj.}•k••”o’jltv{†}•rym|£ykno„uvt

n ¶Ò¾

m]{T}�“vpsry“vk•r.j€mNŠŒ}•kn•„kn•¡k•ps{T‰Ÿry••¸Bk•{Tm|tvrŸwTuvŠ€}�{T•¢{T}�“"{Dryp¢tv{ž}•ry•¡w�j€•sry•

¶

¾

}6j€}•£yr€p„kÂo„‰ŸrŸwTr€‰‹kn{Tmv Tj‹wTr€m�t|ry•‚j€•„kn£ymNj€wDk•rym|{T•lç

a
{

i
é�¿�tv{‘oq{Dp„‰Ÿk•mNjŒmvtvr»{T}·¸Œj€}nryp

tv{

n ¡ 1
“"ryp»‰Ÿ{Ttvknr°tv{‡uvmNj°tvknš›{Dp„{DmvwTk•j+ç›p„{DwTrypstNj€‰Ÿry•

º

uv{'{Dm+}~jRr€•v•„{Dps¸ŒjŒwTk•x€m

X

¶

X

¶

÷‹tv{TwDÐ~j€‰Ÿry•

º

uv{»{T}ãwDxy‰Ÿ“vu|o„r‡tv{

n
mvr‡“vps{TwTkn•qj�tv{»mvknmv£yu|mNj�ry“"{Dpqj€wDk•xymR“Nj€p„j

•„{Tp¢{Dš›{DwDo„uNj€tvr0é

¶

Ž•{T•s“vuvàT•‚{Dm0oqp„j‹{Tm‡uvm‡•|uvwT}n{

º

uv{œ•„{œp„{T“|knoq{

n ¡ 1
¸y{TwD{T••¿ƒ{Tm‡w�jŒtNj‹ps{T“"{Do„k•wDk•xym]•„{

ÙNj€wT{ŒÖ

uvmNj:wTry‰Ÿ“Nj€p„j€wTknxym

º

uv{†tv{‘oq{Tps‰‹knmNj:•sk�{Tm—oqpqj€p�rŸmvr.{Tm]{T}�•vu|wT}•{Ÿç

i
wDrym

n ¡ 1
éòÌ

uvmNj.j€•„kn£ymNj€wDk•xymƒj:}~j

i
¿zuvmNj.•suv‰‹j

i + 1
Ì

uvmNj:wTry‰Ÿ“Nj€p„j€wTknxymztv{

a
wDrym

ai
¿

ÁNmNjŒ}•‰Ÿ{Tm—oq{:u|mNj]jŒ•„k•£€mNj€wTknxym

º

uv{ŸjÏ¸y{TwD{T•œ•s{ŸÙvj€wT{:¿�jz¸€{TwT{D•œmvr

¶.¾

mñ{T}¼“á{Dryp

tv{ž}•ry•�wTj€•„r€•�•„{žÙNj€p„Š

¶

�6ryp¡o’j€m—oqr.{Tm]{T}�•vu|wT}•{	•„{†Ùvj€wT{Dm

5(n ¡ 1)
ry“"{Dpqj€wDk•rym|{T•

¶
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º
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[10; 2; 3; 4; 5; 3]

> øI
5ø[ö'õ���ùF%��{ü�ù�õ�þQ]K:N�S’+�<?(��A=�<§(�S’�_@�<8(�<C��Wú

[1; 7; 3; 4; 6; 6]

r†ùFú û�ü;ý�þ	ÿ��4ü����;ù������&ý
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Ñ�ÐWÕ“ð	Õ†Î4Ñ�Ù�Ó&Ô´Ñ�Û—Ó•ÛSÝ•ÐS×ÚÒQ×ÚÐ”Ó•Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“Ù�ÓòÑ�Ð<Ù�Ó&Ø�Õ�Ý&×ÚÞ�ØPÒ�çQÐSÒ�ç
�SÕ�÷
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> O	�
õ	����7-,=*�,��[õ����Wþ.,��

> ÿ����/,
ÿ•ü;�S7+�102�2,[ÿ�����ú

> 0X*#,/0��L��÷Wþ.,��€ú

> ,
ÿ����/*#,�,gú

> 3��«õ4ü43“õ���5a:Lø��40!žQ:É���

> 3��«õ3763“õ���5a:Lø��40!ž5ü`���

> ü�3ôþ7,
ÿ����+]�7�_�Ÿ�,
ÿ����+]�7�–4:M_�� ø'ý98:0;,
ÿ����/*#,�ø�05ø!8'õ��/,
5��7ü�,�õ�þ7,[ÿ����1�<7+�S7	–!:	�

3Cü€ú

> ���2*

> ���2* £�T�¤�¥�£�¦ þ7,
ÿ������Wú

> 8:0��>*

<(ÐSÑ�Ò�Õ�Ô¯Ñ�Û”Ó•Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“Ó•Øbç�ØPÓ=�<Ó•Ô´Î�ÍÚÑ�÷

> O	�
õ	����7-,³þ�]�C(�<8(��e=�<8(��A@��?=��§=��§=�•:M_��€ú

[1; 2; 2; 3; 4; 5; 7; 7; 8]

>@?BA@?1> °DC!E�FHGJI�KML=N�GPOQFHR=FHKMKSL=NTG

U Ó&Ý•Ó&ÛS× ñïÕ�Ô´Ñ�Û>ç�ØæÎQÐSÑ�Ý&Ó•Ù�×›Ô¯×›Ó&Ø�ñSÑôå�ç�ÓÏÝIÕ�Í›Ý&ç�Í›Ó Ó&Í.Í›ç�Ü	Õ�Ð2å�ç�Ó Ñ�Ý•ç�Î�ÕôÓ&Í.Ó•ÍÚÓ•Ô¯Ó•Ø�ñSÑ“Ù�Ó

çQØ�Õ†ÍÚ×›Û<ñïÕôå�çQÓªÙ�Õ†Ó•ÍNÔ¯µ›Ø�×›Ô´Ñ“Ù�ÓòÙ�×›Ý




Õ�Í›×ÚÛ<ñWÕQ÷

> 5SVW0SV�5YX[Z]\/^Q_`X�acb7,`d

> e-X�a/,QefacghVig2jTZ

> a�Z]\Q,TkmlWnoZ

> 39X:_pV43-_`X�5rqts`X40uX
^Yvib7,9dxw9X

> V�3�,Tk.V�n�¢9a�szy`8:0{a�Z]\�,Tk|V�nf3uV�Z

> X:woZ

> jTZ]\MliZ

> }zyMVze/8~,Tk•j/n�¢�Ÿ!atw9X

> jTZ]\Qj	–Yl

> X:woZ

> j[€

> 8:0Qw•Z

> 5SVW0SV�5YXcb!khl‚g7q[g2ƒ�g•„Tg7…[gSŠ=Œ•…/nYdi€

6

> 5SVW0SV�5YXcb!khl‚g•„TgSŠ=Œ=†�gS’	§Tg2…�Š/nYdi€

3
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Ñ�ÐWÕèÎ4Ñ�Ù�Ó&Ô´Ñ�ÛÏÍ›ÍóÕ�Ô´Õ�Ð ÕêÓ•Û<ñWÓ�Î�Ð<Ñ�Ý&Ó•Ù�×ÚÔ´×ÚÓ•Ø�ñSÑêÎ�Õ�ÐWÕèÝ&Ñ�Ø�Û�ñWÐSçQ×ÚÐ6Ó&Í+Õ�Í›Ü�Ñ�ÐS× ñSÔ´Ñ

Ù�Ó†Û<Ó&Í›Ó&Ý&Ý•×ÚÞ�ØHã•Ž ÕMð\å�ç�Ó†Ý&Ñ�Ø�Û<ñSÐSç�×›Ð ç�Ø�ÕæÍ›×ÚÛ<ñWÕèÝIÕ�Ù�ÕêÖ�Ó‘•´Ô“’�ÛÏÎ4Ó&å�ç�Ó‘”�ÕPÓ�×ÚÐÏÝ&Õ�ÍÚÝ•çQ•

ÍóÕ�Ø�ÙQÑ´Í›Ñ�Û”Ô¯µ›Ø�×›Ô´Ñ�Û”Î�Õ�ÐWÕ†×›Ø�ñSÓ&ÐSÝ&Õ�Ô“Ò�×ÚÕ�ÐXÍ›Ñ�Û”ÖFÕ�ÍÚÑ�ÐSÓ&Û—Û<×;Ó•Û ØQÓ&Ý•Ó&ÛWÕ�ÐS×ÚÑQã>Ì(ØbÍÚç�Ü�Õ�Ð”Ù�Ó

Ý&Ñ�Ø�Û�ñWÐ<ç�×ÚÐ”ÍÚ×ÚÛ�ñïÕ�ÛXÝ&Õ�Ù�Õ�Ö�Ó�•ªÔ“’�Û”Î4Ó&å�ç�Ó�”�Õ�Û&õ4Í›Ñ†å�ç�ÓòÖ�Õ�Ô´Ñ�Û—Õ




Õ�Ý•Ó&Ð—Ó&Û ×›Ð”Î4Ñ�Ø�×›Ó&ØQÙ�Ñ

Ó&Í!Ö�Õ�Í›Ñ�Ð>×ÚØQ–�Ø�×›ñSÑ“Ó•Ø Ó&Í.Ý&Ñ�ÐSÐSÓ•ÛSÎ4Ñ�ØQÙ�×ÚÓ•Ø�ñWÓÏñ7—&ÐSÔ´×ÚØQÑ“Ù�ÓÏÍóÕôÍ›×ÚÛ<ñWÕ Ù�Ó Ô´Ñ�Ù�Ñ“å�ç�Ó�õ�Ý&Ñ�Ô´Ñ

×ÚØ!–�ØQ×›ñWÑ¯Ó•ÛÏÔèÕIð�Ñ�Ð å�ç�Ó“Ý&ç�Õ�Í›å�ç�×ÚÓ•Ð6Ø�„�Ô´Ó&ÐSÑQõ.Û<ÓôñWÓ&ØQÙ�Ð.’èå�ç�Ó�ÕèÍóÕ




Ñ�ÐWÕèÙ�ÓôÝIÕ�Í›Ý&çQÍóÕ�Ð

Ô¯µ›Ø�×›Ô´Ñ�ÛXÓ&Û�ñWÓòñ7—&ÐSÔ´×ÚØQÑ†ØQÑ†Ö�Õ´Õ�×ÚØ	ñWÓ&Ð�Ö�Ó&Ø�×›Ð”Ø�ç�ØQÝIÕQã

> v�8Qe/89a-a�V/X�0‹Z=\�^!_9X�acb.,9d

> e-X�a�,!e�˜og|acghVigB5‹Z

> ˜@Z]\�,�Z

> a�Z]\�,�Z

> 39X:_pV43-_9X�5™lDsuX40uX�^Yvcb7,9dxw9X

> 5‹Z]\:5‚VW0MV�5YX�b=˜Md�Z

> V�36˜@k|V�n�¢�Ÿ:˜‹k�59n~szy98:0

> ˜@Z]\�ø�0�s!8/_`a/,:5�˜SV:,/_Tb=˜oghVig15Sd�Z

> a�Z]\�ø�0�s!8/_`a/,:5�˜SV:,/_TbhacghVig15Sd�Z

> 3uV�Z

> ˜@k.V�n•Z]\`VW0Q3YV�0MV�s�šoZ

> X:woZ a�€

> 8:0QwoZ

> v�8Qe/89a-a�V/X�0ob9k=q�g‘l‚g2ƒTg<’�g2…znudc€

[1; 2; 3; 5; 6]

> v�8Qe/89a-a�V/X�0ob9k=q�g2…[g•„�g•ƒTg‘lHg<Šznudc€

[0; 1; 2; 3; 4; 5]

›•œ•ž Ÿ¡ S¢@£[¤o¥�¤•¥h¦¨§

Ì=Ø¯ñWÑ�Ù�Ñ�Û2Í›Ñ�Û@Ó=�<Ó•ÐSÝ•×ÚÝ&×›Ñ�Û@Ó&ÛSÝ•ÐS×›Ò�×ÚÐ@Ó&Í!Õ�Í›Ü�Ñ�Ð<× ñWÔ†Ñªå�ç�Ó6ÛSÓ6ÎQ×ÚÙ�Ó�õQÕ�Î�ÍÚ×›ÝIÕ�Ð<Í›Ñ ÕªÙ�Ñ�Û2Ó=�<Ó&Ô••

Î�ÍÚÑ�ÛXðêÓ&Û<ñSç�Ù�×ÚÕ�Ð—Û<çbÝ•Ñ�Ô¯ÎQÍÚÓ=�<×›Ù�Õ�Ù.ã

©
�&û�ùFþ	ÿ•þ	ÿ«ªt¬M­

ã¯®ÏÕ�Ù�Õ)ç�Ø�Õ)ÍÚ×›Û<ñWÕPÙ�ÓêØ-°�Ô¯Ó•ÐSÑ�ÛôÓ•Ø�ñWÓ•ÐSÑ�Û•õ=Ý•Ñ�Ø�Û�ñWÐSçQ×ÚÐôç�Ø Õ�Í›Ü�Ñ�ÐS× ñSÔ´Ñ

å�çQÓªÝIÕ�Í›Ý&çQÍÚÓ Ó•ÍNÔ±’�²Q×›Ô¯Ñ“ÙQÓªÛ<ç�Û—Ö�Õ�Í›Ñ�ÐSÓ•Û Õ�Ò�ÛSÑ�Í›çQñWÑ�Û&ã

©
�&û�ùFþ	ÿ•þ	ÿ«ª¡¬Y¬

ã�³�ç�Î4Ñ�ØQÜ	Õ�Ô´Ñ�Û”å�ç�Óòå�ç�× ñïÕ�Ô´Ñ�ÛXÙQÓòØ�çQÓ&Û<ñSÐSÑ´Ô´Ñ�Ù�Ó&Í›Ñ�Ý•Ñ�Ô´Î�çQñïÕ�Ý&×›Ñ�Ø�Õ�Í

ÍóÕ�Û+Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó•Û=Ò`’�ÛS×ÚÝ&Õ�Û(Ù�Ó—Î�Ð<Ñ�Ù�ç�Ý•ñSÑòð“Ù�×›Ö�×›ÛS×ÚÞ�Ø�Ù�Ó—Ø-°�Ô´Ó&Ð<Ñ�Û=Ó•Ø�ñSÓ&ÐSÑ�Û&ã�´2Ñ�Ø�Û<ñSÐSç�×›Ð

ç�ØbÕ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“Î�Õ�ÐSÕQõ�Ù�Õ�Ù�Ñ�Û—Ù�Ñ�Û—Ø�°QÔ¯Ó•ÐSÑ�Û—Ó•Ø�ñSÓ&ÐSÑ�Û&õ�Ý&Õ�ÍÚÝ•ç�ÍÚÕ�ÐXÛSçPÎ�ÐSÑ�Ù�çQÝ•ñWÑQã
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© �&û�ù�þ	ÿöþ	ÿ«ª•¬M· ã[´>Ñ�Ø�Û<ñSÐSç�×›Ð1çQØ“Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ—Î�Õ�ÐWÕQõ�Ù�Õ�Ù�Ñ�Û1Ù�Ñ�Û1Ó&Ø�ñSÓ&Ð<Ñ�Û

a
ð

n
Ý&Ñ�ØQÛ<ñWÐ<ç�×ÚÐ

ÍÚÕ�Î4Ñ�ñSÓ&Ø�Ý•×óÕ

an ã

© �&û�ù�þ	ÿöþ	ÿ«ª¸¬S¹ ã(Ì(ÛSÝ•ÐS×›Ò�×ÚÐ=ç�ØèÕ�ÍÚÜ�Ñ�ÐS× ñSÔ´ÑòÎ�Õ�ÐWÕòÝIÕ�Í›Ý&ç�ÍÚÕ�Ð(ÍóÕòÔ´Ó&Ù�×ÚÕªÕ�Ð<×›ñWÔ•—EñW×›Ý&ÕòÙQÓ Í›Ñ�Û

Ó•ÍÚÓ•Ô¯Ó•Ø�ñWÑ�Û—ÙQÓªç�Ø�Õ†ÍÚ×ÚÛ�ñïÕ“ÙQÓªØ-°�Ô´Ó&ÐSÑ�Û—Ó&Ø	ñWÓ•ÐSÑ�Û&ã

© �&û�ù�þ	ÿöþ	ÿ«ª“¬‚º ã/Ì(ÛSÝ&Ð<×ÚÒ�×›Ð1ç�Ø�Õ�Í›Ü�Ñ�Ð<× ñWÔ†Ñ å�çQÓXÙ�Õ�Ù�Õ ç�Ø�Õ6Í›×ÚÛ�ñïÕ Ù�Ó>Ø-°�Ô¯Ó•ÐSÑ�Û1Ø�Õ�ñWçQÐWÕ�Í›Ó&Û

ðPÑ�ñWÐ<ÑèØ-°�Ô¯Ó•ÐSÑèØ�Õ�ñSç�ÐWÕ�Í ×ÚØ�ÙQ×Úå�ç�Ó ÛS×




ÕMðbÕ�Í›Ü/°�ØbÔ•°QÍ›ñW×›ÎQÍ›Ñ´Ù�ÓôÙQ×ÚÝ




ÑèØ�°�Ô´Ó•ÐSÑèÓ&Ø	ñWÐSÓ

Í›Ñ�ÛèÓ&Í›Ó&Ô´Ó&Ø	ñWÑ�ÛêÙQÓ5ÍóÕcÍÚ×ÚÛ�ñïÕQõ”Û<Ó�”�Õ�ÍÚÓ\Ý&ç9’�Ø�ñSÑ�ÛæÙ�Ó\Ó&Û<ñSÑ�ÛæÔ»°�Í›ñS×›Î�Í›Ñ�Û




ÕMð`ð"Ó&ØYå�ç!—

Î4Ñ�ÛS×ÚÝ•×ÚÑ�ØQÓ&Û”Ù�ÓòÍóÕ“ÍÚ×ÚÛ�ñïÕ“Ó•Û<ñ.’�ØHã

© �&û�ù�þ	ÿöþ	ÿ«ª�¬M¼ ã½®6×›Û<ñWÕ�Ø�Ý&×ÚÕ[Ù�Ó¯Ž Õ�Ô¯Ô´×›Ø�Ü�ãt®ÏÕ�Ù�Õ�ÛèÙ�Ñ�ÛèÎ�Õ�ÍóÕ�Ò�ÐWÕ�Û´Ù�ÓbÍóÕ[Ô´×ÚÛ<ÔèÕ

Í›Ñ�Ø�Ü�× ñWçQÙ´Ý&Ñ�ØQÛ<ñWÐ<ç�×ÚÙ�Õ�Û2Ý&Ñ�ØêÝ•Ó&Ð<Ñ�Û2ð†ç�Ø�Ñ�Û2ÍÚÕªÙ�×›Û<ñWÕ�Ø�Ý&×ÚÕòÙ�Ó�Ž6Õ�Ô´Ô´×ÚØQÜªÓ•Ø�ñSÐSÓ Ó&Í›ÍóÕ�Û=ÛSÓ

ÙQÓ‘–�Ø�Ó´Ý&Ñ�Ô´Ñ Ó&Í(Ø�°QÔ¯Ó•ÐSÑPÙ�Ó†ÍÚÓEñWÐWÕ�ÛòÙ�×ˆ¾ Ó&Ð<Ó&Ø�ñSÓ&ÛªÓ•Ø�ñSÐSÓ´ç�Ø�Õ ð5Ñ�ñSÐWÕæÎ�Õ�ÍóÕ�Ò�ÐWÕÀ¿öÍÚÓEñWÐSÕ�Û

ÙQ×Á¾ Ó&Ð<Ó&Ø	ñWÓ&Û=ÛS× ñWç�Õ�Ù�Õ�Û=Ó•Ø¯Ó&Í�Ô´×ÚÛ<Ô¯ÑÏÍÚçQÜ	Õ�Ð|ÂK÷ Î4Ñ�Ð=Ó]�<Ó&Ô´Î�ÍÚÑ ÍóÕ ÙQ×ÚÛ<ñWÕ�Ø�Ý•×óÕÏÙ�ÓJŽ Õ�Ô¯Ô´×›Ø�Ü

Ó•Ø�ñSÐSÓ´ÍÚÕæÎ�Õ�ÍÚÕ�Ò�ÐSÕ

¶!�

ð5ÍóÕêÎ�Õ�ÍóÕ�Ò�ÐWÕ

¶/¶

Ó•Ûªç�Ø�ÑPÎ4Ñ�Ð<å�ç�Ó´ÍóÕêÎ�ÐS×›Ô¯Ó•ÐWÕêÍÚÓEñWÐWÕæÓ•Ûª×ÚÜ�ç�Õ�Í

ð ÍÚÕ[Û<Ó&Ü�ç�Ø�Ù�Õ Ù�×›Û<ñS×ÚØ�ñWÕQãtÃ;ÕcÙQ×ÚÛ<ñWÕ�Ø�Ý•×óÕtÙ�ÓÄŽ6Õ�Ô´Ô¯×›ØQÜ[Ó•Ø�ñWÐ<Ó

�/���

ð

¶!��¶

Ó•ÛèÙ�Ñ�Û&ã

´>Ñ�Ø�Û<ñSÐSç�×›Ð>çQØæÕ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñªå�ç�Ó6Ù�Õ�Ù�Õ�Û>Ù�Ñ�Û>Î�Õ�ÍóÕ�Ò�ÐWÕ�Û@Ù�Ó6Ý•Ó&ÐSÑ�Û>ð´ç�Ø�Ñ�Û>ØQÑ�Û>Ù�ÓEÖ�çQÓ&Í Ö�Õ

Û<çbÙ�×›Û<ñïÕ�Ø�Ý&×ÚÕ�ÙQÓÅŽ Õ�Ô´Ô¯×›Ø�ÜQã

©
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ã�®ÏÕ�Ù�Õ—ç�Ø�Õ—ÍÚ×›Û<ñïÕXÑ�ÐSÙ�Ó•Ø�Õ�Ù�Õ—Ù�Ó@Ô´Ó&ØQÑ�Ð Õ—Ô¯ÕIð�Ñ�ÐNÙ�Ó@Ø-°�Ô´Ó&ÐSÑ�Û Ó•Ø�ñSÓ&ÐSÑ�Û

ðæÑ�ñWÐ<Ñ´Ø�°QÔ¯Ó•ÐSÑ´Ó&Ø	ñWÓ•ÐSÑ¯Ý&Ñ�ØQÛ<ñWÐ<ç�×ÚÐ—ç�Ø)Õ�ÍÚÜ�Ñ�ÐS× ñWÔ†Ñ�å�ç�Ó ×›Ø�ÛSÓ•Ð<ñSÓªÙ�×›Ý




Ñ´Ø-°�Ô´Ó&ÐSÑ´Ó•Ø)Ó•Í

Í›ç�Ü	Õ�ÐXÝ•Ñ�ÐSÐ<Ó&ÛSÎ4Ñ�Ø�Ù�×ÚÓ•Ø�ñSÓªÙ�ÓòÍóÕ“ÍÚ×›Û<ñïÕô×ÚØ�×›Ý&×ÚÕ�Íöã

©
�&û�ù�þ	ÿöþ	ÿ«ªÇ·`È

ãÉ®ÏÕ�Ù�Õ�ÛPÙ�Ñ�ÛPÍ›×ÚÛ�ñïÕ�Û

a1; ::; an
ð

b1; :::; bm
Ù�Ó[Ø-°�Ô´Ó&ÐSÑ�ÛPÓ&Ø	ñWÓ•ÐSÑ�Û•õ

Ý•Ñ�Ø�Û�ñWÐSçQ×ÚÐ(çQØ¯Õ�Í›Ü�Ñ�Ð<× ñWÔ†ÑÏÎ�Õ�ÐWÕÏÝ&Ñ�ØQÛ<ñWÐ<ç�×ÚÐ+Ó&Í�Î�Ð<Ñ�Ù�ç�ÝEñWÑòÝIÕ�Ð�ñWÓ&Û<×óÕ�ØQÑòÙ�Ó”ÍóÕ�Û+Ù�Ñ�Û(ÍÚ×›Û<ñïÕ�Û&õ

Ó•Û<ñSÑ¯Ó•Û&õ�Ó•ÍNÝ&Ñ�Ø
�<ç�Ø�ñSÑ´Ý&Ñ�Ô´Î�Í›Ó•ñWÑ�Ù�ÓòÍÚÑ�Û”Î�Õ�Ð<Ó&Û—Ñ�ÐSÙ�Ó•Ø�Õ�ÙQÑ�Û ÙQÓªÍÚÕ»¾ Ñ�Ð<ÔèÕ

(ai ; bj )
ã

›Êœ.Ë Ÿ¯ ‚¢@£�¤•¥‘¤•¥h¦¨§É£�¢'§iÌÍ¢‹ÎmÏi¦¨§

©
�&û�ù�þ	ÿöþ	ÿ«ªÑÐuÆ

ã�ÃN×›Û<ñïÕ“Ù�ÓÓÒ#Ø�Ü�ÐSÓ•ÛSÑ�Û•÷•Ô�õ9Õ�õ9Õ�ãTÃN×ÚÛ<ñWÕ�Ù�ÓÅÖªÕ�Û<ñWÑ�Û&÷�Õ�õ`×Qã

Ì(Ø�ñWÐSÕ�Ù�ÕQ÷�Ô�õ9Õ�õ9Õ9Ø9Õ�õ`×Qã

I := 5
õ

i := 1
Ý&Ñ�Ô´Ñ

1 · 2
Ó&Ø	ñWÑ�Ø�Ý•Ó&Û

i := 2
õ

I := 5 + 4
Ý&Ñ�Ô´Ñ

2 · 2
Ó&Ø	ñWÑ�Ø�Ý•Ó&Û

i := 3
õ

I := 13
Ý&Ñ�Ô´Ñ

3 > 2
ÛWÕ�Í›Ó Ù�Ó&ÍNÒ�ç�Ý•ÍÚÓ�ã

I ngresos:= 13

G := 4
õ

j := 1
Ý&Ñ�Ô´Ñ

1 · 1
Ó&Ø	ñWÑ�Ø�Ý•Ó&Û

j := 2
õ

G := 4 + 3
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Ý&Ñ�Ô¯Ñ

2 > 1
ÛWÕ�ÍÚÓ Ù�Ó&ÍNÒ�çQÝ&Í›Ó�ã

Gastos := 7

Balance:= 13¡ 7 = 6

© �&û�ùFþ	ÿ•þ	ÿ«ª�­uÈ ã´Ì(Í@Õ�ÍÚÜ�Ñ�ÐS× ñWÔ†ÑèñWÓ&Ð<Ô¯×›Ø�ÕêÎ4Ñ�ÐSå�ç�Ó´Ó•Í(Ò�ç�Ý&Í›Ó†ÛSÓ´Ð<Ó&Î�× ñWÓ†Óm²QÕ�Ý•ñWÕ�Ô¯Ó•Ø�ñSÓ

n ¡ 1
Ö�Ó•Ý&Ó•Û&ã

Ì(Ø�ñSÐWÕ�Ù�Õ�÷

�

õ

µ

õ

¶

ã

a := 1
õ

i := 1
Ý&Ñ�Ô¯Ñ

1 · 2
Ó&Ø	ñWÑ�Ø�Ý&Ó•Û

i := 2
ð Õ�ÍHÛSÓ•Ð

1 < 2
Ó&Ø	ñWÑ�ØQÝ&Ó•Û

a := 2
Ý&Ñ�Ô¯Ñ

2 · 2
Ó&Ø	ñWÑ�Ø�Ý&Ó•Û

i := 3
ð Õ�ÍHÛSÓ•Ð

2 < 0
Ó&Ø	ñWÑ�ØQÝ&Ó•Û

a := 2
Ý&Ñ�Ô¯Ñ

3 > 2
ÛWÕ�ÍÚÓ Ù�Ó&ÍNÒ�çQÝ&Í›Ó�ã

³QÕ�Í›×ÚÙ�ÕQ÷

a = 2
ã

© �&û�ùFþ	ÿ•þ	ÿ«ªÛ­HÜ ã=Ì(Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“ÐSÓ&Õ�ÍÚ×Á•IÕ“ÍÚÕ�Û<×ÚÜ�çQ×ÚÓ&Ø	ñWÓ Û<ç�Ô¯ÕQ÷

§ n
i=1 § i

j =1 j :

©
�&û�ùFþ	ÿ•þ	ÿ«ªÛ­uÐ

ãTÃN×ÚÛ<ñWÕQ÷

�

õu×�õYÔ�õYÝ�õ

•

ã

Þ•°�Û<å�ç�Ó&Ù�Õ´ÛSÓ&Ý•ç�Ó&ØQÝ&×óÕ�Í•÷

i := 1
¿

�

Ñ�Î4Ó&ÐSÕ�Ý&×›Þ�ØuÂ

´>Ñ�Ô´Ñ

1 · 5
ð

1 6= 9
Ó•Ø�ñSÑ�Ø�Ý•Ó&Û

i := 2
ãß¿�Õ†Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

2 · 5
ð

3 6= 9
Ó•Ø�ñSÑ�Ø�Ý•Ó&Û

i := 3
ãß¿�Õ†Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

3 · 5
ð

5 6= 9
Ó•Ø�ñSÑ�Ø�Ý•Ó&Û

i := 4
ãß¿�Õ†Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

4 · 5
ð

7 6= 9
Ó•Ø�ñSÑ�Ø�Ý•Ó&Û

i := 5
ãß¿�Õ†Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

5 · 5
Î4Ó&ÐSÑ

9 = 9
Ó&Ø	ñWÑ�ØQÝ&Ó&Û ÛWÕ�Í›Ó Ù�Ó&ÍNÒ�ç�Ý•ÍÚÓ�ãJ¿

µ

Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

5 · 5
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û ÍóÕ“ÛWÕ�Í›×ÚÙ�Õ“Ó•ÛÓàuá¨ãß¿

µ

Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�ØQÓ&Û|Â

ä1Ñ�ñïÕ�ÍHÙ�ÓòÑ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û&÷

µQ�

ã

Þ•°�Û<å�ç�Ó&Ù�Õ´Ò�×ÚØ�Õ�ÐS×óÕ�÷

i := 1
õ

j := 5
¿

µ

Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó•Û|Â

´>Ñ�Ô´Ñ

1 < 5
ð

1 6= 9
Ó•Ø�ñSÑ�Ø�Ý&Ó•Û

m := 3
ãJ¿«Õ´Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó&Û.Â

´>Ñ�Ô´Ñ

5 < 9
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

i := 4
õ

j = 5
ãJ¿«Õ´Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó&Û.Â

´>Ñ�Ô´Ñ

4 < 5
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

m := 4
ãJ¿�×†Ñ�Î4Ó&ÐWÕ�Ý&×ÚÑ�Ø�Ó&Û.Â

´>Ñ�Ô´Ñ

7 < 9
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

i := 5
õ

j = 5
ãJ¿«Õ´Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó&Û.Â

´>Ñ�Ô´Ñ

5 = 5
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û ÛWÕ�Í›ÓòÙ�Ó•ÍNÒ�ç�Ý•ÍÚÓ�ãß¿

�

Ñ�Î4Ó&ÐSÕ�Ý&×›Þ�ØuÂ

´>Ñ�Ô´Ñ

a5 = 9
Ó•Ø�ñWÑ�Ø�Ý&Ó•Û ÍÚÕ�ÛSÕ�ÍÚ×›Ù�Õ“Ó&ÛŒàuá¨ãß¿

µ

Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û|Â



��µ/µ �����������������! "�#��$%�'&'(���)*�'+

ä Ñ�ñWÕ�ÍNÙQÓªÑ�Î4Ó&ÐWÕ�Ý&×›Ñ�Ø�Ó&Û•÷

µ�¶

ã

© �&û�ù�þ	ÿöþ	ÿ«ªÑ­u­ ã�ÃN×›Û<ñïÕ�÷

�

õ`×Qõ

µ

õ

•

õuÔ�õ9Õ�ã

´>Ñ�Ô´Ñ

a1 < a2
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û Ø�Ñ´ÛSÓ




Õ�Ý•ÓªØ�×›Ø�Ü�çQØ�Õ�Ñ�Î4Ó&ÐSÕ�Ý&×›Þ�ØHã

´>Ñ�Ô´Ñ

a2 > a3
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

a2 = 2
ð

a3 = 3
ã

´>Ñ�Ô´Ñ

a3 < a4
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û Ø�Ñ´ÛSÓ




Õ�Ý•ÓªØ�×›Ø�Ü�çQØ�Õ�Ñ�Î4Ó&ÐSÕ�Ý&×›Þ�ØHã

´>Ñ�Ô´Ñ

a4 > a5
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

a4 = 5
ð

a5 = 9
ã

´>Ñ�Ô´Ñ

a5 > a6
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

a5 = 4
ð

a6 = 9
ã

®6ÓªÓ•Û<ñWÓòÔ¯Ñ�Ù�Ñ�ÍóÕ“ÍÚ×›Û<ñïÕôÓ&Û Õ




Ñ�ÐWÕ�÷

�

õ

µ

õ`×QõuÔ�õ9Õ�õ

•

ã

Ì(Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“ÐSÓ•Ý&Ñ�Ô´×ÚÓ•Ø9•&Õ†Ý•Ñ�ØPÍóÕ“ÍÚ×ÚÛ�ñïÕQ÷

�

õ

µ

õ`×QõuÔ�õ9Õ�ã

	

Í4Ð<Ó&Ý•Ñ�ÐSÐ<Ó&Ð2Ó&Û�ñïÕ Ø�ç�ÓEÖ�ÕôÍÚ×›Û<ñWÕQõ�Ó•Í4Ô±’�²Q×›Ô´Ñ�õ	å�ç�Ó6Ó•Û>Ó•ÍSÔ�õ�ÛSÓ6Ý•Ñ�Í›Ñ�ÝIÕªÓ•ØêÓ&Íu°�Í›ñS×ÚÔ´Ñ

Í›ç�Ü	Õ�Ð>ðæÍÚÕ�Í›×ÚÛ�ñïÕ“å�ç�Ó•Ù�Õ´Ñ�ÐSÙQÓ&Ø�Õ�Ù�ÕQã

© �&û�ù�þ	ÿöþ	ÿ«ªâ­9¬ ã#</Õ�ÐSÕêÕ�ÎQÐSÑLÖ�Ó•Ý




Õ�ÐÏÓ•Í/Õ�Í›Ü�Ñ�ÐS× ñWÔ´Ñ´ÙQÓ&Í1Ô±’�²Q×›Ô´Ñ¯Ñ�Ò�ÛSÓ•Ð<Ö�Õ�Ô¯Ñ�Û6å�ç�Ó“Ó•Í

Ô´µÚØQ×ÚÔ†Ñ Ù�Ó2ç�Ø�Õ6Í›×ÚÛ�ñïÕ

a1
õQã ã›ã õ

an
Ó•Û+Ó•Í�Ô“’
²�×›Ô¯Ñ¨¿ ÝIÕ�Ô“ÒQ×óÕ�Ù�Ñ Ù�Ó2ÛS×ÚÜ�Ø�Ñ-ÂNÙ�Ó>Í›Ñ�Û ÖFÕ�ÍÚÑ�ÐSÓ&Û

ÙQÓ“ÍÚÕ¯Í›×ÚÛ<ñWÕ

¡ a1
õ1ã›ã ã õ

¡ an
ã#<1Ñ�Ð ñïÕ�Ø�ñWÑèÛS×1Í›ÍóÕ�Ô´Õ�Ô†Ñ�Û

M
Õ�Í1Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ´å�ç�Ó“ÝIÕ�ÍÚÝ&çQÍóÕ

Ó•ÍNÔ±’�²Q×›Ô´Ñ“ñSÓ&Ø�Ó•Ô´Ñ�Û—å�çQÓ�÷

Ì(Ø�ñWÐSÕ�Ù�ÕQ÷

a1
õNã ã ã›õ

an
ã

ã�Ñ�Ð

i = 1
ñSÑ

n
bi := ¡ ai

m := ¡ M (b1; :::bn )
³QÕ�Í›×ÚÙ�ÕQ÷

m
ã

©
�&û�ù�þ	ÿöþ	ÿ«ªÑ­u·

ão³�ÓIÕ†ÍóÕ“ÍÚ×›Û<ñïÕ

L
÷åä

�

õu×�õ

µ

õ

•

õYÔ�õ`ÕQã

´>Ñ�Ô´ÑcÓ•Í—Ô“æ›Ø�×›Ô´Ñ5Ù�ÓbÍÚÕtÍÚ×›Û<ñWÕ

L
Ó&Û

a1 = 1
Ó•Ø�ñWÑ�Ø�Ý&Ó•ÛèØ�ÑcÛSÓ




Õ�Ý&ÓPØ�×ÚØQÜ�ç�Ø�Õ

Ñ�Î4Ó&ÐWÕ�Ý&×ÚÞ�ØHã

L :=
×Qõ

µ

õ

•

õYÔ�õ`ÕQã

´>Ñ�Ô´Ñ†Ó&ÍNÔ•æÚØ�×›Ô†Ñ�ÙQÓªÍÚÕ�Í›×ÚÛ�ñïÕ

L
Ó&Û

a3
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

a2 = 2
ð

a3 = 3
ã

L :=
×Qõ

•

õYÔ�õ`ÕQã

´>Ñ�Ô´Ñ6Ó&Í�Ô•æ›Ø�×›Ô´Ñ Ù�Ó>ÍÚÕ Í›×ÚÛ�ñïÕ

L
Ó&Û

a3
Ó•Ø�ñSÑ�Ø�Ý&Ó•Û(ØQÑÏÛSÓ




Õ�Ý&Ó>Ø�×ÚØQÜ�ç�Ø�Õ Ñ�Î!Ó•ÐWÕ�Ý&×ÚÞ�ØHã

L :=
•

õYÔ�õ`ÕQã

´>Ñ�Ô´Ñ†Ó&ÍNÔ•æÚØ�×›Ô†Ñ�ÙQÓªÍÚÕ�Í›×ÚÛ�ñïÕ

L
Ó&Û

a6
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

a6 = 9
ð

a4 = 4
ã

L :=
Ô�õ

•

ã

´>Ñ�Ô´Ñ Ó&Í�Ô“æ›Ø�×›Ô´Ñ6Ù�Ó”ÍóÕ6ÍÚ×›Û<ñïÕ

L
Ó&Û

a5
Ó•Ø�ñSÑ�Ø�Ý•Ó&Û@Ø�Ñ ÛSÓ




Õ�Ý&Ó”Ø�×ÚØ�Ü�ç�Ø�ÕÏÑ�Î4Ó&ÐSÕ�Ý&×›Þ�Ø

ðêÓ&Í;Õ�Í›Ü�Ñ�ÐS× ñWÔ†Ñ




Õ�ñWÓ•ÐSÔ´×ÚØ�Õ�ÙQÑ�ã

³QÕ�Í›×ÚÙ�ÕQ÷

L :=
�

õ

µ

õ`×Qõ9Õ�õuÔ�õ

•

ã
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×

© �&û�ùFþ	ÿ•þ	ÿ«ªâ­u¹ ã Ì(Í1Î4Ó&Ñ�Ð6Ù�ÓôÍÚÑ�Û ÝIÕ�ÛSÑ�ÛÏÓ•ÛŒ’�å�ç�Ó&Í/Ó•Ø5å�ç�Ó�ÍÚÕèÕ�Û<×ÚÜ�Ø�Õ�Ý&×›Þ�Ø

a := ai
Û<Ó




Õ�Ý&ÓòÛS×›Ó&Ô´Î�ÐSÓ�õ�Ó&Û�ñWÑ´Ó&Û&õ�Ý&ç�Õ�Ø�Ù�Ñ´ÍóÕ“ÍÚ×›Û<ñïÕôÓ&Û<ñ.’´Ñ�Ð<Ù�Ó&Ø�Õ�Ù�Õ†Ù�ÓòÔ´Ó&Ø�Ñ�Ð Õ�Ô¯ÕMð�Ñ�Ð•ã

a1 · a2 · ::: · an :

© �&û�ùFþ	ÿ•þ	ÿ«ª*­Mº ã‹®6Ó&Ô´Ñ�Û�ñWÐWÕ�Ô¯Ñ�Û—å�çQÓ

P(x) = a0 + a1x + ::: + asxs Ó&Û Ù�Ó&Í Ô´×ÚÛ<Ô¯Ñ

Ñ�ÐSÙ�Ó•Ø`å�ç�Ó

xs ã4Ã;Õ[Ñ�Ò�ÛSÓ•Ð<Ö�Õ�Ý&×ÚÞ�Ø"¾ ç�Ø�Ù�Õ�Ô¯Ó•Ø�ñWÕ�Í”Ó•Û¯å�ç�ÓPç�Ø`Î4Ñ�ÍÚ×ÚØQÑ�Ô´× Ñ5Ù�ÓPÜ�ÐSÕ�Ù�Ñ

s
ñW×›Ó&Ø�ÙQÓ†Õ

+ 1
¿öÝ&ç�Õ�Ø�Ù�Ñ

x
ñS×ÚÓ•Ø�Ù�Ó�Õ

+ 1
Â Ý•ç�Õ�Ø�ÙQÑ ÛSçtÝ&Ñ�Óh–�Ý•×ÚÓ&Ø	ñWÓ�Î�ÐS×›Ø�Ý•×ÚÎ�Õ�Í•¿öÓ•Í

Ý&Ñ�Ó‘–�Ý&×›Ó&Ø�ñSÓ Ù�Ó&Í;Ô¯Ñ�ØQÑ�Ô´×›Ñ†Ù�ÓªÔèÕIð�Ñ�Ð—Ü�ÐWÕ�Ù�Ñ-ÂXÓ&Û Ù�ÓªÛS×›Ü�Ø�Ñ´Î4Ñ�ÛS× ñW×›Ö�ÑQã@<1Ñ�Ð ñWÕ�Ø	ñWÑ¯Ó•Ø

ñïÕ�Í�ÝIÕ�ÛSÑ Û<ç¯ÛS×›Ü�Ø�ÑòÓ&Û=Î!Ñ�ÛS× ñW×›Ö�Ñ Î�Õ�ÐSÕ ñWÑ�ÙQÑ

x
Ô¯ÕMð�Ñ�Ð(Ñª×ÚÜ�ç�Õ�Í�å�ç�Ó çQØ¯Ý•×ÚÓ&Ð�ñWÑ

n0
¿ Î�Õ�ÐWÕ

Ó&ÍNå�ç�ÓªØ�Ñ†ÛSÓªÕ�Î4Ñ�Ð<ñWÕ�ç�Ø�Õ†Óm²QÎQÐSÓ&Û<×ÚÞ�ØPÓh²�Î�Íçæ›Ý&× ñïÕzÂKã

Ì(Í(Î4Ñ�ÍÚ×›Ø�Ñ�Ô´× Ñ

xs Ù�Ñ�Ô´×ÚØ�ÕæÕ

P(x)
ð	Õ å�ç�Ó´ÛS×+ñWÑ�ÔèÕ�Ô¯Ñ�Û

k > as
ÛSÓ†ñS×ÚÓ•Ø�Ó†å�ç�Ó

kxs ¡ P(x) = (k ¡ as)xs + ::: + (¡ a0)
õ!å�çQÓ�Û<Ó&Ü/°QØtÍÚÕ¯Ñ�Ò�Û<Ó&Ð�Ö�Õ�Ý•×ÚÞ�Ø5Õ�Ø�ñSÓ&Ð<×ÚÑ�Ð Ó&Û

Î4Ñ�ÛS× ñW×›Ö�Ñ�Î�Õ�ÐWÕ“ñWÑ�Ù�Ñ

x ¸ n0
ã

P(x)
Ù�Ñ�Ô¯×›Ø�Õ Õ

xs ð	ÕPå�ç�Ó¯ÛS×(ñSÑ�Ô¯Õ�Ô¯Ñ�Û

k > 1=as
Ó&Ø�ñSÑ�Ø�Ý•Ó&Û

kP(x) ¡ xs =
(kas ¡ 1)xs + ::: + ka0

ã

©
�&û�ùFþ	ÿ•þ	ÿ«ª¸­u¼

ã+Ì(Û@çQØ�ÕòÝ•Ñ�Ø�ÛSÓ•Ý&ç�Ó•Ø�Ý&×óÕòÙ�×ÚÐ<Ó&Ý•ñWÕ Ù�Ó—ÍóÕ�¾ Þ�Ð<Ô“ç�ÍóÕ6Ù�Ó•Í�ÝIÕ�Ô“ÒQ×ÚÑ Ù�Ó—Ò�Õ�ÛSÓ�÷

loga(n) = loga(b)logb(n):

©
�&û�ùFþ	ÿ•þ	ÿ«ªx­YÆ

ã

	

Ù
�<ç�Ø	ñïÕ�Ô´Ñ�ÛòÍóÕ�ÛòÜ�Ð.’:–�ÝIÕ�ÛªÐ<Ó&Î�Ð<Ó&ÛSÓ•Ø�ñWÕ�Ù�Õ�ÛôÝ•Ñ�Ø*è)Õ�Î�Í›Ó�õ Ù�Ñ�ØQÙ�Ó¯Û<Ó

Ñ�Ò�ÛSÓ•Ð<ÖFÕ�ØbÍóÕ�Û”ÙQ×ÚÛ<ñS×ÚØ	ñïÕ�ÛXÐSÓ•ÍóÕ�Ý•×ÚÑ�Ø�Ó•Û”Ù�ÓòÙ�Ñ�Ô´×ÚØ�Õ�Ø�Ý&×ÚÕQã

Ã;ÕÊ¾ ç�Ø�Ý•×ÚÞ�Ø

l (n)
ÙQÑ�Ô¯×›Ø�Õ†Õ¯ÍÚÕ•¾ ç�Ø�Ý•×ÚÞ�Ø

�

Î4Ñ�Ð<å�çQÓ

l (n) > 1
Î�Õ�ÐSÕ´ÝIÕ�Ù�Õ

n ¸ 3
ã

Ì=Ø Óh¾ Ó&ÝEñWÑ�õ�ÍóÕÅ¾ ç�ØQÝ&×ÚÞ�Ø

g(n) = l(n) ¡ 1
Ó•Û—Î4Ñ�Û<×›ñS×›Ö�ÕôÎ�Õ�ÐWÕ“ÝIÕ�Ù�Õ

n ¸ 3
Î�ç�Ó•Û<ñWÑ†å�ç�Ó

g(3) > 0
ðæÓ•Û Ý•ÐSÓ&Ý•×ÚÓ•Ø�ñWÓ“¿öÛSçPÙ�Ó•ÐS× Ö�Õ�Ù�Õ

g0(n) = 1=n > 0
ÂKã

³�ÓbÖ�Ó&ÐS×ˆ–�ÝIÕcå�ç�Ó

n > l(n)
Î�Õ�ÐWÕcÝ&Õ�Ù�Õ

n 2 N
ã�Ì(Ø•Ó‘¾ Ó•Ý•ñSÑ�õ—Û<ÓIÕ ÍÚÕÀ¾ ç�Ø�Ý•×ÚÞ�Ø

h(n) = n ¡ l(n)
õHÛ<Ó“Ö�Ó•ÐS×Á–�ÝIÕêå�ç�Ó

h(1) > 0
ð)å�ç�Ó�Ó&ÛÏÛS×›Ó&Ô´Î�ÐSÓôÝ&Ð<Ó&Ý•×ÚÓ&Ø	ñWÓ“ð	Õêå�ç�Ó

h0(n) = 1 ¡ 1=n > 0
ã

Ã;Õ�Û—Ù�Ó•Ô±’�Û—Ù�Ñ�Ô´×›Ø�Õ�Ø�Ý•×óÕ�ÛXÛSÑ�ØPÝ&Ñ�Ø�ÛSÓ•Ý&ç�Ó•Ø�Ý&×ÚÕ´Ù�Óòå�ç�Ó�÷

r (n) = nl (n) ¡ n r (3) > 0 r 0(n) = l(n) > 0

s(n) = n2 ¡ nl (n) s(1) > 0 s0(n) = 2n ¡ l(n) ¡ 1 > 0



��µ

Õ

�����������������! "�#��$%�'&'(���)*�'+

2^x

x^2

xlog(x)

x

ln(x)

0
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µ

ã

�
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Ô

t(n) = en ¡ n2 t(1) > 0 t0(n) = en ¡ 2n > 0:

© �&û�ùFþ	ÿ•þ	ÿ«ªé¬MÈ ã@³�×

T
Ù�Ñ�Ô´×ÚØ�Õ†Õ

S
Ó•Ø�ñWÑ�Ø�Ý&Ó•Û6Óm²Q×›Û<ñSÓ&Ø

n0 2 N
ð

k 2 R+ Ù�ÓªÔ´Ñ�Ù�Ñ

å�çQÓªÎ�Õ�ÐSÕ†Ý&Õ�Ù�Õ

n ¸ n0
ÛSÓòÖ�Ó&ÐS×ˆ–�ÝIÕ

S(n) · kT(n):
®6ÓòÓ&Û<ñSÓªÔ´Ñ�Ù�Ñ†Î�Õ�ÐWÕ�ÝIÕ�Ù�Õ

n ¸ n0
ÛSÓ Ö�Ó&Ð<×Á–�Ý&Õ

S(n) + T(n) · (k + 1)T(n):
ÃNÑ´å�ç�ÓòÔ�çQÓ&Û<ñSÐWÕ�å�çQÓ

T
Ù�Ñ�Ô´×ÚØ�Õ�Õ

S + T
ã

Ã;Õ—ÛSÓ•Ü�ç�ØQÙ�Õ Ý&ç�Ó•Û<ñW×›Þ�Ø Ó•Û ÛSÞ�ÍÚÑ—Ñ�Ò�Û<Ó&Ð<ÖFÕ�Ð å�ç�Ó@ÍóÕ@¾ çQØ�Ý&×›Þ�ØªØ-°�Ô´Ó&ÐSÑ—Ù�Ó@Ñ�Î!Ó•ÐWÕ�Ý&×ÚÑ�Ø�Ó&Û

Ó&ØPÓ&ÍNÎ4Ó&Ñ�Ð—Ù�ÓòÍÚÑ�Û”Ý&Õ�ÛSÑ�Û Ù�Ó•Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“å�ç�ÓªÝ•Ñ�Ø�ÝIÕFñWÓ&Ø�Õ

A1
ð

A2
Ó&Û

T + S
ã

©
�&û�ùFþ	ÿ•þ	ÿ«ªÛ¬cÜ

ãXÌ(Í Õ�Í›Ü�Ñ�Ð<× ñWÔ†Ñ†ÙQÓ Ñ�Ð<Ù�Ó&Ø�Õ�Ý&×›Þ�ØbÒQç�ÐSÒ�ç��SÕ´Ó&Û ç�Ø)Õ�Í›Ü�Ñ�Ð<× ñWÔ†Ñ†ÙQÓ Ý•Ñ�Ô••

Î�ÍÚÓ]�<×ÚÙ�Õ�Ù´Ý&ç�Õ�Ù�Ð.’FñW×ÚÝ&Õ

O(n2)
ã(Ì(ØèÓ‘¾ Ó•Ý•ñWÑQõ�Ý&Õ�Ù�ÕòÖ�Ó�• å�ç�Ó ÛSÓ Ó]�<Ó&Ý•çQñïÕ Ó•Í4ÒQç�Ý&Í›Ó Ó&Ø

j
Ó&Í

Ò�ç�Ý&Í›Ó2Ó&Ø

i



Õ�Ý&Ó>ç�Ø�Õ6Ý&Õ�Ø�ñS×ÚÙ�Õ�ÙôÝ•Ñ�Ø�Û<ñWÕ�Ø�ñSÓ>Ù�Ó>Ñ�Î4Ó&ÐWÕ�Ý&×ÚÑ�Ø�Ó&Û ðªÍóÕ�Û




Õ�Ý&Ó>Óm²QÕ�Ý•ñWÕ�Ô´Ó&Ø�ñSÓ

n ¡ j
Ö�Ó&Ý&Ó•Û&õ4Ý•Ñ�Ô´Ñ

1 + 2 + 3 + :: + n = n(n + 1)=2;
ÛSÓòñS×ÚÓ•Ø�ÓòÓ•ÍNÐSÓ•ÛSç�Í ñïÕ�Ù�ÑQã

®6Ó´×›Ü�ç�Õ�Í/ÔèÕ�ØQÓ&ÐWÕæÓ&Í=Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´ÑêÙ�Ó´ÛSÓ•ÍÚÓ•Ý&Ý•×ÚÞ�Ø[Ó&ÛªÝ&ç�Õ�Ù�Ð.’FñW×ÚÝ•ÑPÎ�çQÓ&ÛªÓ&Í(Ò�ç�Ý&Í›Ó

j
ÛSÓ Ð<Ó&Î�× ñWÓ

n ¡ 1
Ö�Ó•Ý&Ó&Û ð ÝIÕ�Ù�Õ´ç�Ø�Õ´Ù�ÓªÓ&Í›ÍóÕ�Û”ÍÚÍÚÕ�Ô¯Õ�Õ´ç�Ø)Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ�ÍÚÍÚÕ�Ô´Õ�Ù�Ñ

min
å�çQÓªÓ&Û—ÍÚ×›Ø�ÓIÕ�Í•ã

©
�&û�ùFþ	ÿ•þ	ÿ«ªÍ¬SÐ

ã(Ì(Í4Õ�ÍÚÜ�Ñ�ÐS× ñWÔ†Ñ Ù�Ó Ñ�Ð<Ù�Ó&Ø�Õ�Ý&×›Þ�Ø´Ò�ç�ÐSÒ�ç��SÕªÓ&Û@Ý&ç�Õ�Ù�Ð.’�ñS×ÚÝ•Ñòð†Ó•Í4Õ�Í›Ü�Ñ�ÐS× ñ••

Ô¯ÑªÙ�Ó Ò9°QÛSå�ç�Ó&Ù�Õ“Ò�×›Ø�Õ�ÐS×ÚÕ Ó&Û2ÍÚÑ�Ü	Õ�Ð7æ ñSÔ´× Ý&ÑQõ	Î4Ñ�Ð=ñïÕ�Ø	ñWÑ ÍÚÕòÝ&Ñ�Ø�Ý&Õ�ñWÓ•Ø�Õ�Ý•×ÚÞ�Ø¯Ù�Ó6Õ�Ô“Ò4Ñ�Û

Ó&Û Ý•ç�Õ�ÙQÐ.’�ñW×›ÝIÕ�ã

èb×›Ó&Ø	ñWÐWÕ�Û•õ�ÍÚÕ�Ò9°QÛSå�ç�Ó&Ù�Õ¯ÛSÓ•Ý&ç�Ó•Ø�Ý&×óÕ�ÍNÓ&Û—ÍÚ×›Ø�ÓIÕ�Í•ã

Ì(Ø\ÍÚÑ�Û ÛS×›Ü�ç�×ÚÓ•Ø�ñSÓ&Û Ó=�<Ó•ÐSÝ•×ÚÝ&×›Ñ�Û&õ4Ù�Ó]�SÕ�Ô´Ñ�Û6Õ�Í Ó•Û<ñWçQÙ�×óÕ�Ø	ñWÓôÍÚÕ´Î�Õ�Ð<ñSÓôÙQÓ“Õ�Î�Í›×ÚÝIÕ�Ð Í›Ñ�Û

Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ�Û”Õ†Í›×ÚÛ�ñïÕ�ÛXÝ&Ñ�Ø�Ý&Ð<Ó•ñïÕ�Û&ã

©
�&û�ùFþ	ÿ•þ	ÿ«ª¡¬M­

ãT®6Ó‘–�Ø�×ÚÔ´Ñ�ÛXÎ�ÐS×›Ô´Ó&ÐSÑôç�ØPÕ�Í›Ü�Ñ�ÐS× ñSÔ´Ñ å�çQÓòÝIÕ�ÍÚÝ•ç�ÍóÕôÓ•Í.Ö�Õ�Í›Ñ�ÐXÕ�Ò�Û<Ñ�ÍÚç�ñWÑ

Ù�Óòç�ØPÓ&Ø�ñSÓ&Ð<Ñ�ã



��µ�ê �����������������! "�#��$%�'&'(���)*�'+

Ì(Ø�ñWÐSÕ�Ù�ÕQ÷

a
Ò1¾

a < 0
ñ




Ó&Ø

jaj := ¡ a
Ó•ÍÚÛSÓ

jaj := a
ã

³QÕ�Í›×ÚÙ�ÕQ÷

jaj
ë

Ò�ÛSÓ•Ð<Ö�Õ�Ð—å�çQÓ

¡ a = a ¤ (¡ 1)
ã

Ì(Ø�ñWÑ�Ø�Ý&Ó•Û“Õ�Î�ÍÚ×›ÝIÕ�Ô†Ñ�ÛÏÓ&Í@Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ

M
å�ç�Ó¯Ý&Õ�ÍÚÝ•ç�ÍÚÕæÓ&Í(Ô±’
²�×›Ô¯ÑæÕPÍÚÕæÍÚ×›Û<ñïÕêÙ�Ó

Í›Ñ�ÛXÖ�Õ�ÍÚÑ�Ð<Ó&Û—Õ�Ò�ÛSÑ�ÍÚçQñSÑ�Û&ã

Ì(Ø�ñWÐSÕ�Ù�ÕQ÷

a1
õNã ã ã›õ

an
ã

ã�Ñ�Ð

i = 1
ñSÑ

n
ai := jai j

³QÕ�Í›×ÚÙ�ÕQ÷

M (a1; :::; an )
Ì(Í Õ�Í›Ü�Ñ�ÐS× ñSÔ´Ñ5Ù�Ó&Í Ô“’
²�×ÚÔ´ÑtÓ•ÛèÙ�ÓbÝ•Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�Ù Í›×ÚØ�Ó&Õ�Í•õ@Ó&Í Ý�’�ÍÚÝ•ç�ÍÚÑ[ÙQÓ&Í—ÖFÕ�ÍÚÑ�Ð

Õ�Ò�ÛSÑ�Í›çQñWÑ Ó&ÛêÙ�Ó\Ý&Ñ�Ô¯ÎQÍÚÓ=�<×›Ù�Õ�Ù`Ý&Ñ�ØQÛ<ñïÕ�Ø�ñWÓâ¿

T(n) = 3
ÂEãìÃ;Õ ÐSÓ&Õ�ÛS×›Ü�Ø�Õ�Ý•×ÚÞ�Ø"Ù�Ó\ÍÚÕ

Í›×ÚÛ�ñïÕ�ñW×›Ó&Ø�ÓªÝ&Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�ÙPÍÚ×›Ø�ÓIÕ�Í�¿

T(n) = 5n + 3
ÂEãß<1Ñ�Ð—ñïÕ�Ø	ñWÑ¯Ó&Í1Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ†Ó&Û Ù�Ó

Ý•Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�ÙæÍÚ×›Ø�ÓIÕ�Ígã

©
�&û�ù�þ	ÿöþ	ÿ«ªí¬u¬

ã(Ì(Í�Î�Ð<Ñ�Ù�ç�Ý•ñSÑªÙQÓ—Ù�Ñ�Û(Ó•Ø�ñWÓ•ÐSÑ�Û=Î4Ñ�Û<×›ñS×›Ö�Ñ�Û+ØQÑªÓ•Û=Ô“’�Û+å�çQÓ Û<ç�Ô¯Õ�Ð(çQØ�Ñ

ÙQÓ Ó&Í›ÍÚÑ�Û”ñïÕ�Ø�ñïÕ�Û—Ö�Ó&Ý•Ó&Û6Ý&Ñ�Ô¯Ñ´×ÚØQÙ�×ÚÝ&Õ†Ó•Í Ñ�ñWÐSÑQã‹´>Ñ�Ô´Ñ´Ó&Í;Î�ÐSÑ�ÙQç�Ý•ñSÑèÓ•Û Ý&Ñ�ØQÔ“çQñïÕ�ñS×›Ö�Ñ

ð ÍÚÕ)ÛSç�Ô¯Õ\ç�Ø�Õ5Ñ�Î!Ó•ÐWÕ�Ý&×ÚÞ�Ø Ò`’�Û<×ÚÝ&ÕQõ(Ó&Í›Ó&Ü�×›Ô¯Ñ�Û Ó&Í>Ô“æ›Ø�×›Ô´ÑbÙ�ÓæÍ›Ñ�ÛôÙ�Ñ�Û“Î�Õ�ÐSÕ\Ù�Ó•Ý&×ÚÐ

Ý•ç`’�Ø	ñïÕ�Û6Ö�Ó&Ý&Ó•Û




ÕMð)å�ç�Ó�Û<ç�ÔèÕ�Ð&ãÅèbçQÍ›ñW×›Î�ÍÚ× ÝIÕ�Ô´Ñ�Û Ó•Ø�ñSÑ�Ø�Ý&Ó•ÛòÍÚÑ�Û Ö�Õ�ÍÚÑ�ÐSÓ•Û Õ�Ò�Û<Ñ�ÍÚç�ñWÑ�Û

ðêÙ�Ó&Û<Î�ç9—&Û6Õ�ñSÓ&Ø�ÙQÓ&Ô´Ñ�Û Õ�ÍHÛS×›Ü�Ø�Ñ�÷

Ì(Ø�ñWÐSÕ�Ù�ÕQ÷

a;b:
a1 =

Ô“æ›Ø�×›Ô´Ñ

fj aj; jbjg
õ

a2 :=
Ô“’
²�×ÚÔ´Ñ

fj aj; jbjg
ã

p := 0
õ

i := 1
î




×ÚÍ›Ó

i · a1

p := p + a2

i := i + 1
Ò1¾

a > 0; b< 0
ñ




Ó&Ø

p := ¡ p
Ó&Í›ÛSÓò×ˆ¾

a < 0; b> 0
ñ




Ó•Ø

p := ¡ p
³QÕ�Í›×ÚÙ�ÕQ÷

p
Ì(Í/ñWÕ�Ô¯Õ�”�ÑêÙQÓ�ÍÚÕèÓ&Ø	ñWÐWÕ�Ù�ÕêÓ&ÛòÕ�å�ç9æ/Ó•Í/ÖFÕ�ÍÚÑ�Ð6Õ�Ò�Û<Ñ�ÍÚçQñSÑêÙ�Ó&Í/Ô“æ›Ø�×›Ô´Ñ¯Ù�Ó�Õ�Ô“Ò4Ñ�Û

Ø-°�Ô´Ó&ÐSÑ�ÛŒ¿öÓ•Û<ñWÑ“Ó•Û

n = a1
ÂEã(Ì(Í!ÝW’�ÍÚÝ&çQÍÚÑ Ù�Ó•Í.Ô•æÚØQ×ÚÔ†Ñòð¯Ó&Í4Ô±’�²Q×›Ô¯ÑªÛ<Ñ�ØæÕ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ�Û

ÙQÓæÝ•Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�Ù ÍÚ×›Ø�ÓIÕ�Í•õ/Ó&Ø Ó•Û<ñWÓæÝ&Õ�ÛSÑ5Û<Ó Õ�ÎQÍÚ×ÚÝ&Õ�ØÇÕ)ÍÚ×›Û<ñïÕ�ÛôÙQÓæÍ›Ñ�Ø�Ü�×›ñWçQÙ

µ

õ(Í›ç�Ó•Ü�Ñ

Ð<ÓIÕ�Í›×ç•&Õ�Ø“ç�Ø�Õ Ý&Õ�Ø�ñS×ÚÙ�Õ�Ù�Ý•Ñ�Ø�Û�ñïÕ�Ø	ñWÓ—Ù�Ó”Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó&Û•ã(Ì(Ø´Ó•Í�Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ6å�ç�Ó—Ó•Û<ñïÕ�Ô¯Ñ�Û

Ó•Û<ñSç�Ù�×óÕ�Ø�Ù�Ñ




ÕIðbÎ�ÐS×›Ô´Ó&ÐSÑ¯Ù�Ñ�Û Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ�Û—Ý&Ñ�Ø�Û�ñïÕ�Ø	ñWÓ•Û&õHÙ�Ó•ÛSÎ�ç!—&Û ç�Ø\Ò�ç�Ý&Í›Óôå�ç�Ó“ÛSÓ

Ð<Ó&Î�× ñWÓ

n = a1
Ö�Ó&Ý&Ó•Ûbð'å�ç�ÓcÐSÓ&Õ�ÍÚ×Á•IÕ Ý&Õ�Ù�ÕÉÖ�Ó‘• å�ç�Ó[ÛSÓcÓ]�<Ó&Ý•çQñïÕ`çQØ�Õ ÝIÕ�Ø	ñW×›Ù�Õ�Ù

Ý•Ñ�Ø�Û�ñïÕ�Ø	ñWÓ�Ù�Ó�Ñ�Î4Ó&ÐWÕ�Ý&×ÚÑ�Ø�Ó&Û•ãÅã/×ÚØ�Õ�ÍÚÔ†Ó&Ø	ñWÓôç�Ø�Õ Õ�Û<×ÚÜ�Ø�Õ�Ý&×›Þ�Ø)Ù�Ó�ÛS×›Ü�Ø�ÑQõHå�ç�Ó�ÛSÓ




Õ�Ý&Ó



�! �ÙW 4‰‹Š
‰T&Œ��(h��(h�'+Ú&J‰�+[�c‰T�i�•�'+ ��µ

Ý

Ô¯Ó•Ù�×óÕ�Ø�ñWÓ\ç�Ø�Õ ÝIÕ�Ø	ñW×›Ù�Õ�Ù'Ý•Ñ�Ø�Û<ñWÕ�Ø�ñSÓ[ÙQÓtÑ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û&ã

	

Û2æ Ó&Í Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´ÑÇÓ•ÛPÙ�Ó

Ý&Ñ�Ô´Î�Í›Ó=�<×ÚÙ�Õ�ÙæÍ›×ÚØ�Ó&Õ�Í•ã

© �&û�ùFþ	ÿ•þ	ÿ«ªÀ¬M· ã

Ì(Ø�ñSÐWÕ�Ù�Õ

a
õ

n
ã

Ò1¾

a = n = 0
ñ




Ó•Ø

p :=
×ÚØ�ÙQÓ•ñWÓ•ÐSÔ´×ÚØ�Õ�Ý&×›Þ�Ø

Ó&Í›ÛSÓ

×Á¾

n ¸ 0
ñ




Ó&Ø

p := 1
õ

i := 1
î




×›ÍÚÓ

i · n
p := p ¤ a
i := i + 1

Ó&Í›ÛSÓ

p := 1
õ

i := 1
î




×›ÍÚÓ

i · jnj
p := p ¤ (1=a)
i := i + 1

³QÕ�Í›×ÚÙ�ÕQ÷ïä

p
Ì(Í�ñïÕ�Ô¯Õ�”�ÑªÙ�Ó ÍóÕòÓ&Ø	ñWÐWÕ�Ù�Õ Ó&Û

jnj
ð´ÍÚÕªÝ&Ñ�Ô¯Î�Í›Ó=�<×›Ù�Õ�Ù´ÙQÓ&Í!Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´ÑòÓ&Û2ÍÚ×›Ø�ÓIÕ�Í�ð	Õ

å�çQÓXÓ&Í�Ò�ç�Ý&Í›Ó>ÛSÓ>ÐSÓ•Î�×›ñSÓ>Óm²QÕ�Ý•ñWÕ�Ô´Ó&Ø�ñSÓ>ñWÕ�Ø�ñWÕ�Û1Ö�Ó&Ý&Ó•Û(Ý&Ñ�Ô¯Ñ6Ó•Í�ñïÕ�ÔèÕ�”QÑ6ÙQÓ>ÍóÕ Ó&Ø�ñSÐWÕ�Ù�ÕQã

©
�&û�ùFþ	ÿ•þ	ÿ«ªí¬S¹

ã�³�ç�Ô¯Õ�ÐSÓ•Ô¯Ñ�Û+ñWÑ�Ù�Ñ�Û=ÍÚÑ�Û(Ó&Í›Ó&Ô´Ó&Ø	ñWÑ�Û(Ù�Ó—ÍóÕÏÍÚ×›Û<ñïÕ ð�ÍóÕÏÛSç�Ô¯Õ ÍóÕÏÙ�×›Ö�×ÚÙQ×ˆ•

Ô¯Ñ�Û—Î4Ñ�Ð Ó&Í;ØÄ°�Ô´Ó•ÐSÑ¯Ù�ÓªÓ&ÍÚÓ•Ô¯Ó•Ø�ñSÑ�Û&ã”Ì(Í;Î�ÐSÑ�ÒQÍÚÓ&Ô¯Õ†Ó•ÛSÓ•Ø�Ý&×ÚÕ�Í Ó&Ø)Ó•Í ÙQ×ÚÛSÓ‘”�ÑèÙQÓ Ó&Û�ñWÓ

Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ Ó•Û+å�ç�ÓXØQÑ6ñWÓ•Ø�Ó•Ô¯Ñ�Û/çQØ�Õ6Ñ�Î4Ó•ÐWÕ�Ý•×ÚÞ�ØôÒ9’�ÛS×›ÝIÕ å�ç�ÓXÝ&Õ�ÍÚÝ•ç�ÍÚÓ@Ù�×›Ö�×›ÛS×ÚÑ�Ø�Ó&Û;ð Óh²-•

Î�ÐSÓ•ÛSÓ6Ó•Í4ÐSÓ•ÛSç�Í ñïÕ�Ù�Ñ Ý•Ñ�Ô´Ñ Ø�°QÔ¯Ó•ÐSÑ Ù�Ó&Ý•×ÚÔ¯Õ�Í•ã�Ã;ÍÚÕ�Ô´Ó&Ô´Ñ�Û@ÕªÓ&ÛWÕ Ñ�Î4Ó•ÐWÕ�Ý•×ÚÞ�Ø

div(a;b)
ð\Ó&Í+Ð<Ó&ÛSçQÍ›ñïÕ�Ù�Ñ Ó•Û a

b

Ý•Ñ�ØHõNÙ�×›Ü	Õ�Ô´Ñ�Û&õ

2
Ù�Ó&Ý•×ÚÔ¯Õ�Í›Ó&Û&ã Ì(Ø�ñWÑ�Ø�Ý&Ó•Û&õ Ø�ç�Ó&Û�ñWÐ<ÑbÕ�Í›Ü�Ñ�ÐS× ñSÔ´Ñ

Ó&Û Ô“ç�ðæÛ<×ÚÔ´Î�ÍÚÓ�÷

®ÏÕ�ñSÑ�Û—Ù�ÓòÓ&Ø	ñWÐSÕ�Ù�ÕQ÷

a1; a2; :::; an

c := 0
ã�Ñ�Ð

i := 1
ñSÑ

n
c := c + ai

media := div(c;n)

Ò#Ô´Î�ÍÚÓ•Ô¯Ó•Ø�ñSÓ&Ô´Ñ�Û1Õ




Ñ�ÐSÕ ÍóÕ Ñ�Î4Ó•ÐWÕ�Ý•×ÚÞ�Ø

div(c;n)
ÙQÓXÍÚÕ ÛS×ÚÜ�ç�×ÚÓ•Ø�ñWÓ@ÔèÕ�ØQÓ&ÐWÕ�÷

c1 :=

jcj=n ; r1 := jcj mod n
c2 := (10¢r1)=n; r2 := 10¢r1 mod n



��µ�� �����������������! "�#��$%�'&'(���)*�'+

c3 := (10¢r2)=n; r3 := 10¢r2 mod n
Ì(Í;Õ�ÍÚÜ�Ñ�ÐS× ñSÔ´Ñ“Ý&Ñ�Ô¯Î�Í›Ó•ñSÑ�õQÎ�Õ�ÐSÕ†Ý&Õ�ÍÚÝ•ç�ÍóÕ�ÐXÍóÕ“Ô¯Ó•Ù�×óÕ“Ý&Ñ�ØbÙQÑ�Û—Ù�Ó&Ý•×ÚÔ¯Õ�ÍÚÓ•Û&õQÛSÓ•Ð7æóÕ

®ÏÕ�ñSÑ�Û—Ù�ÓòÓ&Ø	ñWÐWÕ�Ù�ÕQ÷

a1; a2; :::; an

c := 0
ã�Ñ�Ð

i := 1
ñWÑ

n
c := c + ai

c1 := jcj=n ; r1 := jcj mod n
c2 := (10¢r1)=n; r2 := 10¢r1 mod n
c3 := (10¢r2)=n; r3 := 10¢r2 mod n

×Á¾

c > 0
ñ




Ó&ØPÔ¯Ó•Ù�×óÕ�÷ïä

c10c2c3
Ó&Í›ÛSÓòÔ´Ó&Ù�×ÚÕQ÷åä

¡ c10c2c3
´>Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�ÙHã�Ž ÕMð4÷

�

Â@ð Ø�Õ´Õ�ÛS×ÚÜ�Ø�Õ�Ý•×ÚÞ�ØHõ

µ

Â�ð ØêÒ�ç�Ý•ÍÚÓ6å�ç�ÓÏÛ<ÓÏÐSÓ•Î�×›ñSÓ

n
Ö�Ó•Ý&Ó•ÛXð¯Ó&ØêÝIÕ�Ù�Õ Î�Õ�ÛSÑ“Û<Ó




Õ�Ý•ÓÏç�Ø�ÕôÛSç�Ô¯Õ ð¯çQØ�Õ

Õ�ÛS×ÚÜ�Ø�Õ�Ý&×›Þ�ØHã/ä1Ñ�ñWÕ�Í•÷

2n
Ñ�Î4Ó&ÐSÕ�Ý&×›Ñ�Ø�Ó•Û&ã

×zÂ6Ì(Í/ÝW’�Í›Ý&çQÍÚÑêÙ�Ó“ç�ØtÝ•Ñ�Ý&×›Ó&Ø	ñWÓ“ð)ç�Ø5ÐSÓ•Û<ñWÑQõNÙ�Ñ�Û Ô“ç�Í›ñS×›Î�Í›× ÝIÕ�Ý•×›Ñ�Ø�Ó•Û ð)Ù�Ñ�ÛÏÙ�×›Ö�×ñ•

Û<×ÚÑ�ØQÓ&Û&õ�Ó&Í;Ý�’�ÍÚÝ•ç�ÍÚÑ†Ù�ÓªÙ�Ñ�Û ÐSÓ•Û<ñWÑ�Û ð

6
Õ�Û<×ÚÜ�Ø�Õ�Ý&×›Ñ�Ø�Ó&Û•õ�Õ�Ù�Ô“’�Û—Ù�Ó çQØ�Õ´Ý&Ñ�Ô´Î�Õ�ÐSÕ�Ý&×›Þ�Ø

ðêÎ!Ñ�ÛS×›Ò�ÍÚÓ•Ô¯Ó•Ø�ñWÓÏç�ØPÝIÕ�Ô“Ò�×›Ñ�Ù�ÓòÛS×›Ü�Ø�Ñ�ã+ä1Ñ�ñïÕ�Í•÷

16
Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�ØQÓ&Û&ã

Ì(Ø�ñWÑ�Ø�Ý&Ó•Û&õ

T(n) := 2n + 12
ão´>Ñ�Ô¯ÎQÍÚÓ=�<×›Ù�Õ�ÙæÍ›×ÚØQÓIÕ�Í•ã

³�×2ÝIÕ�Í›Ý&ç�Íç’�ÐWÕ�Ô´Ñ�ÛªÍóÕbÔ´Ó&Ù�×ÚÕbÝ&Ñ�ØÇÔ±’�Û Ù�Ó&Ý•×ÚÔ¯Õ�ÍÚÓ•Û&õ/Ó&Í2Ø�°�Ô´Ó&Ð<Ñ\Ù�ÓêÑ�Î4Ó•ÐWÕ�Ý•×ÚÑ�ØQÓ&Û

Û<Ó&Ð2æóÕ�ÔèÕIð�Ñ�Ð”Î4Ó•ÐSÑ´ÍóÕ“Ý&Ñ�Ô¯Î�Í›Ó=�<×›Ù�Õ�ÙæÛ<Ó&Ü�çQ×ÚÐ7æÚÕ“ÛS×ÚÓ•Ø�Ù�Ñ´Í›×ÚØ�Ó&Õ�Í•ã

©
�&û�ù�þ	ÿöþ	ÿ«ªé¬‚º

ã

®ÏÕ�ñSÑ�Û—Ù�ÓòÓ&Ø	ñWÐWÕ�Ù�ÕQ÷

a1; a2; :::; an ; a
i := 0 ; j := 0

ò




×ÚÍ›Ó

i · n ¡ 1
i := i + 1
b := ai mod a

Ò1¾

b := 0
ñ




Ó•Ø

j := j + 1
õ

dj := ai
ð

ej = i
³QÕ�Í›×ÚÙ�ÕQ÷éŽ ÕMð

j
Ô•°QÍ›ñW×›ÎQÍ›Ñ�Û¯Ù�Ó

a
ã�Ì(Û�ñ|’�Ø'Ó•Ø'ÍóÕ�ÛèÎ4Ñ�Û<×ÚÝ•×ÚÑ�Ø�Ó•Û

e1; :::; ej
ð"Û<ç�Û

ÖFÕ�ÍÚÑ�ÐSÓ&Û”ÛSÑ�Ø

d1; :::; dj
ã

´XÕ�ÍÚÝ•ç�ÍÚÓ•Ô´Ñ�Û”ÍÚÕ�Ý•Ñ�Ô´Î�ÍÚÓ]�<×ÚÙ�Õ�ÙHã�Ž ÕMð4÷

�

Â>Ù�Ñ�Û Õ�Û<×ÚÜ�Ø�Õ�Ý&×›Ñ�Ø�Ó&ÛXðêÓ&ÍNÝ�’�ÍÚÝ•ç�ÍÚÑ�Ù�Ó

n ¡ 1
ã=ä Ñ�ñïÕ�Íg÷�×†Ñ�Î4Ó•ÐWÕ�Ý•×ÚÑ�Ø�Ó&Û•ã

µ

Â+çQØ¯Ò�ç�Ý•ÍÚÓ—å�ç�Ó Û<Ó ÐSÓ&ÎQ×›ñWÓ

n
Ö�Ó&Ý•Ó&Û&ã�®6Ó•Ø�ñSÐSÑ Ù�Ó•Í�ÒQç�Ý&Í›Ó




ÕMð4÷/Ù�Ñ�Û@Õ�ÛS×›Ü�Ø�Õ�Ý&×ÚÑ�Ø�Ó&Û•õ
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c
ž‹guÄ”fhgutscyr‡Äsc

(a;b) 2 R
m

(b;c) 2 R
gsj=oqÆej|tuguÄ

(a;c) 2 R ‚

Á�Ï
Â�Ð3Ñ'Ò•Ñ'Ó;Ð�­�^ñ¬–^ÁÐ

à©g$a

Z
g

z
tuÆejJ²

Ã

j=o{Æpfhg
z

Æ]ÄRj=¢hd2gsr,Æ]ÄPgsj=oqgsruÆ]Ä�m

p 2 Z Ã

j

j=¢Nd2gsr,Æ„gsj=o{gsr,Æ

p > 1 ‚

—
gLŸ@j=cyd2Æ]Ä

z
a1rug

z
ahtscl}ej¬fhg

Ò/ª;Ð–K
Ô*î–Ï

Ð3Ò•ÑLÕ :nÓ�Ö
î

¦�ª

p
ž

w

Ã

gWfhgsj|ÆeoÈa"d2Æ]Ä

a ´ b mod p
ž‹fhg

z
a5Äsc§k

Ã

clgsj=o{g0d�a"j|gsrXa•×

a
guÄEtuÆejhk"r

Ã

gsj=o{gEtuÆej

b
d2}+f

Ã

z
Æ

p
ÄscOm†Ä]Æ

z
a"d2gsj=o{g‡Äsc

a ¡ b
guÄ6d†¢

z
o˜c

Ç;z
Æ5fhg

p ‚

[Eì�<
ÏhÔ

\7Õ=Ò•ÑLÓ¿Ðt­©^ñ¬U^Á­
à¡c

a
m

b
Ä]Æej

Ç
Æ]Äscyo'cyx"Æ]Ä�gsj=o{Æej|tuguÄ

a ´ b mod p
Äsc‘m2Ä]Æ

z
a3P

d2gsj=o{g-Äsc

a mod p Q b mod p ‚

©�
+Ï~Ô
Ò•Ñ˜Ò•Ñ«ªÛ¹`È‰—

gsd2Æ]Äso˜rXa"r
z

a5x"gsrXahtsc'f•a•f2fhg
z

a�Æ

Å

Ä]gsrsxeahtscl}ejRa"j=o{gsr›clÆer

‚

>
Ô

ª¡T�ª¿<+Ñ˜Ò•ÑLÓ;Ð�­�^ñ¬–^ñ¬±_
a‡r,g

z
ahtscl}ejEfhg‹tuÆejhk"r

Ã

gsj|tsc'a‡a"j=o{guÄ‘fhgLŸ@j=c'f•ašguÄ

Ã

j;a‡r,g
z

ahtscl}ej

fhg†g$w

Ã

cyxea
z

gsj|tsc'a

‚



ê

Ô
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— gsd�Æ]Äso'rXahtscl}ej

‚

®‡B�V;B+C�%4G

I

%4C

/

!$%4V

A

!�#

A

G‹ß,!XB+G

/

!$%

/

F&B�D

A

D.B�G

ä

Ø

Ï•Ù�Ï•9 Ñy\.Õ|^ ³NB2ß,F&B�?.B�#

A

/

!X%

/

F&B�D

A

D¨!$B�À.Bh²NF(Q

ARá•ARã

Þ7B

/

A

!

A�IJA

D

A

a 2 Z
GXB

Q4B�!$Fˆ–

IJA

a ¡ a = 0 = 0 £ p
ˆ

O

Ñ':nÛ•M Ô Ñ'Ò"Õ©^ ³NF

a ´ b mod p
B�?~ß,%"?

I

B�G�Bm²7F(GXß$B�Þ.? B+?•ß,B�!$%

c
D.BSC�%hD.%

ã

Þ.B

a ¡ b= pcâ

D.B6B�GXß,BŠC�%hD.%

b¡ a = p(¡ c)
I

%4?�#&%

ã

Þ.B

b ´ a mod p
ˆ

Ü

Ô Õ=ÐU<JÑyM•ÑL\7Õ©^ ³NF

a ´ b mod p
á

b ´ c mod p
B+?•ß,%4?

I

B+G‘Bh²NF&G¯ß,B+?

q; r 2 Z
ß

A

#&B+G

ã

Þ.B

a ¡ b= pq

b¡ c = pr:
³hÞ.C

A

?.D.%

A

CWV

A

G�!XB+#

A*I

F&%"?.B+G�GXBŠ%4VNß,F&B�?.B

ä

a ¡ c = (a ¡ b) + (b¡ c) = pq+ pr = p(q+ r ):
´)%"?�#(%

ã

Þ.B

a ´ c mod p
I

%4C�%

ã

Þ.B+!2æ

A

C�%4G�D.B�C�%4GXß$!

A

!+ˆ

©�
+Ï~Ô
Ò•Ñ'Ò•Ñ«ªÑ¹HÜ ¶

Æed
Ç

r,Æ

Å

a"r
z

aeÄ-Äsc§k

Ã

clgsj=oqguÄ6rug
z

ahtsclÆej|guÄŠfhgWtuÆejhk"r

Ã

gsj|tsc'a•×

2 ´ 4 mod 2 13 ´ ¡ 2 mod 5 15 ´ 3 mod 3:

Ã

A

GXF&H4Þ.F(B+?•ß,B

/

!X%

/

%4GXF

I

F(Z4?�%4V.GXB+!XQ

AEã

Þ.B6#

A

G‹%

/

B�!

A"I

F&%4?.B�G�D.Bš#

AWA

!XF(ß,C•—sß,F

I+A

B+?�•

ß$B+!

A

â

B�GXß,%�B�G

â

G$Þ.C

A�á

/

!$%hD.Þ

I

ß,%

â

!$B+G

/

B�ß

A

?PB+G¯ß

A

!XB+#

A*I

F&Z"?1D.BEB

ã

Þ.F(Q

A

#&B�?

I

F

A

ˆ•<3%"!

ß

A

?~ß$%pGXB

/

Þ.B�D.B1à

A

V.#

A

!2D.B

A

!XF(ß,C•—sß,F

IJA

C5%hD.Þ7#

A

!�ˆÉ @G�D.B

I

F&!

â

G$B

/

Þ.B+D.B�? à

A"I

B+!

GXÞ.C

A

G

á

/

!X%hD.Þ

I

ß,%4G�C5ZhD.Þ7#&%†Þ.?

I

F&B+!¯ß,%EB�?~ß,B�!$%.ˆ

>
Ô

ª¡TTª;<JÑ'Ò•ÑLÓ;Ðx­©^ñ¬–^Á·
à|g,a"j

a;b;c;d;p 2 Z
j=¢Nd2gsr,Æ]Ä�gsj=oqgsr,Æ]Ä�tuÆej

p > 1
ž-ola

z
guÄ

w

Ã

g

a ´ c mod p
m

b ´ d mod p ‚

à©gŠx"gsr›c Ÿ‹t$a�w

Ã

g+×

c

œ a + b ´ c + d mod pÚ

cyc

œ ab´ cd mod p:

©�
+Ï~Ô
Ò•Ñ'Ò•Ñ«ªÑ¹uÐ

Ì©Ä+a"r
z

a�fhgLŸ@j=cltscl}ej¨fhg2tuÆejhk"r

Ã

gsj|tsc'a
Ç

a"rXa�fhgsd2Æ]Äso˜rXa"r
z

a
Ç

ruÆ
Ç

Æ]Äsc�P

tscl}ej¥a"j=oqgsr›clÆer

‚

©�
+Ï
:nT�¦«ª*­©^ñ¬–^Á¹

Í

Æed2gsd2Æ•Ä
z

a2r,g
z

ahtscl}ej¥fhgWtuÆejhk"r

Ã

gsj|tsc'a�d2}+f

Ã

z
Æ

*

‚

í
d

Ç
gutugsd2Æ]Ä�d†cyrXa"j;fhÆ

z
Æ]ÄRj=¢Nd2gsr,Æ]Ä

Ç
Æ]Äscyo'cyx"Æ]Ä

‚

¶
Æed2Æ

a ´ b mod 5
Äsc0m

Ä]Æ
z

a"d2gsj=oqgYÄsc@g
z

ruguÄsoqÆEfhg6f"cyx]c'f"cyr

a
Æ

b
gsj=o˜r,g

*
guÄ0g

z
dEc&Ä›d�Æ2™

Ç
Æer

z
a�Æ

Å

Ä]gsr›xeahtscl}ej

�

‚

�

‚

�

œ

ž3j|Æ]Ä•cyj=o{gsr,guÄ+a0Ä+a

Å

gsr6t

Ã

€"j=oÈaeÄ
Ç

Æ]Äsc

Å

c
z

c'f•a•fhguÄšgXb4c&Äsoqgsj
Ç

a"r$aEf"cltuº=Æ0r,guÄso{Æ

‚

i�Æer

g
z

oqguÆerugsd�a-fhg
z

ašf"cyx]c&Äscl}ej5gsj=oqgsr$aŠg
z

xea
z

Æer‘fhg
z

r,guÄso{Æ‡fhg)f"cyx]c'f"cyr
Ç

Æer
*

guÄ

Ã

jEj=¢Nd2gsr,Æ

tuÆed
Ç

r,gsj;f"c'fhÆ†gsj=o'r,g
9

mR�

‚

—
g6guÄsola†d�a"j|gsrXaEa

Ç
a"rugutugsj7ž°a

z
o˜rXa

Å

aX²�a"r•d2}+f

Ã

z
Æ

*
ž

z
Æ]Ä



�hõGF~õ¬öJ‰@è�ç0ð�ésô�•J‰�+��#‰Éð�ô�•IH�ö†ó�‰@•Wð�éqç ê

Ô

ê

j=¢Nd2gsr,Æ]Ä‡w

Ã

g-f•a"j�r,guÄsoqÆ 9 a z f"cyx]c'f"cyr Ç Æer * ™XguÄ‡fhg›tscyr z Æ]Ä•d†¢ z o˜c Ç;z Æ]Ä‡fhg *

œ

ž z Æ]Ä‡w

Ã

g

f•a"jRruguÄsoqÆ

•

ž z Æ]Ä”w

Ã

g”f•a"jRr,guÄso{Æ Ê žS��}6�

‚

í j¬guÄso{gWÄ]gsj=o'c'fNÆ]ž•a z oqÆed�a"r†rug z aNtscl}ejnd2}+f

Ã

z Æ * ž�Ä]gEo˜clgsj|gsj * g z gsd2gsj=oqÆ]Äuž z Æ]Ä

w

Ã

gšÄJgŠr,g z ahtsclÆej;a"j„tuÆejPg zT9 ž‹tuÆejPg z

•

ž

‚y‚y‚

ž�tuÆejPg z �;×

² 0 ´ 5 ´ 10 ´ 15 ´ 20::: mod 5
² 1 ´ 6 ´ 11 ´ 16 ´ 21::: mod 5
² 2 ´ 7 ´ 12 ´ 17 ´ 22::: mod 5
² 3 ´ 8 ´ 13 ´ 18 ´ 23::: mod 5
² 4 ´ 9 ´ 14 ´ 19 ´ 24::: mod 5

_ Æ]Ä6j=¢hd2gsruÆ]Ä6j|glk•a"o'cyx"Æ]Ä6ola"d

Å

c��sj�Ä]Æej¥fhg0a z k

Ã

j|Æ5fhgWguÄ]Æ]Ä6o˜c Ç Æ]Ä+×

² 4 ´ ¡ 1 ´ ¡ 6 ´ ¡ 11 ´ ¡ 16::: mod 5
² 3 ´ ¡ 2 ´ ¡ 7 ´ ¡ 12 ´ ¡ 17::: mod 5
² 2 ´ ¡ 3 ´ ¡ 8 ´ ¡ 13 ´ ¡ 18::: mod 5
² 1 ´ ¡ 4 ´ ¡ 9 ´ ¡ 14 ´ ¡ 19::: mod 5
² 0 ´ ¡ 5 ´ ¡ 10 ´ ¡ 15 ´ ¡ 20::: mod 5

 OGXß$%WF&?.D.F

IJAŠã

Þ.B

/

A

!

A

à

A"I

B+!)%

/

B�!

A*I

F&%"?.B+G

I

%4?�Þ7?�B+?•ß,B�!$%

a
C5ZhD7Þ.#&%ŠÞ.?

I

F&B�!Xß,%

?�°.C�B+!X%

p /

%hD.B+C�%4G�Þ7ß,F(#&FÁ•

A

!UB�#7!$B�GXß$%šD.B‹D.F§QhF&D.F(!

a /

%4!

p
ˆ� @G¯ß

A

B�#&B

I+I

F(Z4?WGXF&C

/

#&Fñ–

IJA

#

A

G�%

/

B+!

A*I

F&%"?.B+G�ˆ

<3%4!–B{ÝXB�C

/

#(%

â

G$F

ã

Þ.B�!$B�C5%4GUCWÞ.#§ß,F

/

#(F

IJA

!©C�ZhD.Þ.#(%JÔ�#&%4G�?�°.C�B+!X%4G�Ý
Õ

µNê

á

ê�µ

ÕzÔ

•/¶

â

B+?2#(Þ.H

A

!@D.BYà

A"I

B+!’#

A

C†Þ7#(ß,F

/

#(F

I+A"I

F(Z"?ED.F(!$B

I

ß

A

C�B�?~ß,B

â

ß$%4C

A

C�%4GO#&%"G@!$B+G¯ß,%4G’C5ZhD.Þ7#&%

Ô

á�A

G7æ

7421£ 124592́ 1 £ 2 ´ 2 mod 5:

©�
+Ï~Ô
Ò•Ñ˜Ò•Ñ«ªÛ¹u­VU3Ç

gsr$a�d2}Jf

Ã

z
Æ%/�ž‹Æ

Å

o{gsj=clgsj;fhÆ

Ã

j1r,guÄ

Ã

z
ola•fhÆSgsj=o'r,g

9
m

E

×

2345+ 214£ 432; 2419+ 987:

Ã

A

¾L%4!XC

A

#(Fˆ•

A"I

F(Z4?�D.B”B+G¯ß,%4G

I

%"?

I

B

/

ß,%"G

â

GX%4V.!XBW#

A5ã

Þ.B

/

!X%�¾LÞ.?.D7Fç•

A

!$B+C�%4G•B�?1B+#

IJA

/

æ§ß,Þ.#(%

ê

G$BŠB�?

I

Þ7B+?~ß$!

A

B+?�#

A

G�G$F&H"Þ.F&B�?~ß$B+G�D7B‘–=?7F

I

F(%4?.B�G

ä

Á�Ï
Â�Ð3Ñ'Ò•Ñ'Ó;Ð�­�^ñ¬–^ º

à©g$a

A Ã

j…tuÆejJ²

Ã

j=o{Æ�m

» Ã

j;a1r,g
z

ahtscl}ej¬fhg�g$w

Ã

cyxea
z

gsj|tsc'a„gsj

A ‚

i‹a"r$aRt$a•f•aRg
z

gsd2gsj=oqÆ

a 2 A
Ä]g�fhgLŸ@j¿g

z
a

Ò•¦'Õ=<
Ï

Ö
ÏPÏ=N|î

Ñy\.Õ.¦
Ï

Ð3Ò•ÑLÕpÖ
Ï

a
ž�m

Ä]g6fhgsj|Æeola
Ç

Æer

C(a)
Æ

Ç
Æer

a
ž‘tuÆed2Æ�g

z
tuÆejJ²

Ã

j=o{Æ†fhg-oqÆ+fhÆ]Ä6a•w

Ã

g
zyz

Æ]ÄŠg
z

gsd2gsj=oqÆ]Äšfhg

A
w

Ã

gšÄ]g6rug
z

ahtsclÆej;a"j„tuÆej

a
×

a = f b2 A : b» ag:
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Ô
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ÁSÏ Â°ÐUÑ'Ò•Ñ'Ó;Ðx­©^ñ¬–^ç¼ à©g$a"j

A Ã

jptuÆejJ²

Ã

j=oqÆ5m

» Ã

j;aSr,g z ahtscl}ejPfhgEg$w

Ã

cyxea z gsj|tsc'a�gsj

A ‚

à©g†fhgLŸ@j|g�g z¿Ò/ª;Ð 
+î Ð¿MWª¬Ò/ª�Ò~Ñ Ï Ð¿M Ïnfhg

A
Ç Æer z a�r,g z ahtscl}ejPfhg5g$w

Ã

cyxea z gsj|tsc'a

»
tuÆed2Æ2g z tuÆejJ²

Ã

j=o{Æ5fhg z aeÄ†t z aeÄ]guÄŠfhg†g$w

Ã

cyxea z gsj|tsc'a•×

A=» = f a : a 2 Ag:

 O?~ß,%"?

I

B�G”#

A�A

!$F§ß,C•—�ß$F

IJA

C5ZhD7Þ.#&%SÞ.?PB+?•ß,B�!$%

/

%4GXF(ß,F§Q4%

p
GX%4?P#

A

G6%

/

B�!

A"I

F&%4?7B+G

ã

Þ.BEG$BE!$B

A

#(Fç•

A

?1B+?„B�#

I

%"?eÝXÞ.?•ß,%

I

%

I

F(B+?~ß$BED.B

Z /

%4!š#

A

!$B+#

A"I

F(Z4?1D7B

I

%4?7H4!$Þ.B�?

I

F

A

C�ZhD.Þ.#(%

p
ˆ

ë

B+G¯ß,B

I

%4?eÝXÞ7?~ß,%

I

%

I

F&B�?~ß$B2#&%�D7B+?.%*ß

A

!XB+C�%4G

Zp
áPA

ß,B�?.D.F&B�?.D.%

A

#

A

G

I

%4?.GXF&D.B�!

A"I

F&%4?7B+G

A

?~ß$B+!XF&%4!XB+G

ä

Zp = f 0; 1; :::; p ¡ 1g:

©�
+Ï :nT�¦«ª*­©^ñ¬–^ÁÆ�í Äso

Ã

f"clgsd2Æ]Ä z aeÄWÆ Ç gsrXahtsclÆej|guÄŠfhg-Ä

Ã

d�a5m Ç r,Æ+f

Ã

tso{Æ�gsj

Z7 ‚

 OGXß|’•¾L%4!XC

A

D7%

/

%4!JÝ

I

#

A

G$B�GYD7BŠB

ã

Þ7F(Q

A

#&B+?

I

F

A7ä

Z7 = f 0; 1; :::; 6g:

 O?�#

AWI

#

A

G$BšD.B6B

ã

Þ.F§Q

A

#(B+?

I

F

A

D.B�#

0
B+G¯ß|’"?�#&%4G‹C•°7#(ß,F

/

#(%4G)D.B¨Ýhˆ

 O?n#

A�I

#

A

GXB�D.B5B

ã

Þ7F(Q

A

#&B+?

I

F

A

D.B�#

1
B�GXß|’*?Pß,%hD.%4GŠ#(%4G6?�°.C�B+!X%4G

/

%4G$F§ß,F§Q4%4G

ã

Þ.B

D

A

?�!$B�GXß,%

ê

A

#�D7F(QhF&D7F&!

/

%4!JÝ

â

/

%4!�B{ÝXB�C

/

#&%

â

1

â

ê

Ô

â

µ�µ

ˆ

ë

D.B+C“’"G�B�#S•

ê

â

•

ê

×

â

•

µ:¶

ˆ§ˆ(ˆ

«

A

G2æ�B+?

IJA

D

AEI

#

A

G$B6D7BŠB

ã

Þ.F(Q

A

#&B�?

I

F

A

ˆ

<

A

!

A

G$Þ7C

A

!)V

A

GXß

A

G

A

V;B+!‹#&%

ã

Þ.Bš%

I

Þ.!$!XB

A

#¿à

A*I

B+!‹#

A

G)GXÞ.C

A

G‹C�ZhD.Þ.#(%•Ý0D.B-#(%4G

?-°.C�B+!$%"GŠD.B�#

¶

A

#

ê

á

#(%�C�F&GXC5%

/

A

!

A

B+#

/

!$%hD.Þ

I

ß,%.ˆ±Ã�%�!$B

/

!$B+GXB+?•ß

A

C�%4GŠB+?PD.%4G

ß

A

V.#

A

G

ä

+ 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 0
2 2 3 4 5 6 0 1
3 3 4 5 6 0 1 2
4 4 5 6 0 1 2 3
5 5 6 0 1 2 3 4
6 6 0 1 2 3 4 5
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Ô�×

£ 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 2 6 3
5 0 5 3 1 6 4 2
6 0 6 5 4 3 2 1

Ã

A

G�ß

A

V.#

A

G�D.B6#

A

G�G$Þ.C

A

G

á

#&%4G

/

!$%hD.Þ

I

ß,%4G�D.B6#&%4G‹?�°.C�B+!X%4G

0; 1; :::; p ¡ 1

I

%4?•ß,F(B+?.B�? ß$%hD.%4G†#(%4G

/

!X%hD.Þ

I

ß,%4G

á

G$Þ.C

A

G†D7B�#

A1A

!$F(ß$C“—sß,F

I+A

C�%hD.Þ.#

A

!í¿

/

A

!

A

Þ.?
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ÐUÒ•Ñ'Õ=<�¦'Ñ˜Ð

Ï
Õ=¦

Ï
<

â

B+GYD.B

I

F&!

â

Bm²

/

!$Bh•

GXF&%4?7B+G�D.B�#�ß$F
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x ´ a2 mod p2
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x ´ an mod pn
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/
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ž
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ž
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ž

n
tuÆej
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x ´ a1 mod p1

x ´ a2 mod p2
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ˆ
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C5ZhD.Þ7#&%

pi
G$B6%4V7ß,F(B+?.B

ä

G$F

j 6= i
B+?•ß,%4?

I

B+G

Pj
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Pj ´ 0 mod pi
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Þ.B
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x ´ 3 mod 5
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Ô
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F&Z"?�D.B�#�ß$B+%4!XB+C

A
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ˆ
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x = 2 £ 35£ 2 + 3 £ 21£ 1 + 2 £ 15£ 1 = 233
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(a+ b) + s(c) = s((a+ b) + c) = s(a+ (b+ c)) = a+ s(b+ c) = a+ (b+ s(c)):
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A

CE%4G

n 2 N
ˆ�YU%4C

A

C5%"GOB+#

I

%4?•ÝXÞ.?~ß$%

A = f m 2 N : nm
B�GXß|’

D7B‘–=?.F(D.%

g
ˆÅÃ

A

/

!$F&C�B+!

A

!$B+H"#

A

D.B�#

/

!$%hD.Þ

I

ß,%SH

A

!

A

?~ß$Fç•

A2ã

Þ.B

1 2 A
ˆÅÃ

A

G$B+H"Þ.?.D

A

!XB+H4#

A

D.F

I

B

ã

Þ.B�GXF

m 2 A
B+?•ß,%4?

I

B+G

s(m) 2 A
ˆÚ®‡B2B+GXß$B�C�%hD.%

A = N /

%"!0B+#

/

!$F&?

I

F

/

F&%WD.B6F&?.D.Þ

I+I

F&Z4?©ˆ

©�
+Ï~Ô
Ò•Ñ'Ò•Ñ«ªâ·u­

ˆJã�F Ý

A

CE%4G

n 2 Z
ˆvYU%4C

A

C5%"GYB+#

I

%4?eÝXÞ7?~ß,%

A = f m 2 Z : n + m
B�GXß.’�D.Bh–=?.F&D7%

g
ˆ¸´)%4C�%

1 2 A
B+?•ß,%4?

I

B�G

A 6= ;
ˆÚ³hF

m 2 A
#

A

GŠ!XB+H4#

A

G6ß,B�!

I

B+!

A

á1I

Þ

A

!Xß

A

H

A

!

A

?~ß,FÁ•

A

?

ã

Þ7B

s(m) 2 A
á1ã

Þ.B

a(m) 2 A
ˆ“<3%4!šß

A

?~ß,%

A = Z /

%4!

F(?.D.Þ

I�I

F(Z4?�B+GXß$!$Þ

I

ß,Þ.!

A

#lˆ
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+Ï~Ô
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ˆ[Þ

A

G¯ß

A

ß$B+?.B�!@B+?

I

Þ7B+?•ß

A

B�#=GXF&H4?.%

á

Þ7G

A

!@B�#

/

!X%hD.Þ

I

ß,%

ã

Þ.B�ß,B+?7B+C�%4G

B�?�#(%4G�?�°7C5B�!$%4G�B+?~ß$B+!X%4GY?.%E?.B+H

A

ß,F(Q4%"G

â N+ ˆ

®‡B‘–.?.F&C�%4G

I

%"C5%SB+G6à

A

V.F§ß,Þ

A

#�B+#°Q

A

#&%4!

A

V7G$%4#(Þ7ß,%SD.B

n 2 Z
I

%4C�%

jnj = n
GXF

n 2 N+
â j0j = 0

á

jnj = ¡ n
G$F

n 2 N¡ ä

² a £ 0 = 0 £ a = 0

² a £ b= jaj £ jbj
GXF�%�V.F(B+?

a > 0
á

b> 0
%�V7F&B�?

a < 0
á

b< 0
ˆ

² a £ b= ¡j aj £ jbj
B�?�B+#�!$B�GXß,%�D.B6#(%4G

IJA

G$%4G�ˆ
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Ò•Ñ'Ò•Ñ«ªÑ·u·
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A

D

A

GYD7%4GYC

A

ß$!$F

I

B+G

â

G$BŠD.Bh–=?.BŠ#

A

GXÞ.C

AEI

%"C5%E#

A

G$Þ.C

A

D.B

IJA

D

A

Þ7?

A

D.B)G$Þ.G°B+?•ß,!

A

D

A

G+ˆ�´)%4C�%

IJA

D

A

B+?•ß,!

A

D

A

B+GXß.’�¾L%4!$C

A

D

A

/

%4!�Þ.?W?�°.C�B+!X%-B+?•ß,B+!X%

â

#

A�A

GX%

I

F

A

ß,F§QNF(D

A

D�D.BW#

A

GXÞ.C

A

D.BWC

A

ß,!$F

I

B�G‡B+G

I

%4?.GXB

I

Þ.B+?

I

F

A

D.B†#

A�A

G$%

I

F

A

ß,F§QhF&D

A

D

D7BŠ#

A

GXÞ.C

A

D.B6#&%"G�?�°.C�B+!X%4G�B�?~ß,B�!$%4G�ˆ�ÒqD.B�C�#

A†I

%4?.CWÞ7ß

A

ß,F§QNF(D

A

D|ˆ

 O#�B+#&B�C5B�?~ß$%E?.B+ÞNß,!$%�B+G�#

A

C

A

ß,!$FÁ•-?~Þ.#

A

â

I

Þ

á•A

GYB+?•ß,!

A

D

A

G�G$%4?�?hÞ7#

A
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µ
0 0
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 O#¿B�#&B�C5B�?~ß$%”F&?•Q4B+!XG$%

/

A

!

A

#

A

G$Þ.C

A

D.B‡Þ.?

A

C

A

ß,!XFç•

A
B�G)#

A

C

A

ß,!XFç•

¡ A
!$B�G$Þ.#ñ•

ß

A

D.%”D.B

I+A

CWV.F

A

!’D.B-GXF&H4?.%

I+A

D

A

B+?•ß,!

A

D

A

D.B

A â

D.B�?.%4C�F&?

A

D

A0I

%4?S#

A

#&Bsß,!

A

a
á

G$Þ

I

%4!X!$B+G

/

%4?.D.F(B+?•ß,BŠGXÞ.V9æ&?7D.F

I

B"ˆ

¡ A =
µ

¡ a11 ¡ a12

¡ a21 ¡ a22

¶

³NB

A

?ŠD.%"G–C

A

ß$!$F

I

B+G

A
á

B
I

Þ

á•A

GUB�?~ß,!

A

D

A

G�G$%"?ŠD.B�?.%4C�F&?

A

D

A

G©!$B�G

/

B

I

ß,F§Q

A

C�B+?•ß,B

I

%4?…#

A

G�#&B�ß$!

A

G

a
á

b
¿

á

GXÞ.G

I

%4!X!$B�G

/

%4?.D7F&B+?•ß,B�G�G$Þ7V9æ&?7D.F

I

B+G|Â›ˆ  O#

/

!$%hD7Þ

I

ß$%ƒD.B

C

A

ß$!$F

I

B�G�G$B6D.B‘–=?7B

ä

AB =
µ

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b11 + a22b21

¶

´)%4C

/

!$%"V

A

C�%4G

ã

Þ.B�B�G

A

G$%

I

F

A

ß$F(Q4%

â

B+G¯ß,%PB�G

â (AB )C = A(BC) â

D.%4?.D.B�#

A

G

B+?~ß$!

A

D

A

G‘D7B

C
B+GXß.’"?2D.B�?.%4C�F&?

A

D

A

G

I

%"?2#

A

#&Bsß,!

A

c
ˆ�Ã�%0à

A"I

B�C5%"G

/

A

!

A

#

A

B�?~ß,!

A

D

A

D.B�GXÞ.V9æ(?.D.F

I

B

ê4ê

D.B�#

/

!X%hD.Þ

I

ß,%

â

D.B2F&H4Þ

A

#@C

A

?7B+!

A

GXB�à

A

!2æ

A

/

A

!

A

#

A

G0%"ß,!

A

G0ß$!$B�G

B+?~ß$!

A

D

A

G+ˆ

 O?�B�#

/

!$%hD7Þ

I

ß$%

(AB )C
G$Bšß,F(B+?.B

ã

Þ7BŠD.F

I

à

A

B+?•ß,!

A

D

A

B�G

ä

(a11b11 + a12b21)c11 + (a11b12 + a12b22)c21:

 O?�B�#

/

!$%hD7Þ

I

ß$%

A(BC)
G$Bšß,F(B+?.B

ã

Þ7BŠD.F

I

à

A

B+?•ß,!

A

D

A

B�G

ä

a11(b11c11 + b12c21) + a12(b21c11 + b22c21):
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AEI
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/
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A"I

F(Z4?�Q4B+!XFÁ–

I+A

!

ã

Þ.B

A

C†V

A

G�Bh²

/

!XB+GXF&%4?.B�G•GX%4?�F(H4Þ

A

#&B+G�ˆ

 O#4B+#(B+C�B+?~ß$%�?.B+Þ7ß$!$%

/

A

!

A

B�#

/

!$%hD.Þ

I

ß,%�B+G–#

A

C

A

ß,!XFç•�F(D.B+?•ß,F(D

A

D

â

I

%4?6#

A

D7F

A

H4%"?

A

#

¾L%4!$C

A

D

A

/

%4!�Þ.?.%"G

á

B�#�!$B�GXß,%

I

B+!$%"G+ˆ

µ
1 0
0 1

¶

YU%4C

A

?.D.%

/

%4!�B{ÝXB�C

/

#&%E#

A

G�C

A

ß,!XF

I

B+G

M =
µ

1 1
0 1

¶
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N =
µ

1 0
1 0

¶

G$B

/

Þ.B+D.B

I

%4C

/

!$%4V

A

!

ã

Þ.B

M N 6= N M
I

%4?�#(%

ã

Þ.BŠB�#

/

!$%hD.Þ

I

ß,%�D.B6C

A

ß,!XF

I

B�G

?7%�B+G

I

%4?.CWÞ7ß

A

ß,F§Q4%.ˆ
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•/•

1

ê

B+?•ß,!$B

µ

Õ-ÝEB�G

ê�¶Nê

ˆ� O#U!$B+G¯ß,%2D.B0D.F(QhF(D.F&!

µ

Õ-ÝšB+?•ß,!XB

ê�¶Nê

B+G�Õ-ÔNˆ° O#¡!$B+G¯ß,%0D.BYD.F§QhF&D.F(!

êW¶7ê

B+?•ß,!XBJÕ-ÔšB�G

ê4ê

ˆO O#¡!XB+GXß$%0D.BYD.F(QhF(D.F&!

ÕzÔ†B�?~ß$!$B

ê"ê

B�G

ê

ˆT<3%4!‹ß

A

?•ß,%

ä

mcd(9981; 247)= mcd(247; 101)= mcd(101; 45) = mcd(45; 11) = mcd(11; 1) = 1:
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 O?~ß,!

A

D

A7ä

a;b2 N â a ¸ b
i := a â j := b

î

à.F&#(B

j 6= 0
r := i mod j
i := j
j := r

³

A

#(F&D

A7ä

i

©�
+Ï~Ô
Ò•Ñ'Ò•Ñ«ªx·u¼

ˆ±³NÞ

/

%4?7H

A

C�%4G

ã

Þ.B

a
D.F(QhF&D7B

A

#

I

%

I

F(B+?~ß$B

q = c=b2 Z
B�?~ß$%4?

I

B+G

Bm²NF&GXß$B‹Þ.?WB+?•ß,B+!X%

s
D.B‹C�%hD.%

ã

Þ.B

as = q
ˆ° OG¯ß,%šF(C

/

#&F
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I

%"?~ß,!

A

D.F
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F(Z4?

I
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I
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ã
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a
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A

c
ˆ
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ê�ê

Ô�×E?.%5B�G
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D7F(QhF&D.F(B+?.D7%¨B+?•ß,!XBÀ×¨G$B1%"V7ß,F(B+?.B

1653 = 3 £ 551
ˆ

ë
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A
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á
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ˆo<3%4!�ß

A

?•ß,%±Ô�Ô

ê

à

A

D7B6ß,B�?.B+!YÞ7?¸¾
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ß,%4!�C5B�?.%4!�%�F(H4Þ

A

#

ã

Þ.B

µ
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ê�•

D7F(QhF&D.B
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Ô/Ô

ê
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ã

Þ.B

551= 19£ 29
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B�G

/

!XF&C�%†GXB6ß,F(B+?.B

ä

1653= 3 £ 19£ 29:
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+Ï~Ô
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ˆD³hF

r = a mod p = b mod p â
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I

B+G�GXBSß,F(B+?.B

ã

Þ.B�Bh²NF&G¯ß,B�?

B�?~ß$B+!$%"G-?7%�?7B+H

A
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q
á

q0 ß

A

#&B�G

ã

Þ.B

a = pq+ r
á

b = pq0+ r
ˆ�³NB0G$F&H"Þ.B

ã

Þ.B

a ¡ b= p(q ¡ q0) â

I

%"?�#(%

ã

Þ.B

a ´ bmod p
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A
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/

%4?.H
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A
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á
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r
á

r 0 ß

A

#&B�G

ã

Þ.B

0 · r < p â 0 · r 0 < p
á

a = pq+ r
á

b = pq0+ r 0ˆ) O?•ß,%4?

I

B+G

a ¡ b = p(q ¡ q0) + (r ¡ r 0)
ˆo®‡BŠB+GXß$B0C�%hD.%

r ¡ r 0 =
(a ¡ b) ¡ p(q ¡ q0)
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/
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p
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I
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I

B+G

A
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I
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ã
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A
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2 ´ 4 mod 2 /

%4!

ã

Þ.B

2 ¡ 4 = ¡ 2
ˆ

13 ´ ¡ 2 mod 5 /

%4!

ã

Þ.B

13+ 2 = 5 £ 3
ˆ

15 ´ 3 mod 3 /

%4!

ã

Þ7B

15¡ 3 = 4 £ 3
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a ´ c mod p
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s
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#

ã

Þ.B

ä
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ã
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ä
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A
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A
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A
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A
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A
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ã
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G$B¤a"ˆ® O#

A

#(H4%4!XF§ß,CE%pD.B+V;B„F&!

I+A

#

I

Þ.#

A

?.D.%E#

A

G

I

FÁ¾L!

A

G�D.B+#�?�°.C�B+!X%�B+?�V

A

G$B2a2à

A*I

F&B�?.D.%�D.F§QhF&G$F(%4?.B�G�G$Þ

I

B+G$F§Q

A

G

/

%4!

a

á

ß$%4C

A

?.D.%5#(%4GY!$B�GXß$%4G+ˆJÃ

A

G

A

#&F&D

A

GXB+!7’2Þ.?

A

#(F&GXß

A

a0 â a1 â

ˆ(ˆ§ˆ

â am
D.B0C5%hD7%

ã

Þ7B

n
GXBŠB�G

I

!$F&V;B

I

%4C�%

am :::a1a0
B+?�V

A

G$B5a"ˆ

> a�,
5Q˜MV/X9l_~�,TZ=\�^!_9XQaib=0og7,9d

> e-X�a/,Qe�˜oghVig2j[g.e�g|v�Z

> V�Z]\/0@Z v�Z]\YliZ

> }zyMVze/8;V€•+•k~ w9X
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3 £ 4 = 12 ´ 0 mod 12
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2 £ 6 = 12 ´ 0 mod 12
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1¸¿

2 £ 8 = 16 ´ 1 mod 15
Â
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á

ÕÄ¿

4 £ 4 = 16 ´ 1 mod 15
Â›ˆ

©�
+Ï~Ô Ò•Ñ'Ò•Ñ«ªDº9Ð ˆ

F Â

mcd(10223; 33341)= mcd(33341; 10223)
´)%"C5%

33341mod 10223= 2672â

mcd(33341; 10223)= mcd(10223; 2672)
´)%"C5%

10223mod 2672= 2207â

mcd(10223; 2672)= mcd(2672; 2207)
´)%"C5%

2672mod 2207= 465â

mcd(2672; 2207)= mcd(2207; 465)
´)%"C5%

2207mod 465= 347â

mcd(2207; 465)= mcd(465; 347)
´)%"C5%

465mod 347= 118â

mcd(465; 347)= mcd(347; 118)
´)%"C5%

347mod 118= 111â

mcd(347; 118)= mcd(118; 111)
´)%"C5%

118mod 111= 7;

mcd(118; 111)= mcd(111; 7)
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111mod 7 = 6 â

mcd(111; 7) = mcd(7; 6)
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7 mod 6 = 1 â

mcd(7; 6) = mcd(6; 1) = 1
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A

D.%4G�GX%4?

/

!$F(C5%4G‹B�?~ß$!$B6G7ælˆ

F&F Â

mcd(385; 1729)= mcd(1729; 385)
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1729mod 385= 189â

mcd(1729; 385)= mcd(385; 189)
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385mod 189= 7 â

mcd(385; 189)= mcd(189; 7)
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189mod 7 = 0 â

mcd(189; 7) = mcd(7; 0)
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Ã�%

ã

Þ.B†G$F(H4?.Fˆ–

IJA5ã

Þ.B

n
B+G-C»°.#§ß,F

/

#(%�D.B

•

GXF

á

G$%4#

A

C5B�?~ß$B”GXF�#&%2B�G

a0 + a1 +
::: + an

ˆ

©�
+Ï~Ô
Ò•Ñ˜Ò•Ñ«ª*ºQ¬

ˆ

F Â

3 + 5 = 8
ˆ

8 mod 5 = 3 mod 5
4 + 8 = 12 = 2 mod 5
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9 £ 8 mod 5 = (¡ 1) £ (¡ 2) mod 5 = 2 mod 5
841234 mod 5 = (¡ 1)1234 mod 5 = 1 mod 5

¿Là.B+C�%4G‹Þ.G

A

D7%

ã

Þ.B

84 mod 5 =
(¡ 1) mod 5

Â

(245+ 1321)mod 5 = (0 + 1) mod 5 = 1 mod 5
F&F Â

(4 + 5) mod 2 = (0 + 1) mod 2 = 1 mod 2
(1044+ 8) mod 2 = (0 + 0) mod 2 = 0 mod 2
(9 £ 8) mod 2 = (1 £ 0) mod 2 = 0 mod 2
841234 mod 2 = 01234 mod 2 = 0 mod 2
(245+ 1321)mod 2 = (1 + 1) mod 2 = 0 mod 2

F&F(F Â

(3 + 75) mod 7 = (3 + (¡ 2)) mod 7 = 1 mod 7
(234+ 458)mod 7 = (3 + 3) mod 7 = 6 mod 7
(9 £ 8) mod 7 = (2 £ 1) mod 1 = 2 mod 1
841234 mod 7 = 01233 mod 7 = 0 mod 7
(245+ 1321)mod 7 = (0 + 5) mod 7 = 5 mod 7:
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x ´ 2 mod 6
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cij 6= 0:
:�ï Ô ï;¦'Õ Ô Ñgï>�©^��©^`����— a•fhÆ

Ã

j�k"rXaXÎJÆ

G = (V; E)
oÈa z w

Ã

g

jV j = n;
Ä]gYx"gsr›c Ÿ‹t$aWw

Ã

g

G
guÄWtuÆej|gXbNÆWÄsc°mEÄ]} z ÆWÄsc z a2d�a"o'rscA7

I n + A + A2 + :::: + An¡ 1

o'clgsj|gŠoqÆ+fhÆ]Ä z Æ]Ä†tuÆ]gLŸ‹tsclgsj=oqguÄŠf"c&Äso˜cyj=oqÆ]Ä0fhg†tugsr,Æ

‚

î�
+Ï :nT�¦gï �©^��©^`�?�87 g$a

G Ã

j�k"r$aXÎJÆ�t

Ã

m"a�d�a"o'r›cA7†fhg0a•f"m"aht›gsj¿tsc'a*Ä0guÄ+×

A :=

0

@
0 1 0
1 0 1
0 1 0

1

A :

í
j=o{Æej|tuguÄ-Ä

Ã

t

Ã

a•f"rXa•fhÆ�guÄ

A2 :=

0

@
1 0 1
0 2 0
1 0 1

1

A :

i�Æer)ola"j=o{Æ

I + A+ A2 o˜clgsj|g‘o{Æ+f•aeÄ@Ä

Ã

ÄYgsj=o'r$a•f•aeÄ‘j|Æ•j

Ã

z
aeÄ)m0g

z
k"rXaXÎJÆ6guÄYtuÆej|gXbNÆ

‚

í‘z
tuÆer,Æ

z
a4r›clÆŠa"j=oqgsr›clÆer�j|Æ]Ä

Ç
gsr›d†cyo{g‡Æ

Å

oqgsj|gsr

Ã

j�a
z

khÆer›cyo˜d2Æ
Ç

a"rXaWfhgsoqgsr›d†cyj;a"r)Äsc

Ã

j

k"rXaXÎJÆ

G = (V; E)
ola

z
w

Ã

g

jV j = n
guÄSÆ�j|Æ1tuÆej|gXbNÆ

‚

Ì©Ä+a"r,gsd2Æ]Ä

Ã

j¬a
z

khÆer›cyo'd2Æ

zyz
a"d�a•fhÆ

H ayceros(M )
w

Ã

g0fhgso{gsr›d†cyj;a†Äsc’gsj
z

a�d�a"o˜r›cA7

M
º7a"m5a

z
k

Ã

j;a�gsj.o˜rXa•f•a

tugsr,Æ�™Èo˜clgsj|gWtuÆed2ÆWÄ+a
z

c'f•a

Ã

j

1
Äsc3º7a4m2a

z
k"¢hjPtugsruÆEm

0
gsjPt$aeÄ]Æ�tuÆej=o˜rXa"r›clÆ"×

€‚•-ƒc„†…�‡�…Hˆ
_

a5d�a"o˜r›cA7Wfhg”a•f"m"ahtugsj|tsc'a

A
fhg

z
k"rXaXÎJÆ

j := 1; B := I n
‰

ºhc
z

g

j · n ¡ 1
B := B + A j

j := j + 1
 

Î

H ayceros(B) = 0
oyº=gsj

s :=
tuÆej|gXbNÆ2g

z
Ä]g

s :=
j|Æ�tuÆej|gXbNÆ

‚

Š

…Œ‹"•c‡�…;×

s ‚

î�
+Ï~Ô
Ò•Ñ'Ò•Ñgï�������í

Äso

Ã

f"c'a"r
z

a�tuÆed
Ç;z

gL²›c'f•a•f2fhg
z

a
z

khÆer›cyo˜d2Æ5a"j=o{gsr›clÆer†gsjng
z.Ç

guÆer”fhg

z
Æ]Ä�t$aeÄ]Æ]Ä

ª

Ç
a"rXa

z
Æšt

Ã

a
z

º7a"m-w

Ã

g‹a

Å

ÆerXf•a"r‹g
z+Ç

r,Æ

Å

z
gsd�a-fhg�tuÆed

Ç

Ã

oÈa"r
z

aŠt›Æed
Ç;z

gL²›c'f•a•f

fhg
z

a�Æ
Ç

gsrXahtscl}ej
Ç

r,Æ+f

Ã

tsoqÆ2fhg6d�a"o'rscltuguÄ

‚
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•gžF 
¦�œ<Ýw¡�•gœX•S×Xœ3 
¡�¤m g×X¡�Ým¦š•
×X§�•›æ
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¦�œMžm•
 g×X•
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§�§�¦�ž-•g§�¡�¥¬¡sœŒŸL£M•F×Xœ
­�¤wŸ

ÿ

¦

G
§�Ÿ�žuŸ�¤m¡�žfÝqŸ�žu£M•F×Xœ
 g¡�¤f 
×X¡sÝw¦:©M¤m•gª�¡�Ÿfæ

¥n•
œ<Ýw•L•g§�•g­�¡�£M¦

C
Ø�×X•S•gž0žm×X«M­�¤wŸ

ÿ

¦•£X•

G
Ü
§�¦�žBªrëg¤fÝw¡� 
•gž0Ø�×X•SØ�×X•g£ŒŸ�œ3Ÿ�¡�žf§"Ÿ�£M¦�ždÝw¤mŸ�ž

•gžfÝwŸÓžm×MžfÝw¤mŸ� 
 g¡�¢�œ+®B�•¦š£X•gœX¦�¥n¡�œŒŸ�¥n¦�ž_«�¦�¤m¤wŸ�£X¦•Ü¬žm•g¤êéš§�§"Ÿ�¥¬Ÿ�£X¦•§�×X•
­�¦ÓŸ�§� 
¦�œMžfÝw¤f×X¡�¤

•g§•Ÿ�§�­�¦�¤m¡sÝm¥n¦Ó£X•Ò«ŒóMžmØ�×X•
£ŒŸn£X•Ò×XœK g¡�¤f 
×X¡sÝw¦}•
×X§�•
¤f¡"Ÿ�œM¦Xí

û ¶Íü ï�ÌaËÁÎ%µ±ï

Borrado(C; G)
î Ñ�Î%Ì�ÐŒý•Ð+~

G = (V; E); C = (VC ; EC )
Ù

o`£X¦�œX£X•

G
•gžk×Xœ/­�¤mŸ

ÿ

¦
 g¦�œX•áôM¦nÜ•žm¡�œ˜§"Ÿ€ç
¦�žÞÜ

C
•gžk×Xœ/ 
¡�¤m g×X¡�Ým¦
žf¡�¥n©X§�•S£X•

G
p

EH = E ¡ EC

Vaisl ados
žm¦�œ/§�¦�žÞªrë
¤cÝw¡� g•
žLŸ�¡�žm§�Ÿ�£X¦�žF£M•

(V; EH )
VH = V ¡ Vaisl ados

þ+Ð ¶ Ë`ý´Ð+~

(VH ; EH )

å:×X•
£ŒŸ• 
¦�¥¬¦••ãÿf•
¤m g¡� g¡�¦•£X¡�žm•��XŸ�¤¨•
§�Ÿ�§�­�¦�¤f¡sÝw¥
¦IØ�×X•S g¦�¥n©X×MÝqŸI§�¦�žBªrë
¤fÝm¡� g•
žÞŸ�¡�žm§�Ÿfæ

£M¦�ž
ÙŒ£X•gœX¦�¥n¡�œŒŸ�£X¦

Vaisl ados
®

›d§Hžm¡�­�×X¡�•gœ�Ým•ÒŸ�§�­�¦�¤m¡sÝm¥n¦Ó¡�œMžm•
¤cÝqŸ}×Xœ/ 
¡�¤m 
×M¡�Ýw¦

C0 •
œ/×Xœ/ 
¡�¤m g×X¡�Ým¦

C
£X•Ò¥¬Ÿ�œX•g¤wŸ

Ø�×X•Òžm•

ÿ

¦�¤m¥¬Ÿ}×MœK g¡�¤f 
×X¡sÝw¦}£X•Ò§�¦�œM­�¡�Ým×X£3¥¬Ÿ%Ü�¦�¤
í

û
¶Íü

ï�ÌaËÁÎ%µ±ï

I nsertado(C0; C)
î

Ñ�Î%Ì�ÐŒý•Ð+~

G
Ù

C
Ù

C0
o`£X¦�œX£X•

G
•gžk×Xœ/­�¤mŸ

ÿ

¦
 g¦�œX•áôM¦nÜ•žm¡�œ/§"Ÿ€ç
¦�žgÙ

C
Ü

C0 žf¦�œ/ 
¡�¤f 
×X¡sÝw¦�žÞžm¡�¥¬©X§�•
žÞ£X•

G
Ù

C0 ©ŒŸ�¤fÝw•‚£X•Ò×Xœ˜ªrë
¤fÝm¡� g•I¡�œ�Ým•
¤m¡�¦�¤Þ£M•

C
p

C := v1; : : : ; vs; v1

C0 := w1; : : : ; wt ; w1

vi = w1
o` g¦�œXžm¡�£X•
¤mŸ�¥n¦�ž

C
Ü

C0  g¦�¥n¦
§�¡�žfÝqŸ�žqp

V := v1; : : : ; vi ; w2; : : : ; wt ; vi ; vi +1 ; : : : ; vs; v1
o

V
•gžB×XœŒŸÒ§�¡�žcÝqŸMÙ�¤m•
žf×X§�ÝwŸ�£X¦Ò£M•{¡�œXžf•
¤fÝwŸ�¤BŸ�£M•
 
×XŸ�£ŒŸ�¥n•
œ<Ýw•{§"Ÿ:§�¡�žcÝqŸ

C0 •gœn§"Ÿ:§�¡�žfÝwŸ

C
ÙX•gžfÝw¦
žm•Ò©M×X•
£X•ÒÚŒŸ� g•
¤F§�§�Ÿ�¥¬Ÿ�œX£X¦}ŸÓ§�¦�žFŸ�©M¤m¦�©X¡�Ÿ�£X¦�žÞŸ�§�­�¦�¤m¡sÝm¥n¦�ž0žm¦�«X¤f•Ò§�¡�žfÝwŸ�ž0£X•
§

 
Ÿ�©XlsÝw×X§�¦}žm•
­�×XœX£X¦M® p

E := ;
ÿ

¦�¤

i = 1
Ýw¦

t + s + 1
E := E [ ff vi ; vi +1 mod t+ sgg

þ+Ð
¶

Ë`ý´Ð+~

(f Vg; E)

òS•I•gžfÝqŸ
¥¬Ÿ�œX•g¤wŸ}©�¦�£X•g¥¬¦�žF 
¦�œMžfÝw¤f×X¡�¤F•
§•Ÿ�§�­�¦�¤m¡sÝw¥
¦Ó«X×Xžm 
Ÿ�£X¦Mí
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î Ñ�Î%Ì�ÐŒý´Ð]~

G = (V; E)
o`£M¦�œX£X•

G
•
žk×MœK­�¤wŸ

ÿ

¦} 
¦�œX•áô?¦nÜ3žm¡�œ/§�Ÿ3ç
¦�žqp

C :=
•gžk×Xœ/ 
¡�¤m g×X¡�Ým¦
žf¡�¥n©X§�•S£X•

G
H = (VH ; EH ) := Borrado(C; G)

�

ÚX¡�§�•

VH 6= ;

C0  g×ŒŸ�§�Ø�×X¡�•g¤F g¡�¤f 
×X¡sÝw¦Óžm¡�¥n©X§�•S£X•

H
 
¦�œ/¦�¤f¡�­�•gœ3•
œ˜×Xœ˜ªrëg¤fÝm¡� 
•‚¡�œ<Ýw•áæ

¤m¡�¦�¤Þ£X•

C
H := Borrado(C0; H )
C := I nsertado(C0; C)

þ]Ð ¶ Ë`ý•Ð+~

C

¨-Ÿ�¤mŸ�Ø�×X•Ö•
§ÒŸ�§�­�¦�¤m¡sÝm¥n¦

ÿ

×XœM 
¡�¦�œX•ºœX•
 g•
žm¡sÝqŸ�¥n¦�ž/Ÿ�žm•g­�×X¤mŸ�¤/§�Ÿá•›ô?¡�žcÝw•
œM 
¡"Ÿë£X•
§

 
¡�¤f 
×X¡sÝw¦nžm¡�¥n©X§�•‚£X•
œX¦�¥¬¡�œŒŸ�£X¦

C
®k›džcÝw¦�•
žgÙ�Ø�×X•š£ŒŸ�£X¦�×XœÛ¥Ó×X§sÝw¡�­�¤mŸ

ÿ

¦
 
¦�œM•›ô?¦• 
¦�œ

Ýw¦�£X¦�žIžf×Xž•ª3ë
¤fÝm¡� g•
ž•£X•¬­�¤wŸ�£X¦/©ŒŸ�¤gÙG•áôM¡�žfÝm•¬×Xœ> g¡�¤f 
×X¡sÝw¦/žf¡�¥n©X§�•

C
®��´¦�¥¬Ÿ�¥n¦�žÒ×Mœ

ªrë
¤fÝm¡� g•v 
×ŒŸ�§�Ø�×X¡�•g¤wŸ

u
®��_Ÿ�¥¬¦�ž¬ 
¦�œMžfÝw¤f×MÜ�•
œM£X¦�×Xœ6 
Ÿ�¥n¡�œX¦>žf¡�¥n©X§�•

T = (u0 =
u; u1; :::; un )

£X•L§�¦�œX­�¡sÝw×M£n¥-éfô?¡�¥¬Ÿ?®uJ?¡�•áôM¡�žfÝm•
œ

i; j 2 f 0; :::; ng
ÝqŸ�§�•
žBØ�×X•

ui = uj
ÚX•
¥n¦�ž´ 
¦�œX 
§�×X¡�£X¦M®G›dœš †Ÿ�žf¦S 
¦�œ<Ýw¤mŸ�¤m¡�¦XÙa g¦�¥n¦

un
Ýw¡�•gœX•_­�¤mŸ�£X¦L©XŸ�¤
Ù�•áô?¡�žfÝm•

v 6= un¡ 1
Ÿ�£MÜ<Ÿ� g•
œ<Ýw•‚ g¦�œ

un
®BJ?¡

v 2 f u0; :::; un¡ 1g
Ÿ�©ŒŸ�¤f•
 
•S×Xœ3 g¡� g§�¦X®dJ?¡�œX¦MÙMžf•: 
¦�œ<Ýw¤mŸ�£X¡� g•

•
§+ÚX•
 qÚX¦n£X•ÒØ�×X•

T
•gžk£M•Ò§�¦�œM­�¡�Ým×X£•¥
éfô?¡�¥�Ÿ?®�¨G¦�¤ÞÝqŸ�œ<Ýw¦
•g§•Ÿ�§�­�¦�¤f¡sÝw¥
¦

ÿ

×XœX g¡�¦�œXŸM®

�B•
Ÿ�¥¬¦�ž{ g¦�¥n¦
žm•IŸ�©X§�¡� †ŸÓ•g§•Ÿ�§�­�¦�¤m¡ Ýw¥
¦
Ÿ�œ�Ýw•g¤m¡�¦�¤F•gœK×MœK•ãÿf•
¥n©X§�¦} 
¦�œX 
¤f•gÝw¦Mí

î��
Ï�µ! 

¶
ï>�+±Á!�±Xõ ²´³

t
¼�»&ÇU·$»w¾•Ç4ÀÈ·$³]·
Æ
¸�·}»w·ãÄM¼�»&Ç4ÀÁ»•Â$¸<Â

t
¼�»&ÇÉ¼aÂ¬·$³>Ås¼˜»q·m¿K¿�·

t
¼�ÅÁÅ�·qÂ

»q·ãÄ�»w·qÂ%·$³ŒÇÈ¼<¿<¼FÄŒ¾a»S·$Å�¹�»m¼f½†¾I¿�·{Ås¼#"G¹�¸?»f¼
¬

Ô%$'&�Ô)(

¼�»f¼•»w·m¼�Å À+*%¼�»S·$ÅX»w·ãÄM¼�»$Çã¾

ª

·$Å
t

¼�»$Çã·$»w¾

¿�·�,$·é·$ÃSÄŒ·-*%¼�»˜â|ÇU·$»&Ã}ÀÁ³�¼�»v·$³êÅs¼�·qÂ$ÇÉ¼f½†·$ÇÈ¼á¿�·
t

¾a»&»w·q¾%ÂÛÆ
¸Œ·˜Â%·é·$³
t

¸�·$³ŒÇ`»m¼�·$³Z·$Å

æ/.$»$Ç`À
t

·

i Ô10

·$³ŒÀÈ·$³�¿�¾ë·$³
t

¸Œ·$³ŒÇÉ¼�Æ
¸Œ·vÇU¾
¿�¾%ÂÛÅ�¾%Âvæ/.$»&Ç4À
t

·qÂÛÇ`ÀÈ·$³]·$³�¹�»f¼<¿�¾/ÄX¼�»

ª

·$Å

t
¼�»$Çã·$»w¾vÂ
¼�,$·KÆ
¸Œ·ÓÄ�¸�·m¿�·Û·Í½†·

t
Ç4¸M¼�»Û·$ÅÞ»q·ãÄM¼�»&Çã¾vÂ$ÀÁ³�»w·

t
¾a»&»q·$»˜¿�¾%Â˜æ�·

t
·qÂ3Ås¼|Ã}À�Â$Ãn¼

t
¼�ÅÁÅ�·

ª

t
¾a³MÂ$Ç4»&¸�â�·$³�¿�¾:ÄM¼�»m¼˜·$ÅÁÅ�¾
¸?³

t
ÀÁ»

t
¸�ÀÁÇU¾3·$¸�Å�·$»&À`¼�³]¾

Ô

�¨¾aÃ�·$³�*%¼�Ã�¾†Â
t

¾a³|·$Å
t

ÀÁ»32

t
¸?ÀÁÇã¾

(i; j ; h; i )
â4,$¾a»&»f¼�Ã�¾%Â¬Â$¸<Â/¼�»&À�Â$ÇÉ¼aÂ˜¿�·$Åu¹�»m¼f½†¾

ª�5

¸�³ŒÇU¾
t

¾a³ê·$Å0æ/.$»&Ç`À
t

·

i
Æ
¸Œ·

Æ
¸�·m¿<¼•¼�À�Â$Ås¼<¿�¾76Éæ�·$»�"G¹�¸�»m¼�8

Ô%$

8:9

Ô

;

t
¾a³ŒÇ`ÀÁ³Œ¸M¼

t
ÀÈèa³=<

t
¾a³MÂ$Ç4»&¸�ÀÁÃ�¾%ÂÛ¸�³Y³Œ¸Œ·$æ�¾

t
ÀÁ»

t
¸�ÀÁÇU¾�·$³ ·$ÅÞ¹�»f¼f½†¾áÆ
¸Œ·ºÆ
¸Œ·w¿<¼><

ÄŒ¾a»Û·

5

·$ÃSÄ�Å�¾

(j ; m; l ; k; j )
<šÅ�¾ºÀÁ³MÂ%·$»&ÇÉ¼�Ã�¾%ÂK·$³Y·$Å

t
ÀÁ»

t
¸�ÀÁÇU¾|¼�³ŒÇã·$»&ÀÈ¾a»Û·$³Y·$ÅÞÅ ¸�¹<¼�»

¼<¿�·
t

¸X¼<¿�¾76Éæ/.$»$Ç`À
t

·

j
93¾/,
Çã·$³ŒÀÈ·$³�¿�¾

(i; j ; m; l ; k; j ; h; i ):
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=-¡�­�×X¤wŸ

	

®

��z

í

B
¾a»&»m¼�Ã�¾%Â‚Ås¼aÂ•¼�»&À�Â$ÇÉ¼aÂÒâ¬æ/.$»&Ç`À

t
·qÂ•¼�À�Â$Ås¼<¿�¾�ÂC6ED�·$»�"G¹�¸?»f¼F8

Ô%$=G

9

Ô

(

»w¾%Â$Às¹�¸?ÀÈ·$³�¿�¾
t

¾a³ê·$ÅÞ¼�Å ¹�¾a»$ÀÁÇ`Ã�¾'<
t

¾a³MÂ$Ç`»$¸�ÀÁÃ�¾%ÂK·$Å
t

ÀÁ»
t

¸?ÀÁÇã¾

(m; n; a;m)
âéÅ�¾

ÀÁ³MÂ%·$»$ÇÈ¼�Ã�¾%Âš·$³>·$Å+Å ¸�¹<¼�»•¼<¿�·
t

¸M¼<¿�¾H6Éæ/.$»&Ç`À
t

·

m
9•¾/,
ÇU·$³ŒÀÈ·$³�¿�¾

(i; j ; m; n; a;m; l; k; j ; h; i ):
I

ÀÁ³�¼�Å Ã�·$³ŒÇU·J<d³]¾%ÂšÆ
¸�·m¿<¼�¸�³ ·$Å
t

ÀÁ»
t

¸�ÀÁÇã¾

(a;b;c;d;e;f ; g; h; a)
Æ
¸�·J<_ÀÁ³MÂ%·$»$ÇÈ¼<¿�¾3·$³

·$ÅHÅ ¸�¹<¼�»•¼<¿�·
t

¸X¼<¿�¾'<_¿<¼¬Å ¸�¹<¼�»•¼�Å�Â$Às¹�¸�ÀÈ·$³ŒÇU·
t

ÀÁ»
t

¸?ÀÁÇã¾3·$¸�Å�·$»$À`¼�³]¾n¿�·$Å�¹�»f¼f½†¾
ÀÁ³ŒÀ
t

À`¼�Å+K

(i; j ; m; n; a;b;c;d;e;f ; g; h; a;m; l; k; j ; h; i ):
î��

Ï�ÌaÊ<Ë4Ê<Ëgï������MLON_Â´Ä�¾%Â$ÀP,
Å�·Þ¿�À�ÂãÄŒ¾a³]·$»¨ÇU¾
¿<¼aÂ0Ås¼aÂQ"
tJR

¼aÂF¿�·Þ¸�³•¿�¾aÃ}ÀÁ³]è‚¿�·ÞÃn¼�³]·$»f¼

Æ
¸�·
·qÂ$ÇS.$³ºÇU¾
¿<¼aÂ
·$³
t

¼

5

¼<¿<¼aÂ�TVU$³�¿�À
t

¼
t

ÀÈèa³WK:¸�Ç4ÀÁÅ À+*%¼�»I¸?³ºÃ}¸?Å Ç4Às¹�»f¼f½†¾
t

¾a³

ð

æ/.$»&Ç`À
t

·qÂ

â¬æ�·$»&À "
t

¼�»IÆ
¸Œ·}·qÂ}·$¸�Å�·$»&À`¼�³]¾
â
t

¾a³]·få?¾

Ô

›d§•žf¡�­�×X¡�•
œ<Ýw•Ö¤m•
žf×X§�ÝwŸ�£X¦�œX¦�žÛ£ŒŸ�×XœŒŸ� g¦�œX£X¡� 
¡�¢�œY©ŒŸ�¤wŸ�§�Ÿ�•›ô?¡�žcÝw•gœX 
¡�Ÿ�£X•>×Xœ

 †Ÿ�¥n¡�œM¦}•
×X§�•
¤m¡�Ÿ�œX¦}œX¦n g•
¤f¤wŸ�£X¦Mí

X
Ì_ïW �ïY�
Ë4Ê<ËÍÕ�Ñ��H±"!�±��à²´³�¹�»f¼f½†¾

G = (V; E)
t

¾a³ê¼�»&À�Â$ÇÈ¼aÂ/³]¾|¿�ÀÁ»&Às¹�À`¿<¼aÂ3ÇÉ¼�ÅkÆ
¸Œ·

ÇU¾
¿<¼aÂ
Â$¸<Â3¼�»&À�Â$ÇÉ¼aÂ˜·qÂ$ÇÈä�³�·$³�Ås¼vÃ}À�Â$Ãn¼
t

¾aÃSÄŒ¾a³]·$³ŒÇU·
t

¾a³]·få�¼é¼<¿�Ã}ÀÁÇã·¬¸�³
t

¼�Ã}ÀÁ³]¾

·$¸?Å�·$»&À`¼�³]¾
³]¾
t

·$»&»m¼<¿�¾ÓÂ$Àdâ
Â%èaÅ�¾ÓÂ$À
t

¾a³ŒÇ4ÀÈ·$³]·Ó·få�¼
t

ÇÈ¼�Ã�·$³ŒÇU·•¿�¾%ÂÒæ/.$»$Ç`À
t

·qÂš¿�·L¹�»m¼<¿�¾

ÀÁÃSÄM¼�»

Ô
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î-ïSðdñ
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ç ·$Ã•¾%Â$Ç`»f¼ t ÀÈèa³

Ô

J?×X©�¦�œM­<Ÿ�¥n¦�ž{Ø�×X•

G = (V; E)
Ÿ�£X¥n¡�Ým•‚×XœK 
Ÿ�¥n¡�œX¦
•g×X§�•
¤m¡�Ÿ�œX¦
œX¦

 g•
¤f¤wŸ�£X¦

a;v1; v2; :::; vn¡ 1; b
žf¡�•gœX£X¦

a
Ü

b
§�¦�ž´•áô�Ýw¤m•g¥¬¦�ž-£M•
§� †Ÿ�¥¬¡�œX¦X®GJ?•†Ÿ

w
×MœÓœ�×X•gª�¦Lªrë
¤cÝw¡� g•¨œX¦S©�•g¤fÝw•gœX•
 g¡�•gœ�Ýw•

Ÿ

V
Ü

G0 = (V 0; E 0)
£M¦�œX£X•

V 0 = V [ f wg
Ü

E 0 = E [ ff w; ag; f b;wgg:
›dž

•$ª�¡�£X•gœ�Ýw•ÒØ�×X•

G0 Ÿ�£X¥n¡�Ýw•:•g§H 
¡�¤m g×X¡�Ým¦
•g×X§�•g¤m¡�Ÿ�œX¦

w; a;v1; v2; :::; vn¡ 1; b;w
Ü�ÙM•gœ• 
¦�œMžm•
 g×X•
œX 
¡�ŸMÙ?Ýw¦�£X¦�ž0§�¦�ž_ªrëg¤fÝw¡� 
•gžÞ£X•

G0 žf¦�œ•£X•S­�¤mŸ�£X¦š©XŸ�¤
®uìS§�•
§�¡�¥n¡sœŒŸ�¤B§�Ÿ�ž

Ÿ�¤m¡�žcÝqŸ�ž

f w; ag
Ü

f b;wg
Üv•g§-ªrëg¤fÝw¡� 
•

w
£X•

G0 ©ŒŸ�¤wŸ•¦�«MÝw•gœX•
¤

G
 g¦�œX 
§�×X¡�¥¬¦�žLØ�×X•

Ým¦�£X¦�ž{§�¦�žÞªrëg¤fÝw¡� 
•gžkžm¦�œ/£X•Ò­�¤mŸ�£X¦
©ŒŸ�¤FžwŸ�§�ª�¦

a
Ü

b:
Zk•g 
l�©X¤m¦� 
Ÿ�¥¬•gœ�Ým•�ÙÞžm¡{Ýw¦�£X¦�ž¬§�¦�žnªrëg¤fÝm¡� 
•gž�£X•

G = (V; E)
žmŸ�§�ª�¦>£M¦�ž
Ù

a
Ü

b;
Ým¡�•gœX•
œé­�¤wŸ�£X¦3©XŸ�¤
Ù+ g¦�œXžcÝw¤m×?Ü�•
œX£X¦/•g§u­�¤wŸ

ÿ

¦

G0 = (V 0; E 0)
£X¦�œM£X•

V 0 = V [ f wg
Ü

E 0 = E [ ff w; ag; f b;wgg
 g¦�œ

w
×Xœáœ�×X•gª�¦éªrëg¤fÝm¡� g••œX¦Û©�•g¤fÝm•
œX•g 
¡�•
œ�Ým•˜Ÿ

V;
¦�«MÝw•gœX£X¤m•g¥¬¦�žk×MœK­�¤wŸ

ÿ

¦}•
œ/•
§HØ�×X•ÒÝm¦�£X¦�ž{§�¦�žÞªrë
¤cÝw¡� 
•
ž{žm¦�œ/£X•Ò­�¤mŸ�£X¦
©ŒŸ�¤g®¨J�¡�•
œM£X¦

w; a;v1; v2; :::; vn¡ 1; b;w
×MœK g¡�¤f 
×X¡sÝw¦}•
×X§�•
¤f¡"Ÿ�œX¦MÙ

a;v1; v2; :::; vn¡ 1; b
•gžk×Xœ/ †Ÿ�¥¬¡�œX¦}•
×M§�•
¤f¡"Ÿ�œM¦
œM¦n 
•g¤m¤wŸ�£X¦nØ�×M•I 
¦�œX•
 $ÝqŸ

a
Ü

b:
ìSÚX¦�¤wŸFÜ<Ÿk•
žcÝqŸ�¥n¦�ž••
œ• 
¦�œX£X¡� g¡�¦�œM•
ž•£X•_£X•g¥¬¦�žcÝw¤mŸ�¤•Ø�×X•¨œX¦k•
ž´©�¦�žf¡�«X§�•B•gœX 
¦�œ�Ýw¤mŸ�¤

×Mœ| 
¡�¤m 
×M¡�Ýw¦3Ø�×X•n¤m•
žf×X•
§sª�Ÿ/•g§B©X¤f¦�«X§�•
¥¬Ÿ3£X•
§�¦�ž‚©X×X•gœ�Ým•
ž•£X•\[^]�œX¡�­�žm«�•
¤f­XÙ•©X×X•gž••g§

­�¤wŸ

ÿ

¦}Ø�×M•I¤m•g©X¤m•gžm•
œ<ÝqŸn•
§H©X¤f¦�«X§�•
¥¬ŸÓÝm¡�•gœX•Ò¥-é�žF£X•Ò£X¦�ž{ªrëg¤fÝm¡� 
•gžk£X•Ò­�¤mŸ�£X¦
¡�¥n©ŒŸ�¤g®

î_�
Ï�Ì�Ê<Ë`Ê<Ëgï����H� �¨¾a³MÂ$Ç`»&¸?ÀÁ»Ò·$ÅM¹�»f¼f½†¾ÓÆ
¸�·S»w·ãÄ�»w·qÂ%·$³ŒÇÉ¼ÓÅs¼

t
¾a³�"G¹�¸�»f¼

t
ÀÈèa³/¿�·$Å<Ä�»w¾/,
Å�·:2

Ãn¼3¿�·IÅ�¾%ÂFÄ�¸Œ·$³ŒÇã·qÂÓ¿�·a`cba³ŒÀ�Â�,$·$»4¹

Ô

ç
·$Ã�¾%Â$Ç`»m¼�»IÆ
¸Œ·Ó¿�À

tJR
¾•¹�»m¼f½†¾
³]¾3·qÂ}·$¸?Å�·$»&À`¼�³]¾

³ŒÀB¼<¿�Ã}ÀÁÇU·Ò¸�³
t

¼�Ã}ÀÁ³]¾�·$¸?Å�·$»&À`¼�³]¾

Ô

A

œ3©X¤m¦�«M§�•
¥¬ŸšŸ�œ0é�§�¦�­�¦ÓŸ�§�£X•‚žmŸ�«�•
¤Fžf¡+×Mœ˜­�¤mŸ

ÿ

¦Ó•
žF•g×X§�•g¤m¡"Ÿ�œX¦XÙ?©�•g¤m¦}¤m•

ÿ

•g¤m¡�£X¦
Ÿ

§�Ÿ�ž{Ÿ�¤f¡�žcÝqŸ�ž
ÙM•
žk•g§HØ�×X•Ižf¡�­�×X•�®

¯
Ï

°
Ñ´Ë`Ê<Ë`Õ�Ñ��+±"!�±��87+· ¿�·$³]¾aÃ}ÀÁ³�¼áÊ�ÐŒµ>Ë4Ñjïed•ÐŒµ Ë

¶
Îcï�ÑGËÁÐŒÑjï'·$³ ¸?³Z¹�»f¼f½†¾

t
¾a³

¼�»&À�Â$ÇÈ¼aÂ3³]¾|¾a»&ÀÈ·$³ŒÇÉ¼<¿<¼aÂ

G = (V; E)
¼

t
¸X¼�ÅsÆ
¸�ÀÈ·$»

t
¼�Ã}ÀÁ³]¾/Â$ÀÁÃSÄ�Å�·˜Æ
¸Œ·

t
¾a³ŒÇU·$³�¹<¼

¼ÛÇã¾
¿�¾�Â
Å�¾%Ânæ/.$»$Ç`À
t

·qÂ�¿�·

G
ÄM¼aÂ
¼�³�¿�¾3¸?³�¼/Â%¾aÅs¼Ûæ�·-*IÄŒ¾a»

t
¼<¿<¼Û¸�³]¾Û¿�·3·$ÅÁÅ�¾%ÂJ<BÄŒ·$»q¾

ÄŒ·$»&Ã}ÀÁÇ`ÀÈ·$³�¿�¾‚Æ
¸�·L·$Å?æ/.$»$Ç`À
t

·ÞÀÁ³ŒÀ
t

À`¼�ÅM¿�·k¿�À
tJR

¾
t

¼�Ã}ÀÁ³]¾kÂ%·m¼ÒÀs¹�¸M¼�ÅŒ¼�Å?æ/.$»&Ç`À
t

·Q"B³�¼�Å

Ô

7ŒÀ

·$Å
t

¼�Ã}ÀÁ³]¾
R

¼�Ã}ÀÁÅ ÇU¾a³ŒÀ`¼�³]¾n·qÂ
t

·$»&»f¼<¿�¾'<B¼�¿�À
tJR

¾
t

¼�Ã}ÀÁ³]¾•Â%·‚Å�·I¿�·$³]¾aÃ}ÀÁ³�¼ÒÊ<ËÍÌaÊ��GËÁÎ�ï

d•ÐŒµ Ë
¶

Î�ï�ÑGËÁÐŒÑ†ï
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›d§�¤m•gžm×X§sÝqŸ�£X¦ÓŸ�œ�Ým•
¤f¡�¦�¤_œX¦�žÞŸ�©�¦�¤cÝqŸ•×XœŒŸšœ�×X•gªaŸÓÚX•
¤f¤wŸ�¥n¡�•gœ�ÝwŸ• g¦�œ3§�Ÿ•Ø�×X•:©�¦�£X•áæ

¥¬¦�žF£M•
¥n¦�žfÝm¤wŸ�¤FØ�×X••Ÿ�§�­�×XœM¦�žF­�¤mŸ

ÿ

¦�žFœX¦nžf¦�œ/ÚŒŸ�¥n¡�§sÝm¦�œM¡�Ÿ�œM¦�ž
®

î��
Ï�µ! 

¶
ï>�+±Á!�±`���Z7�ÀB¼�ÅŒ¹�»m¼f½†¾

G
¿�·‚Ås¼�"G¹�¸�»f¼�8

Ôjv�w

Å�·IÆ
¸?ÀÁÇÈ¼�Ã�¾%Âš·$Å�x�³ŒÀ
t

¾
æ/.$»&Ç`À
t

·

¿�·K¹�»m¼<¿�¾y86Æ
¸Œ·ºÇ4ÀÈ·$³]·ºâáÂ$¸<Â>¼�»&À�Â$ÇÉ¼aÂºÀÁ³
t

À`¿�·$³ŒÇã·qÂJ</·$Å{¹�»m¼f½†¾ë»w·qÂ$¸�Å ÇÉ¼�³ŒÇã·ÖÇ`ÀÈ·$³]·

v

t
¾aÃSÄ�¾a³]·$³ŒÇã·qÂ

t
¾a³]·få�¼aÂJ<]ÄŒ¾a»‚ÇÉ¼�³ŒÇã¾n³]¾3·qÂ

R
¼�Ã}ÀÁÅ ÇU¾a³ŒÀ`¼�³]¾

Ô
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t

î-ïSðdñ
òSóGô_õ8ö�÷Zøkù{ï:ú_õ�?

=-¡�­�×M¤wŸ

	

®

�3÷

í

î_�
Ï�Ì�Ê<Ë`Ê<Ëgï������

ç
·$Çã·$»&Ã}ÀÁ³�¼�»SÂ$À¨·$Å�¹�»f¼f½†¾

H
¿�·IÅs¼�"G¹�¸�»m¼�8

Ôjv�w

·qÂaz‚¼�Ã}ÀÁÅ ÇU¾a³ŒÀ`¼�³]¾

Ô

{¼ù}| ~ ýu“^•fû\ü 2Þ*•1�€n,32Þ*´“h•	û�ü8– “Òh:‚�ûDý-1g*´™ ûƒ•32…„ 1‡†�ˆ-ü+*“ýu“

kd×X•g£X•{žm•g¤B¡�œ�Ýw•g¤m•gžwŸ�œ<Ýw•�Ù�©�¦�¤u•Uÿf•g¥¬©M§�¦: 
×ŒŸ�œX£X¦Ò×Xœ
­�¤wŸ

ÿ

¦‚¤m•g©X¤m•gžm•gœ�ÝwŸI×XœXŸ‚¤m•g£n£M•{ g¦€æ

¥Ó×XœM¡� †Ÿ� 
¡�¦�œX•
žgÙ?Ÿ/�XŸ�£X¡�¤_Ÿ�§�­�×MœŒŸI¡�œ

ÿ

¦�¤m¥¬Ÿ� g¡�¢�œ¬Ÿ•§�Ÿ�ž¨Ÿ�¤m¡�žfÝwŸ�ž
Ù�Ø�×X•S¥n¡�£ŒŸÒ©�¦�¤¨•ãÿf•
¥n©X§�¦

£M¡èìŒ g×X§�ÝwŸ�£X•
ž•¦�¤m¦�­�¤êé€ìŒ 
Ÿ�ž
ÙG§�¦�œX­�¡�Ým×X£X•
žI£M•� †Ÿ�¥n¡�œX¦�ž
ÙG¤f•
žf¡�žfÝm•
œX g¡"Ÿ�ž•£X•�¥¬Ÿ�Ýw•g¤m¡�Ÿ�§�•gž
®s®�®

›dœ/•
žfÝm•Ižm•gœ�Ým¡�£X¦n•gžk£X•Ò×MÝm¡�§�¡�£ŒŸ�£•§"ŸÓžm¡�­�×X¡�•gœ�Ýw•:£X•ÛìŒœM¡� 
¡�¢�œ+®

¯
Ï

°
Ñ´Ë`Ê<Ë`Õ�Ñ��+±�C+±4�'²•³

ü
Ì�ÐgfKï|Ï�Î%Ë‰���•Ï<Î%ÐŒýjï�·qÂ‚¸�³�¼

v

2ãÇ4¸%Ä�Ås¼

(V; E; d);
·$³vÅs¼�Æ
¸Œ·

(V; E)
·qÂÒ¸?³/¹�»f¼f½†¾ÓÂ$ÀÁÃSÄ�Å�·‚â

d
·qÂÒ¸�³�¼L½&¸?³

t
ÀÈèa³

d : E ! R:

;

Å ¼/ÀÁÃn¼%¹�·$³ ¿�·Ó¸�³�¼Û¼�»&À�Â$ÇÉ¼˜Ã�·w¿�À`¼�³ŒÇã·

d
Â%·}Å�·
¿�·$³]¾aÃ}ÀÁ³�¼}Ï<Î�Ë‰�Q�´Ï<Î%Ð6¾r BÏ��Âïê¿�·

Ås¼•¼�»&À�Â$ÇÉ¼

Ô

6ED�·$»
t

¾aÃ�¾•·

5

·$ÃSÄ�Å�¾}Ås¼�"G¹�¸?»f¼F8

Ôjv‹Š

9

›d§Gžm¡�­�×X¡�•gœ�Ým•šŸ�§�­�¦�¤m¡sÝm¥n¦MÙ� 
¦�œM¦� 
¡�£X¦� 
¦�¥n¦•Ÿ�§�­�¦�¤f¡sÝw¥
¦¬£M•ŽòL¡ ÿ}Œ�žfÝm¤wŸMÙ�¤f•
žm×M•
§�ª�•Ó•g§

£M•
œX¦�¥n¡�œXŸ�£X¦}©X¤m¦�«M§�•
¥¬ŸÓ£X•g§• 
Ÿ�¥n¡�œX¦}¥nl�œM¡�¥
¦X®
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®
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��z

� î-ïSðdñ
òSóGô_õ8ö�÷Zøkù{ï:ú_õ�?

X Ì_ïW� ¶ Ï?µ|Ð+± ò:Ÿ�£X¦�žS×Xœv­�¤wŸ

ÿ

¦¬•$Ýw¡�Ø�×X•$ÝqŸ�£M¦�Ü/£X¦�žLªrë
¤cÝw¡� 
•
ž

u
Ü

v
Ù�£X•gÝm•
¤m¥n¡�œŒŸ�¤k×Xœ

 
Ÿ�¥n¡�œX¦º•gœ�Ým¤m•

u
Ü

v
ÝwŸ�§FØ�×X•K§�Ÿºžm×M¥�Ÿº£X•/§"Ÿ�ž
•gÝm¡�Ø�×X•gÝwŸ�žn£X•/§"Ÿ�ž
Ÿ�¤m¡�žfÝqŸ�ž
Ø�×X•K§�¦

 g¦�¥n©�¦�œX•
œ�žm•
Ÿš¥¬l�œX¡�¥¬Ÿ?®GìY£X¡� qÚŒŸ•žf×X¥¬Ÿ•žm•S§�•L£X•gœX¦�¥n¡�œŒŸÒ§�¦�œX­�¡�Ým×X£¬£M•
§� 
Ÿ�¥n¡�œX¦I•
œ

•g§H­�¤wŸ

ÿ

¦
•gÝm¡�Ø�×X•$ÝqŸ�£X¦

˜ ïŒÎ%Ð+~ ›dœ •
§}Ÿ�§�­�¦�¤f¡sÝw¥
¦�žm¡�­�×X¡�•
œ<Ýw• žf•ážm¦�«X¤f•
•gœ�Ýw¡�•
œM£X•ëØ�×X•

1
•
žé¥�Ÿ†Ü�¦�¤ÛØ�×X•

 g×ŒŸ�§�Ø�×M¡�•
¤¨œ+óX¥n•g¤m¦Ó¤m•
Ÿ�§ÈÙ�Ø�×M•

G
•gžÞ×Xœ3­�¤wŸ

ÿ

¦Ó•$Ýw¡�Ø�×X•gÝwŸ�£X¦} g¦�œX•áô?¦}Ü¬Ø�×M•‚©ŒŸ�¤wŸš †Ÿ�£ŒŸ

©XŸ�¤{£X•‚ªrëg¤fÝw¡� 
•gžkœX¦¬Ÿ�£MÜ<Ÿ� g•
œ�Ým•
ž

x; y
žf•ÒÝw¡�•
œX•‚Ø�×X•

d(f x; yg) = 1
®

û ¶`ü ï�ÌaËÁÎ%µhïÖý´Ï ¯ Ë ��™ �gÎ%Ì�Ð+±

î Ñ�Î%Ì�ÐŒý•Ð í

G = (V; E; d)
Ù

u; v 2 V
L(u) := 0
L(x) := 1

©XŸ�¤wŸ} †Ÿ�£ŒŸ

x 6= u
T := ;

�

ÚX¡�§�•

v =2 T
x := a

žm¡�•
œX£M¦

a
×Xœ˜ªrëg¤fÝw¡� 
•ÒØ�×X•IœX¦
•
žfÝ8ëI•
œ

T
 g¦�œ

L(a)
¥¬l�œX¡�¥n¦

T := T [ f xg
ÿ

¦�¤

y =2 T
¡

ÿ

L(x) + d(f x; yg) < L(y)
ÝwÚM•
œ

L(y) := L(x) + d(f x; yg);
f (y) := x

þ+Ð
¶

Ë`ý´Ð
í

L(v)
•
ž{§"ŸÓ§�¦�œM­�¡�Ým×X£3£X•g§H †Ÿ�¥n¡�œM¦}¥¬l�œX¡�¥n¦M®

(v; f (v); f (f (v)); :::; u)
•
žk•g§H †Ÿ�¥n¡�œX¦}¥¬l�œX¡�¥n¦Ó£X•

v
Ÿ

u
®

î_�
Ï�µ! 

¶
ï �+±�C+±��

B
¸�Â

t
¼�Ã�¾%Â¨ÄŒ¾a»š·qÂ$Çã·•¼�Å ¹�¾a»&ÀÁÇ4Ã�¾¬·$Å

t
¼�Ã}ÀÁ³]¾ÓÃ

#
³XÀÁÃ•¾¬·$³ŒÇ`»w·

a
â

d
·$³|·$Å�¹�»m¼f½†¾•·$Ç`À`Æ
¸�·$ÇÈ¼<¿�¾�¿�·ÒÅs¼�"G¹�¸?»f¼F8

Ôjv‹Š<Ô

•

¦�¥¬¡�•
œŒç
Ÿº•
§{Ÿ�§�­�¦�¤m¡sÝm¥n¦ºŸ�žm¡�­�œŒŸ�œX£X¦

L(a) = 0
Ü

L(x) = 1
©ŒŸ�¤mŸº•
§{¤f•
žfÝm¦|£X•

ªrëg¤fÝm¡� 
•gž
®�òS•I•gžfÝw•I¥n¦�£X¦Xí

T = f ag:
ìLÚX¦�¤mŸ
žm•Ò 
×X¥n©X§�•‚Ø�×X•�í

L(a) + 2 = 2 < L(b) = 1 L(a) + 5 = 5 < L(h) = 1 :

•

¦�œK§�¦
Ø�×X•I§�¦�ž2óXœM¡� 
¦�žFª�Ÿ�§�¦�¤m•gž{©XŸ�¤wŸ}§�¦�žFØ�×M•

L
 
Ÿ�¥Ó«X¡"ŸÓžf¦�œ+í

L(b) = 2 L(h) = 5:
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š Ÿ�£X•g¥
é�ž
í

f (b) = f (h) = a:

ìSÚM¦�¤wŸ}•
§+ªaŸ�§�¦�¤Þ¥nl�œX¡�¥n¦Ó£X•

L
§�¦ÓÝw¡�•gœX•‚•
§+ªrë
¤cÝw¡� 
•

b
Ü

b =2 T
ÙŒ g¦�œ/§�¦}Ø�×X•

T = f a;bg:

ìSÚX¦�¤mŸ
žf•I g×X¥¬©M§�•‚Ø�×X•�í

L(b) + 3 = 5 < L(c) = 1 L(a) + 1 = 3 < L(i ) = 1 :

•

¦�œ/§�¦}Ø�×M•I§�¦�žzóXœX¡� g¦�žFªaŸ�§�¦�¤f•
žF©ŒŸ�¤mŸ
§�¦�žFØ�×X•

L
 †Ÿ�¥Ó«X¡�ŸÓžm¦�œ]í

L(c) = 5 L(i ) = 3:

š Ÿ�£X•g¥
é�ž
í

f (c) = f (i ) = b:
ìSÚX¦�¤mŸ
•g§+ª�Ÿ�§�¦�¤F¥nl�œX¡�¥n¦Ó£X•

L
§�¦}Ýw¡�•
œM•Ò•g§+ªrë
¤fÝm¡� g•

i
 
¦�œ/§�¦}Ø�×X•

T = f a;b;ig:

ìSÚX¦�¤mŸ
žf•I g×X¥¬©M§�•‚Ø�×X•�í

L(i ) + 3 = 6 < L(d) = 1 L(i ) + 2 = 5 < L(f ) = 1 :

•

¦�œ/§�¦}Ø�×M•I§�¦�žzóXœX¡� g¦�žFªaŸ�§�¦�¤f•
žF©ŒŸ�¤mŸ
§�¦�žFØ�×X•

L
 †Ÿ�¥Ó«X¡�ŸÓžm¦�œ]í

L(d) = 6 L(f ) = 5:

š Ÿ�£X•g¥
é�ž
í

f (d) = f (f ) = i:
ìSÚX¦�¤mŸ/•
§dª�Ÿ�§�¦�¤Ò¥nl�œX¡�¥
¦˜£X•

L
§�¦˜Ým¡�•
œM•
œ|§�¦�ž‚ªrëg¤fÝw¡� 
•gž

c
Ù

f
Ü

h
 g¦�œ|§�¦/Ø�×X•¬•
§�¡ ÿf¦

×XœX¦n£X•Ò•
§�§�¦�ž
ÙM©�¦�¤F•Uÿf•
¥n©X§�¦
•g§

f
ÙX£X•Ò¥¬¦�£X¦}Ø�×X•�í

T = f a;b;i; f g:

ìSÚX¦�¤mŸ
žf•I g×X¥¬©M§�•‚Ø�×X•�í

L(f ) + 1 = 6 < L(e) = 1 L(f ) + 3 = 8 < L(g) = 1 :



��z<�

î-ïSðdñ
òSóGô_õ8ö�÷Zøkù{ï:ú_õ�?

•

¦�œK§�¦
Ø�×X•I§�¦�ž2óXœM¡� 
¦�žFª�Ÿ�§�¦�¤m•gž{©XŸ�¤wŸ}§�¦�žFØ�×M•

L
 
Ÿ�¥Ó«X¡"ŸÓžf¦�œ+í

L(e) = 6 L(g) = 8:

š8Ÿ�£X•
¥-é�žgí

f (e) = f (g) = f :
ìLÚX¦�¤mŸn•g§HªaŸ�§�¦�¤{¥nl�œM¡�¥n¦}£X•

L
§�¦}Ýw¡�•
œX•gœK§�¦�žFªrëg¤fÝm¡� 
•gž

c
ÙXÜ

h
 
¦�œ/§�¦
Ø�×X•I•
§�¡ ÿf¦}×XœX¦

£M•I•g§�§�¦�ž
ÙM©�¦�¤F•Uÿf•g¥¬©X§�¦
•g§

c
ÙX£X•Ò¥n¦�£X¦
Ø�×X•�í

T = f a;b;i; f ; cg:

ík¦Kžf•n 
×X¥n©X§�•
œ�×MœX †Ÿ/§�Ÿ˜ g¦�œX£M¡� 
¡�¢�œº©ŒŸ�¤mŸ˜Ø�×M•¬ÚŒŸ†Ü<Ÿ/ 
Ÿ�¥Ó«X¡�¦�ž
®n›d§dªaŸ�§�¦�¤‚¥¬l�œX¡�¥n¦

£M•

L
§�¦ÓÝw¡�•gœX•‚•
œ�Ým¦�œX g•
žL•g§+ªrë
¤cÝw¡� 
•

h
 
¦�œ/§�¦}Ø�×X•�í

T = f a;b;i; f ; c;hg:

�GŸ�¥n©�¦� 
¦•Ÿ�ÚX¦�¤mŸIžf•L 
×M¥¬©X§�•{œ�×XœM †Ÿ•§�ŸÒ 
¦�œX£X¡� g¡�¢�œn©XŸ�¤wŸÒØ�×X•LÚŒŸ%Ü<ŸI 
Ÿ�¥Ó«X¡�¦�žg®-ìLÚX¦�¤wŸ

•g§Hª�Ÿ�§�¦�¤{¥nl�œM¡�¥
¦}£X•

L
§�¦}Ýw¡�•gœX•gœK§�¦�žFªrëg¤fÝm¡� 
•gž

d
Ù

e
 g¦�œÛ§�¦nØ�×X•••g§�¡ ÿf¦
×XœM¦¬£X•••g§�§�¦�ž
Ù

©�¦�¤:•Uÿf•
¥n©X§�¦••
§

d
o4Ÿ�žfl-•
§uŸ�§�­�¦�¤m¡sÝm¥n¦nÝw•g¤m¥n¡�œŒŸ�¤8é¬•
œº•g§u©XŸ�žm¦3žm¡�­�×X¡�•gœ�Ým•%p&Ù+£X•Ó¥¬¦�£M¦

Ø�×X•�í

T = f a;b;i; f ; c;h; dg:
�GŸ�¥n©�¦� 
¦nŸ�ÚX¦�¤wŸ}žm•Ò 
×X¥n©X§�•‚œ�×XœX 
Ÿn§�Ÿ} g¦�œX£X¡� 
¡�¢�œ˜©ŒŸ�¤mŸ
Ø�×X•ÒÚŒŸ%Ü<Ÿ
 
Ÿ�¥Ó«X¡�¦�ž
®

òS•I•gžfÝqŸ
¥¬Ÿ�œX•g¤wŸ}•
§H 
Ÿ�¥n¡�œX¦}¥-é�žF g¦�¤fÝm¦n•gœ�Ýw¤f•

a
Ü

d
Ým¡�•
œM•Ò§�¦�œX­�¡sÝw×X£

z

Ü3•gž
í

(d; f (d) = i; f (i ) = b;f (b) = a):

î_�
Ï�Ì�Ê<Ë`Ê<Ëgï���� ñà²•Ç4ÀÁÅ À+*%¼�»Ö·$Å:¼�Å ¹�¾a»&ÀÁÇ4Ã�¾á¿�·

ç
À

5–›

Â$Ç`»m¼ÛÄM¼�»f¼�·$³
t

¾a³ŒÇ`»f¼�»Ö·$Å
t

¼�Ã}ÀÁ³]¾

Ã
#

³ŒÀÁÃ�¾n·$³ŒÇ4»w·‚Å�¾%Â‚æ/.$»&Ç`À
t

·qÂ

a
â

e
¿�·$ÅŒ¹�»f¼f½†¾�·$Ç`À`Æ
¸�·$ÇÈ¼<¿�¾n¿�·‚Ås¼�"G¹�¸�»f¼œ8

Ô%$kö�Ô

z‚¼�ÅÁÅs¼�»

ÇÈ¼�Ã\,
À•.$³|·$Å
t

¼�Ã}ÀÁ³]¾
ÃnäaÂ
t

¾a»&ÇU¾•·$³ŒÇ4»w·ÒÅ�¾%ÂIæ/.$»&Ç`À
t

·qÂ

g
â

c:

�H¦�žš †Ÿ�¥¬¡�œX¦�žI¥¬l�œX¡�¥n¦�žIžm¦�œá¥Ó×MÜ¿ó?Ýw¡�§�•
žI•
œ ¤m•
£M•
žÓ£X•� 
¦�¥Ó×XœX¡� 
Ÿ� 
¡�¢�œ|¦Û¤m•
£M•
ž

£M•ÒÝw¤wŸ�œXžm©�¦�¤cÝw•Ò©ŒŸ�¤wŸ
¦�©MÝw¡�¥¬¡èç
Ÿ�¤Þ§�Ÿ}¥�Ÿ�œM•
¤wŸ}£X•I•gœ�ª�¡"Ÿ�¤{¡�œ

ÿ

¦�¤f¥�Ÿ� 
¡�¢�œ˜¦n 
Ÿ�¤m­�Ÿ
•
œ<Ýw¤m•

£M¦�žÞ©X×Xœ<Ýw¦�ž0 
¦�œX•g gÝwŸ�£X¦�žÞ©�¦�¤0×XœŒŸš¤m•g£+®B�•¦�žÞ©�•gžm¦�žÞ©X×X•
£M•
œ˜¤m•g©X¤m•gžm•gœ�ÝqŸ�¤F£X¡�žfÝqŸ�œM 
¡�Ÿ�ž

¦n©X×X•g£X•
œv¤f•
 g¦�­�•g¤L¦�Ým¤m¦
Ýw¡�©�¦n£X•I¡�œ

ÿ

¦�¤m¥¬Ÿ� g¡�¢�œ+íuÝw¡�•g¥n©�¦MÙŒ g¦�žfÝm•�Ù�£X¡AìŒ g×X§�ÝwŸ�£/¦�¤f¦�­�¤êé_æ

ìX †ŸM®s®�®
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®

���

í

{(ù£¢ ¤ ý�¥mûIh$2•ü

›Bžf©�•
 g¡"Ÿ�§�¥¬•gœ�Ým•zóMÝw¡�§?•
œ}§�¦:Ø�×X•{Ÿ‚Ÿ�©M§�¡� 
Ÿ� g¡�¦�œX•
žG¡�œ

ÿ

¦�¤f¥œ¦aÝw¡s †Ÿ�ž-žf•F¤m•‘§X•
¤m•F•gžd×Xœ
 g¡�•g¤fÝw¦

Ýw¡�©�¦3£X•n­�¤mŸ

ÿ

¦˜žm¡�¥¬©M§�•�ÙH§�§�Ÿ�¥nŸ�£X¦7¦�¤m«�¦�§4ÙHØ�×X•nžm•n•g¥¬©X§�•†Ÿ?Ù••gœ�Ýw¤f•n¦�Ým¤wŸ�ž‚ 
¦�žmŸ�ž
Ù´©ŒŸ�¤mŸ

 
¦�œXžcÝw¤f×X¡�¤0Ÿ�§�­�¦�¤m¡sÝm¥n¦�ž_•‘§Œ g¡�•
œ<Ýw•gžF£X•gžfÝm¡�œŒŸ�£M¦�žFŸ•§�¦� †Ÿ�§�¡©¨
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À�Â$ÀÈèa³ ·qÂ}Çã·$»&³�¼�»&ÀÈ¾�6
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¾a»q¾aÅs¼�»&ÀÈ¾3æ%À�Â$Çã¾/³]¾%Â:ÄŒ·$»&Ã}ÀÁÇã·•¹<¼�»m¼�³ŒÇ`À+*%¼�»nÆ
¸Œ·

Ås¼
¼�Å Ç`¸?»f¼n¿�·$Å�ä�»‘,g¾aÅ�¿�·‚¿�·
t
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¥¬ŸM®0›džL×Xœ
¦�¤m«�¦�§

m
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¤mŸ� 
¡�¦�œX•gž0Ø�×X•:žf•:¤f•†Ÿ�§�¡%¨
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¦F£X•_¦�¤m£M•
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primer amitad(L)
Ü

segundamitad(L)
Ø�×X•Ò£ŒŸ�£ŒŸ
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œ

primer amitad(L) = a1; : : : ; an=2

Ü

segundamitad(L) = a1+ n=2; : : : ; an :
›džcÝw¦�žG£M¦�ž�¾X§�Ým¡�¥n¦�ž•Ÿ�§�­�¦�¤m¡sÝm¥n¦�žH§�¦�ž•£X•UÿmŸ�¥¬¦�ž• g¦�¥n¦k•Uÿf•
¤f 
¡� 
¡�¦k©ŒŸ�¤wŸ{•g§�§�•
 $Ýw¦�¤g®•�_Ÿ�¥n¦�ž

Ÿš×XžmŸ�¤Þ©ŒŸ�¤mŸÓ•gžfÝm•ÒŸ�§�­�¦�¤m¡ Ýw¥n¦•§�¡�žcÝqŸ�ž¨£X¦�œX£X•:©�¦�žm¡�«X§�•g¥¬•gœ�Ým•Sžm×MžF•
§�•
¥n•
œ<Ýw¦�ž0žm¦�œ+ÙŒŸšžm×

ª�•‘¨�Ù�§�¡�žfÝwŸ�ž
®�kG¦�¤{•Uÿf•g¥¬©M§�¦

L = L 1; L2
£X¦�œX£X•

L1 = 3; 5; 7
Ü

L 2 = 5; 7; 9
®

û
¶`ü

·�Ì�ËÁÎ%µ4·

merge¡ sort(L)
×

Ñ�Î%Ì�ÐŒý•Ð+~

M = M 1; : : : ; M n
ðŒ¦�¤

i = 1
Ým¦

n L 0;i := M i

i := 1
Ù

j := 0
�

ÚX¡�§�•

longitud (L j ) > 1
�

ÚX¡�§�•

i < longitud (L j )
L j +1 ; i +1

2
:= mezclar(L j ;i ; L j ;i +1 )
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i := i + 2
õ¹Ñ

longitud (L j ) mod 2 = 1
ÝwÚX•gœ

W := mezclar(L j +1 ;longitud (L j +1 ) ; L j ;l ongitud (L j ))
L j +1 := Borrar(L j +1 ; longitud (L j +1 ))
L j +1 :=

;^ÿ

¼<¿�ÀÁ»

(L j +1 ; W; longitud (L j +1 + 1))
j := j + 1

Ù

i := 1
þ]Ð ¶ Ë`ý•Ð+~

L j ;1

›dœK•:ÑÍ•
 gÝm¦¬•
žcÝw••Ÿ�§�­�¦�¤f¡sÝw¥
¦ÓÝm¡�•
œM•Ò 
¦�¥n©X§�•Uÿf¡�£ŒŸ�£

O(nL (n))
®#k-Ÿ�¤mŸ
§�§�•
­<Ÿ�¤FŸ
 g¦�œ�º

žfÝw¤f×X¡�¤I§�¡�žfÝqŸ�žÒ×XœX¡�ÝwŸ�¤m¡�Ÿ�ž•ŸK©ŒŸ�¤fÝw¡�¤I£X•�×XœŒŸK§�¡�žfÝqŸ

L
£M•�§�¦�œM­�¡�Ým×X£

n
£X•
«�•g¥¬¦�žšÚXŸ� 
•g¤

£X•
§L¦�¤m£M•
œ�£X•

log2(n)
©ŒŸ�¤fÝw¡� 
¡�¦�œX•gž
ÙF§�×X•
­�¦>•
žfÝm•v•
ž••g§Sœ‹¾X¥n•
¤f¦ £X•Kª�•
 
•gž3Ø�×M•vžm•

¤m•
©M¡�Ýw•
•
§B«X×X g§�•�®FÛH×X•g­�¦K£X•
«�•g¥¬¦�ž•¥n•�¨g 
§"Ÿ�¤Ò§"Ÿ�žÒ§�¡�žcÝqŸ�ž‚•
œ> 
Ÿ�£ŒŸ/ 
Ÿ�žm¦XÙG©�•g¤m¦K 
¦�¥n¦

žm•˜©X×X•g£X•/¦�«Xžm•g¤fª�Ÿ�¤cÑP¦� 
¡�§�¥n•gœ�Ým•••
§FŸ�§�­�¦�¤f¡sÝw¥
¦

mezclar(L 1; L2)
œX•
 g•
žm¡sÝqŸº£M•
§F¦�¤£º

£X•
œº£X•

longitud (L 1) + longitud (L 2)
¦�©�•g¤wŸ� g¡�¦�œM•
ž
®

Á

•
•
žcÝqŸ3¥�Ÿ�œX•
¤mŸ�Ýw¦�£ŒŸ�ž:§"Ÿ�ž

¥¬•‘¨
 g§"Ÿ�ž
 
¦�¤f¤m•gžm©�¦�œX£M¡�•
œ<Ýw•gž•ŸÖ×Mœ�¥n¦�¥n•
œ<Ýw¦�§�ÿmŸ�£X¦Ö£X•/§"Ÿº©XŸ�¤fÝw¡� 
¡�¢�œëœX•g 
•
žf¡�ÝwŸ�¤–¦�œ

×XœŒŸ� 
Ÿ�œ�Ým¡�£ŒŸ�£Û§�¡�œM•†Ÿ�§H£X•š¦�©�•g¤wŸ� g¡�¦�œX•gž
®

Á

•š•
žcÝw•Ó¥n¦�£X¦¬§"Ÿn 
¦�¥¬©X§�•Uÿf¡�£ŒŸ�£˜Ýw¦�ÝwŸ�§´žf•
¤-¦

O(nl (n))
®š›d§užm¡�­�×X¡�•
œ<Ýw•Ó•ãÿf•
¥n©X§�¦••:¼?©X§�¡� 
Ÿ• 
¦�œ<ª�•
œX¡�•
œ<Ýw•g¥¬•gœ�Ýw•
•g§¬ÑÍ×XœX g¡�¦�œŒŸ�¥n¡�•gœ�Ým¦

£X•
§•Ÿ�§�­�¦�¤f¡sÝw¥
¦ÓÜ••
§Hœ‹¾X¥¬•g¤m¦
£X•Ò¦�©�•
¤mŸ� 
¡�¦�œX•gž{Ø�×M•I•‘ÑÍ•g gÝ–¾XŸM®

×��
Ï�µ! 

¶
·•±

�´¦�¥¬Ÿ�¥n¦�ž

L = 1; 8; 3; 5; 2; 1; 8; 13; 7
®BìS©X§�¡�Ø�×X•
¥n¦�žÞ•
§•Ÿ�§�­�¦�¤f¡sÝw¥
¦Xí

kd¤m¡�¥¬•g¤wŸ�¥n•
œ<Ýw•Sžm•Ò g¦�œXžfÝm¤m×MÜ�•Ò§"ŸÓ§�¡�žfÝwŸ

L0 = 1; 8; 3; 5; 2; 1; 8; 13; 7
£M•Ò§�¦�œX­�¡sÝw×X£

ï

ÙX 
×MÜ�¦�žk•g§�•g¥¬•gœ�Ým¦�ž{žf•I£X•gœX¦�ÝwŸ�œ

L0;i
®

ìSÚM¦�¤wŸ

i := 1
Ù

j := 0
®

•

¦�¥n¦

longitud (L 0) = 9 > 1
•
œ<Ýw¤wŸ�¥¬¦�žF•gœK•g§H©X¤m¡�¥¬•g¤F«M×X 
§�•�®

•

¦�¥n¦

1 < 9
•
œ�Ým¦�œX g•
žk•
œ�Ým¤wŸ�¥n¦�žF•
œ/•
§Hžf•
­�×MœX£X¦¬«X×M 
§�•�®

L1;1 = mezclar(L 0;1; L0;2) = 1; 8 �

›dœ˜•
žfÝm•I¥n¦�¥n•
œ<Ýw¦Ó§"ŸÓ©X¤f¡�¥n•
¤mŸ

•
œ�Ým¤wŸ�£XŸ
£X•Ò§"ŸÓ§�¡�žfÝqŸ

L1
•
žLŸ}žm×˜ª�•�¨I×XœŒŸ
§�¡�žcÝqŸ��

i := 3 < 9
L1;2 = mezclar(L 0;3; L0;4) = 3; 5
i := 5 < 9
L1;3 = mezclar(L 0;5; L0;6) = 1; 2
i := 7 < 9
L1;4 = mezclar(L 0;7; L0;8) = 8; 13
i := 9 = 9

§�¦}Ø�×X•IœX¦�ž{žmŸ� †Ÿ
£X•g§H«X×X 
§�•

•

¦�¥n¦

longitud (L 0) = 9
•gžk¡�¥¬©XŸ�¤Þ•gœ�Ýw¦�œX 
•gž

W := mezclar(L 1;4; L0;9) = 7; 8; 13
L1 := (3; 5); (1; 2)
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L1 := (3; 5); (1; 2); (7; 8; 13)
Ù

longitud (L 1) = 3
j := 1

Ù

i := 1
•

¦�¥n¦

longitud (L 1) = 3 > 1
•gœ�Ým¤wŸ�¥n¦�žF£X•Òœ�×X•$ª�¦¬•
œ/•
§H©M¤m¡�¥n•
¤Þ«X×M 
§�•

•

¦�¥n¦

1 < 3
•gœ�Ýw¦�œX 
•gžL•gœ�Ýw¤mŸ�¥n¦�žF•
œ/•
§Hžm•g­�×XœX£M¦¬«X×X g§�•�®

L2;1 = mezclar(L 1;1; L1;2) = 1; 2; 3; 5
i := 3 = 3

§�¦
Ø�×X•ÒœX¦�ž{žwŸ� †Ÿ
£X•
§H«X×M 
§�•

•

¦�¥n¦

longitud (L 1) = 3
•gžk¡�¥n©ŒŸ�¤0•
œ<Ýw¦�œM 
•
ž

W := mezclar(L 2;1; L1;3) = 1; 2; 3; 5; 7; 8; 13
ª�Ÿ� g¡"Ÿ�¥n¦�ž

L2

L2 := (1; 2; 3; 5; 7; 8; 13)
Ù

j := 1
longitud (L 2) = 1

§�¦
Ø�×X•IœM¦�ž{žwŸ� 
Ÿ
£X•
§H«X×X g§�•

÷

Ÿ�§�¡�£ŒŸMí




ÙóÓ?Ù òMÙóñ?Ù ø�Ù

t

Ù




ò

×_� Ï�Ì�Ê<Ë`Ê<Ë¶·°Ý�Þ��

;

Ä�Å À t ¼�»I·$Å+¼�Å ¹�¾a»$ÀÁÇ`Ã�¾}¼�³ŒÇU·$»&ÀÈ¾a»‚¼
¸�³�¼nÅ À�Â$ÇÈ¼¬¿�· t ÀÁ³ t ¾n·$Å�·$Ã�·$³ŒÇU¾%Â

Ô

�)ÂPÃ�Â�� Å	��ÆhÇ±È�

����

��
������”Ç���

�

ÛH¦�ž�¦�¤m«�¦�§�•
žÞÝw¡�•gœX•gœK©X¤f¦�©X¡�•g£ŒŸ�£X•gžk£X•I¥n¡�œX¡�¥nŸ�§s¡�£ŒŸ�£+ÙM•
œK•
§Hžm•gœ�Ýw¡�£X¦n£X•IØ�×X••žf¦�œK§�¦�ž

­�¤wŸpÑÍ¦�ž: g¦�œX•3¼M¦�žÒ 
¦�œº•
§-¥¬•gœX¦�¤:œ‹¾X¥¬•g¤m¦3£X•
Ÿ�¤m¡�žfÝwŸ�ž:©�¦�žf¡�«X§�•
ž
®½ûK¦�£X•
§�Ÿ�œºŸ�ž-þ-¤m•
£M•
ž

£M•Ó g¦�¥Ó×XœX¡� †Ÿ� g¡�¦�œM•
žL g¦�œv×Xœv¥Vþ�œX¡�¥n¦nœ‹¾X¥¬•g¤m¦�£X•š 
¦�œX•:¼?¡�¦�œX•
ž:•gœ�Ým¤m•šœX¦�£X¦�žg®:›džfÝw¦

ÿf×MžfÝw¡+§Œ †Ÿ}§"Ÿ�žÞžm¡�­�×X¡�•gœ�Ým•
ž{£M•‘§ŒœX¡� 
¡�¦�œX•gž
®

¯
Ï

°
Ñ´Ë`Ê<Ë`Õ�Ñ ß+±©ä+±‰Ý�� ²•³����•�

ü
Ì�Ðgf•·

ü
Ï�Ñ´Ï�Ì�ÐŒý•·�Ì/¿�·:¸�³3¹�»f¼f½†¾IÂ$ÀÁÃSÄ�Å�·

G
·qÂ

t
¸M¼�ÅŽ2

Æ
¸�ÀÈ·$»šÂ$¸=,ã¹�»f¼f½†¾/¿�·

G
Æ
¸Œ·}ÀÁ³

t
Å ¸?â<·}ÇU¾
¿�¾%Â}Å�¾%Â}æ/.$»&Ç`À

t
·qÂn¿�·

G
6U¼�¸�³�Æ
¸Œ·
³]¾•³]·

t
·qÂ
¼/2

»&À`¼�Ã�·$³ŒÇã·ÒÇU¾
¿<¼aÂ:Â$¸<Âš¼�»&À�Â$ÇÉ¼aÂS9

Ô

¯
Ï

°
Ñ´Ë`Ê<Ë`Õ�Ñ ß+±©ä+±‰Ý��à²•³½ªMÌ>��·

¶+ü
Ï�Ñ´Ï�Ì�ÐŒý•·�ÌF64ÂãÄM¼�³Œ³ŒÀÁ³�¹:Ç`»q·q·S9‚¿?·0¸?³Ó¹�»f¼f½†¾kÂ$ÀÁÃSÄ�Å�·

G
·qÂÒ¸?³ÛÂ$¸=,ã¹�»f¼f½†¾•¹�·$³]·$»m¼<¿�¾a»Ò¿�·

G
Æ
¸Œ·}·qÂÒ¸?³Öä�»‘,$¾aÅ

Ô

«c�¬�
Ï�Ì'­MÐŒÊ<Ë`Õ�Ñ»ßH±©ä+±PÝ�ä ²•³�¹�»f¼f½†¾éÂ$ÀÁÃSÄ�Å�·ÓÄ�¸�·m¿�·/Çã·$³]·$»/ÃnäaÂÛ¿�·/¸�³Yä�»‘,$¾aÅ_¹�·$³]·:2

»f¼<¿�¾a»C6Éæ�·$»�"G¹�¸�»m¼�8

Ôjv�v

9

Ô

ÛH¦�žr¦�¤m«�¦�§�•
ž•­�•
œX•g¤wŸ�£X¦�¤m•
ž•Ýw¡�•
œX•gœ žf×áŸ�©X§�¡� †Ÿ� 
¡�¢�œÖ•
œ ¤f•
£X•gžÓ£X•� g¦�¥Ó×XœX¡� †Ÿ� g¡�¢�œ]®

›džu g§"Ÿ�¤f¦SØ�×M•Fžf¡MØ�×X•g¤m•g¥¬¦�žu g¦�œXžcÝw¤m×M¡�¤-×XœŒŸS¤m•g£}Ø�×X•Þ 
¦�œX•
 $Ýw•F×Mœ} 
¦�œaÿf×Xœ�Ým¦‚£M•ÞœX¦�£X¦�ž
Ù

£M¡�­<Ÿ�¥n¦�ž

V
Ù�§"Ÿ}¤f•
£K£X•g«�••žm•g¤L g¦�œX•3¼XŸn©ŒŸ�¤mŸnØ�×X•I †Ÿ�£XŸn©ŒŸ�¤{£X•IœM¦�£X¦�žk•
žcÝ–²gœÛ 
¦�œX•g :º

ÝwŸ�£X¦�žg®

Á

•¬•gœ�Ýw¤f•¬§�¦�žÒ­�¤mŸpÑÍ¦�žÒ 
¦�œX•:¼?¦�ž• 
×MÜ�¦Û 
¦�œ�ÿf×Xœ�Ým¦Û£M•nªO²g¤fÝw¡� 
•gž••
ž

V
Ù´§�¦�žÒØ�×X•

Ç`ÀÈ·$³]·$³Û·$Å�ÃcáÁ³ŒÀÁÃ�¾Ò³nx�Ã�·$»q¾š¿�·S¼�»&À�Â$ÇÉ¼aÂ
žf¦�œ¬§�¦�ž±¦�¤m«�¦�§�•
žuÜ
žf¦�œ¬©�¦�¤B•gžfÝqŸÒ©X¤m¦�©M¡�•
£XŸ�£+Ù

¥n¡�œM¡�¥nŸ�§s•
žg®

÷

¡�œš•g¥}«XŸ�¤m­�¦MÙ�§�¦�ž¬¦�¤m«�¦�§�•
žGžm¦�œ}¥Ó×MÜÒ©�¦� g¦:¤m•gžm¡�žfÝw•gœ�Ým•
ždŸ”Ñ`Ÿ�§�§�¦�ž•©�¦�¤mØ�×X•�Ù
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ð-¡�­�×X¤wŸCñ�®óòOñ?í

•
œ3×Xœ7¦�¤m«�¦�§4Ù?•g§] 
Ÿ�¥n¡�œX¦•Ø�×X•‚×MœX•:£X¦�ž¨ªO²
¤fÝm¡� g•
žÞ•
ž)¾XœX¡� 
¦X®uìLž-þ]•g§]£X•$Ýw•g¤m¡�¦�¤m¦Ó£M•:×XœŒŸ

 
¦�¥Ó×XœM¡� †Ÿ� 
¡�¢�œ3£X¡�¤f•
 $ÝqŸ}•
œ�Ým¤m•Ò£X¦�ž{œX¦�£X¦�ž{£X•
žf 
¦�œX•g gÝqŸ¬Ÿ�§�­�×XœX¦�žFœM¦�£X¦�ž{•
œ<Ýw¤f•Iž}þÈ®

Û•ŸSžf¡�­�×M¡�•
œ<Ýw•¨©X¤f¦�©�¦�žf¡� g¡�¢�œ• †Ÿ�¤mŸ� gÝm•
¤f¡%¨†ŸL§�¦�žG­�¤wŸ>ÑÍ¦�žGžm¡�¥n©X§�•
ž´Ø�×M•0Ýw¡�•
œX•gœÓ×Xœc¦�¤m«�¦�§

­�•
œX•g¤wŸ�£X¦�¤
®

X
ÌE·W �·Y�
Ë4Ê<ËÍÕ�ÑÕßH±©ä+±©Þ�� ²´³K¹�»f¼f½†¾}Â$ÀÁÃSÄ�Å�·

G
Ç`ÀÈ·$³]·I¸?³|ä�»‘,$¾aÅ�¹�·$³]·$»f¼<¿�¾a»:Â$ÀdânÂ%¾aÅs¼/2

Ã�·$³ŒÇU·:Â$À

G
·qÂ

t
¾a³]·få?¾

Ô

ç
·$Ã�¾%Â$Ç4»f¼

t
ÀÈèa³

ÔF÷

¡

G
Ýw¡�•gœX•n×Xœ>žf×X«X­�¤mŸpÑÍ¦

T
Ø�×X•¬•
ž•×Xœ!¦�¤m«�¦�§uÜÖ g¦�œ�Ým¡�•gœX•nÝm¦�£X¦�ž

žm×XžÞªO²
¤cÝw¡� g•
žgÙŒ•
œ<Ýw¦�œM 
•gžk©XŸ�¤wŸÓ 
Ÿ�£ŒŸÓ©ŒŸ�¤Þ£X•:ªO²g¤fÝw¡� 
•gž{£M•

G
ÚŒŸ†Ü•×Xœ3 †Ÿ�¥n¡�œM¦Ó•
œ

T
Ù?Ü

©�¦�¤FÝwŸ�œ�Ým¦
•
œ

G
ÙXØ�×M•I§�¦�žÞ×XœX•�®_›džfÝm¦¬¥Ó×X•gžfÝm¤wŸ
Ø�×X•

G
•gžk 
¦�œX•:¼?¦X®

÷

¡

G
•gž} 
¦�œM•:¼?¦XÙB§"ŸK¥�Ÿ�œX•
¤mŸÛ£X•3 g¦�œXžcÝw¤m×M¡�¤š×Xœy¦�¤m«�¦�§¨­�•gœX•
¤mŸ�£X¦�¤Ó g¦�œXžf¡�žfÝm•3•gœ

§�¦� †Ÿ�§�¡©¨
Ÿ�¤•×Mœë 
¡�¤m g×X¡�Ým¦v•
œ

G
Ü>Ø�×X¡�ÝwŸ�¤š×XœŒŸéŸ�¤m¡�žfÝqŸ?®Ö›džfÝwŸé¦�©�•g¤wŸ� g¡�¢�œ ©X¤m•gžm•g¤fª�Ÿº§�Ÿ

 
¦�œX•3¼?¡�¢�œnÜnÚXŸ� 
•L£X•gžwŸ�©ŒŸ�¤m•g 
•g¤Þ×Mœ� 
¡� 
§�¦X®¬õÉÝw•g¤wŸ�œX£X¦š•gžfÝqŸI¦�©�•
¤mŸ� 
¡�¢�œ¬£X•gžwŸ�©XŸ�¤m•g 
•
¤-¦�œ

Ýw¦�£X¦�žF§�¦�žF g¡� g§�¦�žg®

�L•g¥n¦�žI£ŒŸ�£X¦/×XœŒŸ/¥�Ÿ�œX•
¤mŸ/£M•¬ g¦�œXžcÝw¤m×X¡�¤I×Xœ!¦�¤f«�¦�§B­�•
œX•g¤wŸ�£M¦�¤I•
œ>•g§B †Ÿ�žf¦Û£X•

§�¦�žu­�¤wŸ>ÑÍ¦�ždØ�×X•{§�¦�ž-Ýw¡�•
œX•gœ+®��k¦Ò¦�«XžfÝwŸ�œ�Ým•�Ù�§�Ÿ‚§�¦� †Ÿ�§�¡©¨
Ÿ� 
¡�¢�œ}£M•{ 
¡�¤m 
×M¡�Ýw¦�žd•gœn×Xœn­�¤mŸpÑÍ¦

œX¦ •gž•×MœŒŸ|ÝqŸ�¤m•
Ÿ>žf•
œX g¡�§�§"ŸM® kG¦�¤�•g§�§�¦|•
ž� 
¦�œ�ª�•gœX¡�•gœ�Ýw•�Ùk•gœ�§�×X­<Ÿ�¤n£X•Û•g¥¬©X§�•†Ÿ�¤n§�Ÿ

•
žfÝm¤wŸ�Ým•
­�¡�Ÿ¬Ÿ�œ<Ýw•
¤f¡�¦�¤gÙ�•g¥¬©M§�•†Ÿ�¤k×MœŒŸ¬•
žcÝw¤wŸaÝw•
­�¡"Ÿn£X•IÝm¡�©�¦
Ë4Ñ´Ê�Ì�Ï?µ|Ï?Ñ�Î%Ð

¶Uí_©ŒŸ�¤cÝw¡�•gœX£X¦
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£M•š×XœÛªO²g¤fÝm¡� 
•�Ù�¡�¤LŸ/�XŸ�£X¡�•gœX£X¦�Ÿ�¤m¡�žfÝqŸ�ždÿf×Xœ<Ýw¦� g¦�œvžf×Xž:•3¼�Ýw¤m•g¥¬¦�žSžm¡�œÛØ�×X•ÓŸ�§GŸ/�ŒŸ�£X¡�¤
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¦�œM•:¼?¦/•gžÒ«M¡�©ŒŸ�¤cÝw¡�£X¦XÙ�¦�«MÝm•
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ž
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œ
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¡�•
œX£M¦I£X•
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 gÝm¦�ž

Ÿ�§]Ýw•
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 $Ýw¦�¤F¡�œ�Ýw•g¤m•gžwŸ�£X¦nŸ
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t
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Á

¡�«X×aÿmŸ�¤Þ×Xœ3­�¤mŸpÑÍ¦ÓØ�×X•‚¤m•g©X¤m•gžm•
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©�•gœ�º

£X•
œX g¡"Ÿ�ž

�
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•
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©ŒŸ�¤F£X•Ò£X•
©�•gœX£X•
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®
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Á
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•gœX 
¡�ŸÓÜ¬×XœŒŸÓ¥¬Ÿ�Ýw¤f¡%¨L£X•:¡�œM 
¡�£X•
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£M•I 
Ÿ�£ŒŸ
×XœM¦n£X•Ò§�¦�žF­�¤wŸpÑÍ¦�žF£M•
§H•Uÿf•g¤m g¡� 
¡�¦nŸ�œ<Ýw•
¤f¡�¦�¤g®
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Á

•gÝw•g¤m¥n¡�œŒŸ�¤0žm¡]•3¼M¡�žfÝm•ÒŸ�§�­O¾Xœ�­�¤wŸ>ÑÍ¦Óžm¡�¥¬©M§�•L g¦�œHø•ªO²g¤fÝm¡� 
•gžF g×MÜ�¦�ž

­�¤wŸ�£X¦�ž{žf•†Ÿ�œ

3; 2; 2; 4; 3; 5; 4: Á

•gÝm•
¤m¥n¡�œXŸ�¤ÞÝwŸ�¥Ó«X¡©²
œ3žm¡+•:¼?¡�žcÝw•IŸ�§�­O¾Xœ3­�¤mŸpÑÍ¦}žm¡�¥n©X§�•

 g¦�œÔñÓªO²g¤fÝw¡� 
•gžk 
×?Ü�¦�žk­�¤wŸ�£X¦�ž{žf•†Ÿ�œ

3; 2; 2; 4; 3:

×_� Ï�Ì�Ê<Ë`Ê<Ë¶·°Ý�ÀWß+± �LŸ�§�§�Ÿ�¤¨Ýw¦�£M¦�ž{§�¦�žFžm×X«M­�¤wŸpÑÍ¦�ž{£X•

K 1;6
Ü3£X•

W3:

×_� Ï�Ì�Ê<Ë`Ê<Ë¶· Ý�ÀWìH± �SŸ�§�§�Ÿ�¤}§�¦�ž}ª�Ÿ�§�¦�¤m•gžn£X•

n
©ŒŸ�¤wŸº§�¦�ž
Ø�×X•K§�¦�žnžf¡�­�×M¡�•gœ�Ýw•gžn­�¤mŸpÑÍ¦�ž

Ÿ�£X¥¬¡sÝw•gœ˜×Xœ/ g¡�¤m g×X¡�Ým¦}•
×X§�•
¤m¡�Ÿ�œX¦Xí

K n ; Cn
Ü

Wn

×_� Ï�Ì�Ê<Ë`Ê<Ë¶·yÝ�À���±

Á

¡�«X×�ÿmŸ�¤F§�¦�žF£X¡�­�¤wŸ>ÑÍ¦�žÞ 
¦�œK§�Ÿ/¨g¦�žF 
×?Ü<Ÿ�žk¥¬Ÿ�Ýw¤f¡� 
•gžF£M•IŸ�£MÜ<Ÿ� g•
œX g¡"Ÿ
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B
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C
C
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B
B
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0 2 1 0
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C
C
A ;

0

B
B
B
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3 0 0 1 1
0 0 1 0 1
0 1 1 1 0

1

C
C
C
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¤f¦•£X•ÓŸ�¤f¡�žcÝqŸ�žL£X•š×Xœv­�¤mŸpÑÍ¦X®
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®
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œ<Ýw¤mŸ�£ŒŸ/žm•
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 g•
œX g¡"ŸÛ£X•�×Xœá­�¤wŸpÑÍ¦KÜ|Ø�×X••©�•g¤m¥n¡�ÝqŸ/£X•$Ýw•g¤m¥n¡�œŒŸ�¤Ižm¡¨•
§¨­�¤mŸpÑÍ¦Û•
žš¦vœX¦v•
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®

÷

•
Ÿ
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¦�¤m£X•gœŒŸ�£X¦�¤f•
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Ÿ�§
'
£X•gžm g¤m¡�ÝwŸ

©�¦�¤{×Xœ/­�¤mŸpÑÍ¦
 g×MÜ<Ÿn¥¬Ÿ�Ýw¤f¡%¨:£M••Ÿ�£MÜ<Ÿ� g•
œX g¡"Ÿ�ž{•
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B
B
B
B
B
B
@

0 1 0 0 1 0
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1 0 0 1 0 0
0 1 0 0 0 0

1

C
C
C
C
C
C
A
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•
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p = 0:1
§"Ÿv©X¤m¦�«XŸ�«X¡�§�¡�£ŒŸ�£á£X•/Ø�×X•/×Mœ� †Ÿ�«X§�•3Ø�×M•/×XœX•/£M¦�žn¦�¤m£X•gœŒŸ�£X¦�¤f•
ž

Ÿ�£MÜ<Ÿ� g•
œ<Ýw•
žkžm•I£XŸ/�X•�®

¡[�C 0×n¦�§H•gžk§�Ÿ}©X¤f¦�«ŒŸ�«M¡�§�¡s£ŒŸ�£•£X•IØ�×X•Òžm•Ò•
žfÝm¤m¦�©�•g•
œvŸ�§H¥n•
œM¦�ž{£X¦�žk 
Ÿ�«X§�•
žg®

¡�¡\�D 0×g¦�§¨•
žÓ§�ŸK©X¤f¦�«ŒŸ�«M¡�§�¡s£ŒŸ�£|£X•�Ø�×X••×Xœ ¥n•
œXžmŸaÿf•�Ø�×X••©XŸ�¤fÝw•¬£X•
§¨¦�¤m£M•
œŒŸ�£X¦�¤

œ�×X¥n•
¤mŸ�£X¦� 
¦�œv×Xœ




œX¦•§�§�•g­�×X••Ÿ�§´¦�¤f£X•
œXŸ�£X¦�¤Lœ�×X¥n•g¤wŸ�£X¦� g¦�œv×Xœ Ó?Ù�Ýw•
œM¡�•
œM£X¦••gœ

 
×X•gœ�ÝqŸ
§"ŸÓ¡�œ=ÑÍ¦�¤m¥¬Ÿ� g¡�¢�œ3žf¦�«X¤f•I§�Ÿ}©X¤f¦�«ŒŸ�«X¡�§�¡s£ŒŸ�£3£M•IØ�×X•Òžm•I£ŒŸp�X•Ò×XœŒŸ
 g¦�œX•3¼M¡�¢�œ+®

×�� Ï�ÌaÊ<Ë4Ê<Ë¶·ãÝ‹Ø�Ý ®

÷

•†ŸÓ§�Ÿ•žm¡�­�×X¡�•
œ�Ým•S¥¬Ÿ�Ým¤m¡%¨k§�Ÿ•¥�ŸaÝw¤m¡©¨k£X•‚Ÿ�£?Ü<Ÿ� 
•gœX 
¡�Ÿ�žÞ£X•S×Xœ3­�¤mŸpÑÍ¦

žm¡�¥n©X§�•

G = (V; A)
í

0

B
B
B
B
B
B
B
B
B
B
@

0 1 0 0 0 0 0 0
1 0 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 1 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0

1

C
C
C
C
C
C
C
C
C
C
A

¡[�

Á

•$Ýw•
¤f¥¬¡�œŒŸ�¤Þ•
§Hœ�¾M¥¬•g¤m¦
£X•Ò 
¦�¥n©�¦�œX•gœ�Ýw•gžk g¦�œX•3¼XŸ�žL£X•g§H­�¤wŸpÑÍ¦M®

¡�¡\�

Á

•gÝm•
¤f¥¬¡�œŒŸ�¤Lžm¡

G
•gž‚×Mœ ¦�¤m«�¦�§4®

Á

•gÝm•
¤m¥n¡�œXŸ�¤Sžf¡uŸ�§-Ÿ/�XŸ�£X¡�¤L§"Ÿ�Ÿ�¤m¡�žfÝwŸ

f 1; 5g
•
§Hœ�×X•gª�¦¬­�¤mŸpÑÍ¦

(V; A [ ff 1; 5gg)
•gžk×XœA¦�¤f«�¦�§È®

¡�¡�¡\�

Á

•$Ýw•
¤f¥¬¡�œŒŸ�¤F§�¦�žF­�¤wŸ�£X¦�ž{£X•‚Ýw¦�£M¦�ž{§�¦�žÞªO²
¤cÝw¡� g•
ž{£X•

G
®

¡�ª��

Á

•$Ýw•g¤m¥n¡�œŒŸ�¤Fžm¡H•
§H­�¤wŸpÑÍ¦

(V; A [ ff 1; 5gg)
•gžL›d×X§�•
¤f¡"Ÿ�œX¦M®

{N)Q+�] R�†S;C2T=>U,=VUW365^2F;.5?_@;PAW0?365

×��
Ï�ÌaÊ<Ë4Ê<Ë¶· Ý"�sä

® Û•Ÿ�ž�¤m×X•g£ŒŸ�ž•Ø�×X•vžf•v©X¡�£M•
œ�žm•v©M×X•
£X•gœê¤m•g©X¤m•gžm•gœ�ÝqŸ�¤3 g¦�¥¬¦>×Xœ

©�¦�§%þ�­�¦�œM¦: 
•g¤m¤mŸ�£X¦Ò£X•�ò?Ù�ôXÙ�ñSÜ`':§"Ÿ�£X¦�žu¤m•
žf©�•
 $Ýw¡�ªaŸ�¥n•
œ�Ým•{ 
¦�œ
×Xœ}ªO²
¤cÝw¡� g•kŸ�£X¡� g¡�¦�œXŸ�§

•
œš•g§�¡�œ�Ýw•g¤m¡�¦�¤+ÜÒ¤wŸ�£M¡�¦�ž•£X•gžm£X•0•gžfÝm•¨ªO²g¤fÝw¡� 
•¨Ÿk †Ÿ�£XŸL×XœM¦S£M•¨§�¦�ž•ªO²g¤fÝw¡� 
•gžG£X•
§�©�¦�§%þ�­�¦�œM¦

�

ª�•
¤

W5
•gœK§�Ÿr§Œ­�×X¤wŸ\ñ?® ôOù��$®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶·yÝWÝ��

®

÷

•I©M×X•
£M••¤f•
©X¤f•
žf•
œ�ÝwŸ�¤k 
¦�¥¬¦
×Xœ/ g×X«�¦nÝm¤m¡�£X¡�¥n•gœXžm¡�¦�œŒŸ�§4®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶· ÝsÝWÝ

®S›džm 
¤f¡�«X¡�¥n¦�ž

K 3 = (f 1; 2; 3g; ff 1; 2g; f 2; 3g; f 3; 1gg)
®

÷

¡�ÑÍ×M•
¤wŸ

«X¡�©ŒŸ�¤fÝw¡�£X¦3žm×| 
¦�œaÿf×Mœ�Ýw¦/£X•
ªO²
¤cÝw¡� g•
ž

V
žm•n©�¦?£M¤-þ"Ÿ3•gžm 
¤f¡�«X¡�¤Ò 
¦�¥¬¦/×MœX¡�¢�œÖ£X¡�žÁÿf×Xœ�ÝwŸ

£X•3£X¦�ž} 
¦�œaÿf×Xœ�Ým¦�ž}œX¦éª�Ÿ� �þ�¦�ž
ÙB£X¡�­<Ÿ�¥n¦�ž

V1
Ü

V2
®

÷

¡ÖÑÍ×M•
¤wŸv«X¡�©ŒŸ�¤fÝw¡�£X¦Û©�¦�£M•
¥n¦�ž

žm×X©�¦�œM•
¤
ÙMžm¡�œ•©�•g¤m£X¡�£ŒŸš£M•:­�•
œX•g¤wŸ�§�¡�£ŒŸ�£+Ù�Ø�×X•

1 2 V1
®��k•
 g•
žmŸ�¤m¡�Ÿ�¥¬•gœ�Ým•S§�¦�ž_ªO²g¤fÝm¡� g•
ž



Ó

t

ù î-ïSðdñ
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ÓkÜròMÙ�Ø�×X•Þžm¦�œ
Ÿ�£MÜ<Ÿ� 
•
œ<Ýw•gžB 
¦�œ




£X•g«�•gœ
•
žfÝwŸ�¤u•
œ

V2
§�¦:Ø�×X•F£XŸ:×XœŒŸ: g¦�œ�Ým¤wŸ�£M¡� 
 g¡�¢�œ

Ü<Ÿ
Ø�×X•Ižf¦�œKŸ�£MÜ<Ÿ� g•
œ<Ýw•gž
®

÷

•†Ÿ

C6 = (f 1; 2; 3; 4; 5; 6g; ff 1; 2g; f 2; 3g; f 3; 4g; f 4; 5g; f 5; 6g; f 6; 1gg):

�´¦�¥¬Ÿ�¥n¦�ž

1 2 V1
•gœ�Ým¦�œX 
•gž

2; 6 2 V2
®

Á

•/•
žfÝm•K¥n¦�£X¦

3; 1 2 V1
®�ìSž}þ

V1 =
f 1; 3; 5g

Ü

V2 = f 2; 4; 6g
 g×X¥n©X§�•gœ•§�Ÿ�ž¨ g¦�œX£X¡� 
¡�¦�œX•
ž¨©ŒŸ�¤mŸšØ�×X•

C6
žf•†Ÿš«X¡�©ŒŸ�¤fÝw¡�£X¦X®

×_� Ï�Ì�Ê<Ë`Ê<Ë¶·°ÝsÝ�Þ ®uúÞŸ�žfÝwŸ
Ým¦�¥�Ÿ�¤�Ó}¤m•g gÝqŸ�žL©XŸ�¤wŸ�§�•
§�Ÿ�ž
ÙMžm¦�«M¤m•I×XœŒŸ
£X•I•
§�§"Ÿ�žF¥�Ÿ�¤m †Ÿ�¤”Ó

©M×Xœ�Ým¦�ž_Ü}žm¦�«X¤m•k§"Ÿ‚¦�Ým¤wŸÒ¥¬Ÿ�¤m 
Ÿ�¤#ñÒ©M×Xœ�Ým¦�ž

�

¤m•gžm©�•g gÝw¡sª�Ÿ�¥n•
œ<Ýw•”òÒÜcô"�-Ü
¤f•
©X¤f•
žf•
œ<ÝqŸ�¤

Ým¦�£X¦�ž¨§�¦�ž_žm•g­�¥n•
œ<Ýw¦�ž¨Ø�×X•S×XœX•gœ•×XœŒŸ•¥¬Ÿ�¤m 
ŸI£X•L×XœŒŸ•£X•L§�Ÿ�ž_¤m•g gÝwŸ�ž0 g¦�œ�×XœŒŸ•¥¬Ÿ�¤m 
Ÿ

£M•I§�Ÿ}¦�Ým¤wŸ

�

ª�•
¤

K 4;4
•
œ/§"Ÿ½§Œ­�×X¤mŸVñ?® ô‹Óa�&®

 0¦�¥n¦3 
Ÿ�£ŒŸ�ªO²
¤cÝw¡� g•}£M•

V1 � jV1j = n
�LÚŒŸ•£X•}×MœX¡�¤fžm•Ó 
¦�œº †Ÿ�£ŒŸ�ªO²
¤fÝm¡� g•}£X•

V2

� jV2j = m
�0•
§+Ým¦�ÝqŸ�§]£X•IŸ�¤m¡�žfÝqŸ�žF•
ž

mn
®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶·lÝWÝ�À

® ÛH¦�žÓ­�¤wŸ>ÑÍ¦�ž

K 4
Ü

W3
Ýw¡�•
œX•gœá§"ŸK©X¤f¦�©X¡�•
£ŒŸ�£ £X••Ø�×X•• 
×ŒŸ�§�Ø�×X¡�•
¤

ªO²g¤fÝm¡� 
•˜•
žcÝJ¦Ö 
¦�œX•
 $ÝqŸ�£M¦> g¦�œ�Ým¦�£X¦�ž
§�¦�ž}£X•g¥œ¦�ž
®y�F¡�•gœX•
œ�•g§{¥V¦>¼?¡�¥n¦é£M•KŸ�¤m¡�žfÝwŸ�ž

©�¦�žm¡�«M§�•
žF•gœK×Xœ/­�¤mŸpÑÍ¦
£X•

4
ªO²
¤fÝm¡� g•
žg®ukG¦�¤ÞÝqŸ�œ<Ýw¦XÙXžf¦�œK¡�žm¦�¥n¦�¤£ÑÍ¦�ž
®

›d§k­�¤wŸpÑÍ¦

K 1;3
Ým¡�•gœX•/×Xœ�ªO²g¤fÝw¡� 
•/ 
¦�œM•
 gÝwŸ�£X¦> g¦�œ�§�¦�ž
¦�Ýw¤m¦�ž

3
Ø�×X•K•gžfÝ–¦�œ�£X•3º

žf 
¦�œM•
 gÝwŸ�£X¦�žk•
œ<Ýw¤m•Òž-þ4®��L¦
©X×X•
£M••žf•
¤{¡�žf¦�¥¬¦�¤}ÑÍ¦}Ÿ
§�¦�žF¦�Ým¤m¦�žF£X¦�ž{­�¤mŸpÑÍ¦�žg®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶·°ÝWÝ�Ø

®#úÞŸ�žfÝqŸ}•
žm g¤m¡�«X¡�¤

V = f 1; 2; 3g
Ü

V ¤ = f 1¤; 2¤; 3¤g
•
œ<Ýw¦�œM 
•
žgí

K 3;3 = (V [ V ¤; V £ V ¤)

H = (f 1; 2; 3; 1¤; 2¤; 3¤g; ff 1; 2¤g; f 2; 2¤g; f 3; 1¤g; f 3; 2¤g; f 3; 3¤gg)

š�£X•š¡�­�×ŒŸ�§´¥¬Ÿ�œM•
¤wŸ¬•gžm 
¤f¡�«X¡�¤L•
§G g¦�œaÿf×Xœ<Ýw¦•£X••ªO²g¤fÝw¡� 
•gž:£X•š§�¦�žL­�¤wŸpÑÍ¦�žkÜÛŸ�¤m¡�žfÝwŸ�žL£X•

§�Ÿr§Œ­�×X¤wŸ?ÙŒØ�×X•Ižf¦�œ/¤m•
žf©�•
 $Ýw¡�ªaŸ�¥n•
œ�Ým•�í

G = (f a;b;c;d;eg; ff a;bg; f c;bg; f c;dg; f d;eg; f a;egg)

G0 = (f a;b;f g; ff a;bg; f f ; bg; f a; f gg)

Á

•I¥n¦�£X¦
Ø�×X•

G [ G0 •gžk•
§H­�¤wŸpÑÍ¦}¤m•
©M¤m•
žf•
œ<ÝqŸ�£X¦Mí

G [ G0 = (f a;b;c;d;e;f g; ff a;bg; f c;bg; f c;dg; f d;eg; f a;eg; f f ; bg; f a; f gg)
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×�� Ï�ÌaÊ<Ë4Ê<Ë¶·lÝWÝ�ß ®º›B§0 g×X«�¦

Q3
Ým¡�•
œM•• 
¦�¥¬¦ÛªO²g¤fÝw¡� 
•gž
ÙB£X¡�­<Ÿ�¥n¦�ž

V3
Ùd§�Ÿ�žš©ŒŸ�§�Ÿ�«X¤mŸ�ž

£X••Ýw¤f•
ž}«X¡�Ým•
žg®>›B§0 
×X«�¦

Q2
Ù

V2
ÙB§�Ÿ�žÓ©ŒŸ�§"Ÿ�«M¤wŸ�žš£X•3£X¦�ž}«X¡sÝw•gž
®>›d§Þ 
×M«�¦

Q1
Ù

V1
Ù

§"Ÿ�ž0©ŒŸ�§�Ÿ�«X¤mŸ�ž0£X•‚×Xœ˜«M¡�Ý†®d›d§]©X¤m¦�£X×M gÝw¦

Q1 £ Q2
Ým¡�•
œM•: 
¦�¥n¦Óª/²
¤fÝm¡� g•
žF•
§]©X¤m¦�£X×M gÝw¦

V1£ V2
Ù<•gžfÝm¦Ò•gž
Ù<žf×XžuªO²
¤cÝw¡� 
•
žužm¦�œ}©ŒŸ�¤m•
žu£X•Þ§�Ÿ”ÑÍ¦�¤f¥�Ÿ

(a1; a2a3)
£X¦�œM£X•

a1; a2; a3 2
f 0; 1g

®d›d§�¡�žf¦�¥n¦�¤}§Xžm¥n¦I£M•L­�¤wŸ>ÑÍ¦�ž_žm•L•gžfÝqŸ�«X§�•g 
•L£X•L§�ŸIžf¡�­�×M¡�•
œ<Ýw•{¥�Ÿ�œX•
¤mŸMí

f : V1 £
V2 ! V3

Ù•£X•}¥¬¦�£X¦3Ø�×X•

f ((a1; a2a3)) = a1a2a3
®½š(§�Ÿ•¤m•
§�Ÿ� g¡�¢�œé£M•nŸ�£MÜ<Ÿ� 
•
œM 
¡"Ÿ

•
œÛ•
§´©X¤f¦�£X×X gÝm¦�žm•š§�•
•�í

(a1; a2a3)
Ü

(b1; b2b3)
žm¦�œvŸ�£?Ü<Ÿ� 
•gœ�Ým•
ž:žm¡•Ü˜žm¦�§�Ÿ�¥¬•gœ�Ým•Ižm¡

¦n«X¡�•
œ

a1 = b1
Ü

a2a3
•
žLŸ�£MÜ<Ÿ� 
•gœ�Ým•• g¦�œ

b2b3
•
œ

Q2
¦
«X¡�•gœ

a2a3 = b2b3
Ü

a1
•gž

Ÿ�£MÜ<Ÿ� g•
œ<Ýw•L 
¦�œ

b1
•
œ

Q1
®d›džcÝw¦š•gž¨•gØ�×M¡�ª�Ÿ�§�•
œ<Ýw•LŸI£M•
 
¡�¤_Ø�×X•L•3¼M¡�žfÝm•L×XœV¾XœX¡� 
¦Òª�Ÿ�§�¦�¤

i 2 f 1; 2; 3g
£X•Ò¥¬¦�£M¦
Ø�×M•

ai 6= bi
®uÛH¦nØ�×X•I­�Ÿ�¤wŸ�œ<Ýw¡©¨†ŸÓØ�×X•

f
•
ž{×XœK¡�žm¦�¥n¦�¤£§Œžm¥n¦

£X•Ò­�¤wŸpÑÍ¦�ž
®

×�� Ï�ÌaÊ<Ë4Ê<Ë¶·ÍÝWÝ�ì ®

÷

•†Ÿ

G = (V; E)
Ü

G0 = (V 0; E 0)
 g¦�œ

jV j = n
Ù

jE j = m
Ù

jV 0j = n0 Ü

jE 0j = m0®B›dœ�Ým¦�œX g•
ž
ÙŒ•g§+ g¦�œaÿf×Xœ<Ýw¦}£X•:ªO²g¤fÝw¡� 
•gž{£M•

G £ G0 •gž

V £ V 0
£X••¥n¦�£X¦ÛØ�×X•�Ùd©�¦�¤š§�ŸK¤m•g­�§"Ÿ/£X•
§¨ †Ÿ�¤f£X¡�œŒŸ�§_£X•
§¨©X¤m¦�£X×M gÝw¦v †Ÿ�¤fÝw•gžm¡�Ÿ�œX¦XÙu•g§¨œ�¾X¥n•
¤f¦

£X•šªO²g¤fÝw¡� 
•gž:£X•

G £ G0 •gž

nn0®

÷

•†Ÿ

(v; v0)
×Xœvª/²
¤fÝm¡� g•Ó£X•g§-­�¤mŸpÑÍ¦�©X¤m¦�£M×X gÝm¦X®akG¦�¤

£X•‘§ŒœM¡� g¡�¢�œÛ£M•š©X¤m¦�£X×M gÝw¦�£X•š­�¤wŸ>ÑÍ¦�žLžm••ª�•g¤m¡©§X †Ÿ�Ø�×X•�í

gr ((v; v0)) = gr (v) + gr (v0)
£X¦�œX£X•

gr (v)
•gž:•g§G­�¤wŸ�£M¦�£X•

v
•
œ

G
Ü

gr (v0)
•gž:•g§G­�¤wŸ�£X¦�£X•

v0 •
œ

G0®

Á

•š•
žcÝw•

¥¬¦�£X¦Mí

§ (v;v0)2 V £ V 0gr ((v; v0)) = n0§ v2 V gr (v) + n§ v2 V 0gr (v0):

÷

•Ò 
¦�œX g§�×MÜ�••Ÿ�©X§�¡� 
Ÿ�œX£X¦}•g§³�G•g¦�¤f•
¥¬ŸVñ?®




®




òM®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶· ÝWÝ�ì

®^ÛH¦�ž:£X•Ó§�Ÿ\§Œ­�×X¤mŸ7ñ?®

ï

žm¦�œé¡�žm¦�¥n¦�¤£ÑÍ¦�žkÜ<Ÿ•Ø�×X•}Ÿ�¥Ó«�¦�žSžf•}©X×M•
£X•gœ

ª�•
¤{ 
¦�¥n¦
§"ŸÓ×XœX¡�¢�œ˜£X•Ò£X¦�ž{ g¡� 
§�¦�ž

C5
Ø�×X•I g¦�¥n©ŒŸ�¤cÝw•
œ7ô
ªO²g¤fÝm¡� 
•gž
®

ÛH¦�žG£M•¨§"ŸÐ§Œ­�×M¤wŸ�ñ?®




ùkœX¦Sžf¦�œš¡�žf¦�¥n¦�¤}ÑÍ¦�ž
Ù%Ü<ŸLØ�×X•0•g§�­�¤mŸpÑÍ¦

G
Ým¡�•
œM•¨•3¼MŸ� gÝwŸ�¥n•
œ�Ým•

£X¦�žIžf×X«X­�¤mŸpÑÍ¦�žI¡�žm¦�¥n¦�¤£ÑÍ¦�žÒŸ

C4 �

×XœX¦/¡�œ<Ýw•
¤f¡�¦�¤SÜé¦�Ýw¤f¦/•:¼�Ým•
¤m¡�¦�¤��:¥n¡�•
œ�Ým¤wŸ�ž‚Ø�×X•n•
§

H
 g¦�œ�Ým¡�•gœX•

3
žf×X«X­�¤mŸpÑÍ¦�žS¡�žf¦�¥n¦�¤}ÑÍ¦�žLŸ

C4 �

§�¦�žL£X¦�žS£X•g§-­�¤wŸpÑÍ¦

G
¥V¦�žL•
§G¤m¦�¥}«�¦�Ÿ

§"ŸÓ¡%¨
Ø�×X¡�•
¤f£ŒŸ��$®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶·yÝWÝ��

®

K 4 :

A =

0

B
B
@

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

1

C
C
A

C4 :
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£ŒŸ�Ým¦�ž
®\k-Ÿ�¤mŸ

§�¦� †Ÿ�§�¡©¨
Ÿ�¤:žf¡B×XœÖ£ŒŸ�Ým¦/£ŒŸ�£X¦/•gžfÝJ¦˜•
œ|•g§#¦�¤m«�¦�§u£X•
«�•g¥¬¦�žÒÚŒŸ� g•
¤

h + 1
§�•
 gÝm×X¤wŸ�ž

�

•
§

 †Ÿ�¥n¡�œM¦v¥œ¦�žÓ§"Ÿ�¤f­�¦vØ�×X•3ÚŒŸ%Ü>•
œë•
§0­�¤wŸpÑÍ¦ÛÝw¡�•
œX•

h + 1
ªO²
¤cÝw¡� g•
ž#�$®ãkG¦�¤šÝqŸ�œ<Ýw¦MÙB•
§

œ�¾X¥n•
¤f¦á¥V¦>¼?¡�¥¬¦|£M•v§�•
 $Ýw×X¤mŸ�ž••gž

log2(n + 1) 2 O(log n)
® ›dœ6 †Ÿ�£XŸ §�•g gÝw×M¤wŸMÙ

ÚŒŸ� 
•g¥n¦�žÒ×XœŒŸ3 
¦�¥n©ŒŸ�¤mŸ� 
¡�¢�œ+®rÛ•Ÿ˜ g¦�¥n©X§�•ãÿf¡�£ŒŸ�£é•gž
Ù´©�¦�¤:ÝqŸ�œ�Ýw¦MÙ•§�¦�­<Ÿ�¤}þsÝw¥
¡� 
ŸMÙ+•gžfÝm¦

•
ž
Ù

O(log n)
®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶·�Ý�ÞWì

®��´¦�¥�Ÿ�¥¬¦�ž¨£X¦�žÞ¥n¦�œX•g£ŒŸ�ž¨Ü�§"Ÿ�ž0©�¦�œX•g¥n¦�žÞ•gœ˜žf•
œX£M¦�žF©X§"ŸaÝw¡�§s§�¦�ž¨£X•

§"ŸÓ«ŒŸ�§"Ÿ�œg¨†Ÿ?®��SŸ†Ü3£X¦�žk©�¦�žm¡�«M¡�§�¡�£ŒŸ�£X•
žgídØ�×X•I©�•gžm•gœÛ§�¦}¥n¡�žm¥n¦Ó¦nØ�×X•IœX¦M®

÷

¡kœX¦>©�•
žmŸ�œ6§�¦|¥n¡�žm¥n¦XÙ¨•
žf¦ žm¡�­�œX¡+§Œ †ŸÖØ�×X•Û×XœŒŸ|£X•Û§�Ÿ�ž¬£M¦�ž�•gž•§�ŸÖ«X×Xžf †Ÿ�£XŸM®

�G¦�¥�Ÿ�¥n¦�žF×XœŒŸn£M•I§"Ÿ�ž{¥n¦�œX•g£ŒŸ�ž

�

§"Ÿ}Ø�×X•••gžfÝJ¦¬Ÿn§�Ÿ
£M•
¤m•g qÚŒŸMÙ�©�¦�¤k•ãÿf•
¥n©X§�¦"�¨Ü˜×XœŒŸ

£X•Þ§�Ÿ�ž-Ø�×X•ÞœX¦:ÚX•g¥¬¦�žu©�•gžwŸ�£M¦

�

œX¡�œM­�×XœŒŸL£X•Þ§�Ÿ�ž- g×n¦�§�•
ž-©X×X•g£X•Fžf•
¤u§"ŸL«M×Xžm 
Ÿ�£ŒŸ��&®�Û•Ÿ�ž

©�¦�œX•
¥n¦�žF•
œ/žf•
œX£M¦�žk©X§�Ÿ�Ýw¡�§�§�¦�ž
®

÷

¡+©�•
žwŸ�œK§�¦}¥n¡�žf¥¬¦MÙ?•
žf¦nžm¡�­�œX¡©§X †ŸÓØ�×X•I§�ŸÓ¥n¦�œX•
£XŸ

Ø�×M•3•
žfÝwŸ�«ŒŸv•
œë§�ŸÛ©X¤m¡�¥n•
¤wŸK©�•
žmŸ�£ŒŸé•gœë•
§0©X§�Ÿ�Ýw¡�§�§s¦Û¡©¨
Ø�×X¡�•
¤m£M¦é•gž}§"ŸÛ«M×Xžm 
Ÿ�£ŒŸM®

÷

¡

©�•
žwŸ�œK£X¡�žcÝw¡�œ<Ýw¦}•gžk§"ŸÓØ�×X•I•
žcÝqŸ�«XŸn•gœK•g§H©X§"ŸaÝw¡�§s§�¦Ó£X•g¤m•g &ÚX¦¬§�Ÿ}«X×Mžm †Ÿ�£ŒŸM®

÷

¡B•
œ>§"Ÿ˜©X¤f¡�¥n•
¤mŸ˜©�•
žwŸ�£ŒŸÛ§�Ÿ�žI¥n¦�œX•g£ŒŸ�žI©�•
žwŸ�«ŒŸ�œ §�¦/¥¬¡�žm¥n¦XÙ••gœ�Ýw¦�œX 
•gžšÝm¦�¥¬¦

×XœŒŸ>£M•Û•
§�§"Ÿ�ž
Ü�×XœŒŸ|£X•Û§"Ÿ�ž¬Ø�×X•ÛœX¦ ÚM•
¥n¦�ž¬©�•
žwŸ�£X¦X®

÷

¡L©�•gžwŸ�œ�§�¦|¥n¡�žm¥n¦XÙ¨•
žf¦

žm¡�­�œX¡©§Œ 
Ÿ¬Ø�×X•}§�Ÿ¬¥¬¦�œM•
£ŒŸ�Ø�×X•ÓœX¦•ÚX•Ó©�•
žmŸ�£X¦3•
œéœX¡�œX­�×XœŒŸ¬£X•Ó§"Ÿ�žS£X¦�ž:©�•
žmŸ�£ŒŸ�ž‚•gž

§"ŸI«X×Mžm †Ÿ�£ŒŸM®

÷

¡�œX¦š©�•
žmŸ�œ3§�¦•¥n¡�žf¥¬¦MÙ�•gžm¦Ó¡�¥¬©X§�¡s †Ÿ Ø�×X•S§"ŸI¥n¦�œX•g£ŒŸ•Ø�×X•SÚX•L©�•
žwŸ�£X¦

§"ŸÓžm•
­�×XœX£ŒŸ
ª�•‘¨ÒÜ3œX¦n§�Ÿ}©M¤m¡�¥n•
¤mŸšª�•�¨I•gžk§"ŸÓ«X×Xžf †Ÿ�£XŸM®

›dœ>¤m•gžm×X¥n•
œ]Ù-©�¦�£X•g¥¬¦�žI§�¦� †Ÿ�§�¡©¨
Ÿ�¤‚§"Ÿ˜¥n¦�œM•
£ŒŸ˜•
œ>£X¦�ž•©�•
žmŸ�£ŒŸ�žg®˜›B§#¦�¤f«�¦�§B£X•

£X•
 g¡�žm¡�¢�œ˜ 
¦�¤f¤m•gžm©�¦�œX£M¡�•
œ<Ýw•I•gžk«M¡�œŒŸ�¤f¡�¦šÜ•Ýw¡�•
œX•ÒŸ�§sÝw×X¤wŸCÓ?®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶·yÝ�ÞS�

®

÷

•I£M•UÿmŸnŸ�§+§�•
 gÝm¦�¤
®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶· Ý�ÞL�

®dìS§�­�¦�¤m¡sÝm¥n¦š£X•okd¤f¡�¥/®�k-Ÿ�¤cÝw¡�¥n¦�ž0£X•

a
®

V(T) = f ag
Ù

E(T) = ;
®

ì��ŒŸ�£M¡�¥n¦�ž¨§"ŸšŸ�¤f¡�žfÝwŸš£M•

a
Ÿ

b
Ü

V(T) = f a;bg
®dì��XŸ�£X¡�¥¬¦�ž

i
Ü

V(T) = f a;b;ig
®
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ð-¡�­�×X¤mŸCñ?® ò�ø?íB›�ÿf•
¤f 
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Ó

t

ì”�ŒŸ�£X¡�¥¬¦�ž

f
Ü

V(T) = f a;b;i; f g
®'ì”�ŒŸ�£X¡�¥¬¦�ž

e
Ü

V(T) = f a;b;i; f ; eg
®

ì”�ŒŸ�£X¡�¥¬¦�ž

c;g
Ü

d
Ü

V(T) = f a;b;i; f ; e;c;g; dg
®Yì��ŒŸ�£X¡�¥n¦�ž

h
Ü

V(T) =
f a;b;i; f ; e;c;g; d;hg

®

ìS§�­�¦�¤m¡sÝm¥n¦Ò£M•�[‚¤m×Xž}ŒaŸ�§4®� 0¦�§�¦� †Ÿ�¥n¦�žB§�Ÿ�ž_Ÿ�¤m¡�žfÝqŸ�ž_£X•k§�¦�œX­�¡�Ým×X£

1
í

f b;ig ; f f ; eg
®

 0¦�§�¦� †Ÿ�¥¬¦�ž{§�Ÿ�žkŸ�¤m¡�žcÝqŸ�žF£X•I§�¦�œM­�¡�Ým×X£

2
í

f i; f g ; f a;bg
®C 0¦�§�¦� 
Ÿ�¥¬¦�žF§"Ÿ�ž{Ÿ�¤m¡�žfÝqŸ�ž{£X•

§�¦�œX­�¡sÝw×M£

3
 
¦�œ| g×X¡�£ŒŸ�£X¦/£X•
œX¦7ÑÍ¦�¤m¥¬Ÿ�¤: 
¡�¤m 
×M¡�Ýw¦�ž
í

f e;dg; f b;cg; f f ; gg
®\ðG¡�œŒŸ�§Ÿº

¥n•
œ<Ýw•�ÙŒ 
¦�§�¦� 
Ÿ�¥¬¦�žF×MœŒŸ
£X•Ò§"Ÿ�žFŸ�¤m¡�žfÝqŸ�žF£X•Ò§�¦�œM­�¡�Ým×X£

4
í

f g; hg
®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶· Ý�ÞWä

®v›dœá©M¤m¡�¥n•g¤•§�×X­<Ÿ�¤
ÙGžm¡¨•g§¨­�¤wŸpÑÍ¦K•
žš«X¡�©XŸ�¤fÝm¡�£X¦XÙ´•
œ<Ýw¦�œM 
•
žÓ•
§¨ g¦�œ�º

ÿf×Mœ�Ýw¦3£X•ÓªO²g¤fÝw¡� 
•gžÒžf•
©M×X•
£X•
©�¦�œX•
¤‚ g¦�¥n¦3×XœM¡�¢�œé£M¡�žÍÿf×Mœ�ÝqŸ•£M•}£X¦�ž‚žf×X«� 
¦�œ�ÿf×Xœ�Ým¦�ž
Ù

£M¡�­<Ÿ�¥n¦�ž

V1
Ü

V2
®”kG¦�£X•g¥¬¦�žS•gœ�Ým¦�œX 
•gž: 
¦�§�¦�¤f•†Ÿ�¤k g¦�œv g¦�§�¦�¤m•gžL£X¡�žfÝw¡�œ�Ým¦�žk †Ÿ�£ŒŸ�×MœX¦

£M•/§�¦�ž
žf×X«� 
¦�œaÿf×Xœ�Ým¦�ž

Vi �
i = 1; 2

�$®k 0¦�œ�•gžfÝwŸÖ 
¦�§�¦�¤mŸ� 
¡�¢�œ+ÙB£XŸ�£X¦ÖØ�×X•/•
§F­�¤mŸpÑÍ¦

•gž:«X¡�©ŒŸ�¤fÝm¡�£X¦MÙ�œX¦•ÚŒŸ†ÜKœ�×XœM †Ÿ•£M¦�žLªO²
¤fÝm¡� g•
ž:£X•g§G¥¬¡�žm¥n¦¬ g¦�§�¦�¤L×XœM¡�£X¦�žg®:›dœéžf•
œ<Ýw¡�£M¦

¦�©X×X•
žcÝw¦XÙ�žm¡�•
§�­�¤wŸpÑÍ¦I©X×M•
£X•Lžm•g¤¨ 
¦�§�¦�¤m•
Ÿ�£X¦Ižm¢�§�¦I 
¦�œ¬£X¦�ž_ 
¦�§�¦�¤m•gž
Ù�©�¦�£M•
¥n¦�ž_£X¡�ª�¡�£X¡�¤

§�¦�žFªO²
¤cÝw¡� g•
žL£X•g§´­�¤mŸpÑÍ¦n•
œK£X¦�žkžm×X«� g¦�œaÿf×Xœ<Ýw¦�žL£X¡�žÁÿf×Xœ�Ým¦�ž
í¨§�¦�ž{ªO²g¤fÝm¡� 
•gžL£X••×MœÛ 
¦�§�¦�¤

Ü¬§�¦�ž0£X•g§]¦�Ýw¤f¦X®�Û•¦�ž0ªO²
¤cÝw¡� g•
žF£M•‚×Xœ3 g¦�§�¦�¤0žm¢�§�¦Ó•gœ�Ý–¦�œ˜•gœX§"Ÿp¨†Ÿ�£X¦�žÞ 
¦�œ˜§�¦�ž0£X•g§+¦�Ýw¤m¦M®

›dž{£X•
 g¡�¤
ÙX•
§H­�¤wŸpÑÍ¦}•
žk«M¡�©ŒŸ�¤cÝw¡�£X¦X®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶· Ý�À��

®ÔÛH¦�ž•Ým¤m•gžÓ­�¤wŸpÑÍ¦�ž•žm¦�œ ©M§"Ÿ�œX¦�ž• 
¦�¥¬¦Kžm•�©X×X•
£M•�ª�•
¤š•
œ §�ŸH§X­�×X¤wŸ

ñ�®óò

t

®
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ð-¡�­�×X¤wŸCñ�®óò

ï

í±ýLœŒŸ
¤f•
©X¤f•
žf•
œ�ÝwŸ� g¡�¢�œK£M•

K 7

ðG¡�­�×X¤mŸCñ?® ô�ùMí±ýkœŒŸ
¤m•g©X¤m•gžm•gœ�ÝqŸ� 
¡�¢�œK£X•

W5

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶·°Ý�À³Ý

®

÷

•Ò£X•ãÿmŸnŸ�§+§�•g gÝm¦�¤
®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶·°Ý�ÀWÞ

®��B•g¤Ð§Œ­�×X¤mŸ�ž{ 
¦�¤m¤m•gžm©�¦�œM£X¡�•gœ�Ýw•gž
®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶·ÍÝ�ÀWÀ

®	 0×XŸ�§�Ø�×X¡�•
¤}¥�ŸaÝw¤m¡©¨•£X•/Ÿ�£MÜ<Ÿ� g•
œX g¡"Ÿ�ž
£X•

K 7
Ýw¡�•
œX•3•
§Fžm¡�­�×X¡�•
œ�Ým•

Ÿ�žm©�•
 $Ýw¦Xí
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í±ýLœXŸ
¤m•g©X¤m•gžm•
œ<ÝqŸ� g¡�¢�œ/£X•

K 1;6

ð-¡�­�×X¤wŸcñ?® ô�Ó?í±ýLœXŸ
¤m•g©X¤m•gžm•
œ<ÝqŸ� g¡�¢�œ/£X•

K 4;4
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ù î-ïSðdñ
òSóGô_õ8ö�÷Zøkù{ï:ú_õ�?

ðG¡�­�×X¤mŸCñ?® ô�òMí±ýkœŒŸ
¤m•g©X¤m•gžm•gœ�ÝqŸ� 
¡�¢�œK£X•

Q4

0

B
B
B
B
B
B
B
B
@

0 1 1 1 1 1 1
1 0 1 1 1 1 1
1 1 0 1 1 1 1
1 1 1 0 1 1 1
1 1 1 1 0 1 1
1 1 1 1 1 0 1
1 1 1 1 1 1 0

1

C
C
C
C
C
C
C
C
A

›d§{­�¤wŸ�£X¦Ö£X•/ 
Ÿ�£ŒŸÖ×MœX¦|£X•/§�¦�žVøvªO²g¤fÝw¡� 
•gž¬•gžl'MÙ¨©�¦�¤}ÝwŸ�œ�Ým¦Ö§"Ÿéžm×X¥¬Ÿº£X•/§�¦�ž

­�¤wŸ�£X¦�ž´•
ž�ô‹Ó?Ùa£X•¨¥n¦�£X¦kØ�×X•

K 7
Ýw¡�•
œM•ÖÓ




Ÿ�¤f¡�žfÝwŸ�ž
®

÷

¡<Ýw¦�¥¬¦k§�¦�žHªO²
¤cÝw¡� g•
žGœ�×M¥¬•g¤wŸ�£X¦�ž

f 1; 2; 3; 4; 5; 6; 7g
©�¦�£M•
¥n¦�ž{•gžm 
¤f¡�«X¡�¤F§"Ÿ�ž{Ÿ�¤m¡�žfÝqŸ�žF 
¦�¥n¦Xí

ff 1; 2g; f 1; 3g; f 1; 4g; f 1; 5g; f 1; 6g; f 1; 7g;

f 2; 3g; f 2; 4g; f 2; 5g; f 2; 6g; f 2; 7g;

f 3; 4g; f 3; 5g; f 3; 6g; f 3; 7g; f 4; 5g; f 4; 6g; f 4; 7g;

f 5; 6g; f 5; 7g; f 6; 7gg
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kG¦�¤FÝwŸ�œ�Ým¦n×MœŒŸ
¥�ŸaÝw¤m¡©¨:£X•Ò¡�œX 
¡�£X•
œM 
¡"Ÿ�žFØ�×X•Ižm¡�­�×X•‚•
žcÝw•I¦�¤f£X•
œ/•
žgí

0

B
B
B
B
B
B
B
B
@

1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 0 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 1 0
0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1

1

C
C
C
C
C
C
C
C
A

›d§�­�¤wŸ>ÑÍ¦

W5
Ýw¡�•
œX•�'•ªO²
¤cÝw¡� 
•
žgÙX£M¡�­<Ÿ�¥¬¦�ž

f 1; 2; 3; 4; 5; 6g
Ü¬§�Ÿ�ž¨žf¡�­�×X¡�•
œ<Ýw•gžÞŸ�¤m¡�ž£º

ÝqŸ�žgí

ff 1; 2g; f 2; 3g; f 3; 4g; f 4; 5g; f 5; 1g; f 1; 6g; f 2; 6g; f 3; 6g; f 4; 6g; f 5; 6gg

÷

¡�­�×M¡�•gœX£X¦š•
žcÝw•‚¦�¤m£X•gœ3£X•SªO²g¤fÝw¡� 
•gžÞÝw•gœX•g¥¬¦�ž0§"Ÿ�ž¨žm¡�­�×X¡�•gœ�Ým•
ž0¥¬Ÿ�Ýw¤f¡� 
•gž¨£X•‚Ÿ�£MÜ<Ÿ� 
•
œ�º

 
¡"Ÿ�ž{•Ò¡�œX 
¡�£X•gœX 
¡�Ÿ�žF¤m•gžm©�•g gÝw¡sª�Ÿ�¥n•
œ<Ýw•�í

0

B
B
B
B
B
B
@

0 1 0 0 1 1
1 0 1 0 0 1
0 1 0 1 0 1
0 0 1 0 1 1
1 0 0 1 0 1
1 1 1 1 1 0

1

C
C
C
C
C
C
A

0

B
B
B
B
B
B
@

1 0 0 0 1 1 0 0 0 0
1 1 0 0 0 0 1 0 0 0
0 1 1 0 0 0 0 1 0 0
0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 0 0 0 0 1
0 0 0 0 0 1 1 1 1 1

1

C
C
C
C
C
C
A

›d§<­�¤mŸpÑÍ¦

K 1;6
Ýw¡�•gœX•uø0ªO²g¤fÝw¡� 
•gž
Ù�£X¡�­<Ÿ�¥n¦�ž
Ù

f 1; 2; 3; 4; 5; 6; 7g
ÜSÝw¡�•
œX•d§"Ÿ�žHŸ�¤m¡�žfÝqŸ�ž
í

ff 1; 2g; f 1; 3g; f 1; 4g; f 1; 5g; f 1; 6g; f 1; 7gg

ìSž-þ-¦�¤m£X•gœŒŸ�£X¦�ž:§�¦�žLªO²g¤fÝw¡� 
•gž:ÜÛ§�Ÿ�ž:Ÿ�¤m¡�žcÝqŸ�žkÝw•
œM•
¥n¦�ž:žm×é¥¬Ÿ�Ýw¤f¡%¨I£X•}Ÿ�£MÜ<Ÿ� g•
œX g¡"Ÿ�ž:Ü
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žf×K¥¬Ÿ�Ýw¤f¡%¨S£X•I¡�œX g¡�£X•gœX 
¡�Ÿ�ž
í

0

B
B
B
B
B
B
B
B
@

0 1 1 1 1 1 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
@

1 1 1 1 1 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

1

C
C
C
C
C
C
C
C
A

›d§�­�¤wŸpÑÍ¦

K 4;4
Ýw¡�•
œX•

t

ªO²g¤fÝm¡� 
•gž•Ø�×X•B©M×X•
£X•gœ••gžm 
¤f¡�«X¡�¤mžf•d 
¦�¥n¦

f 1; 2; 3; 4; 10; 20; 30; 40g
Ü




'ºŸ�¤m¡�žfÝwŸ�ž}Ø�×X•˜©X×X•
£M•
œ�•
žm g¤m¡�«X¡�¤fžm•˜ g¦�¥n¦Xí

A £ A0 £X¦�œX£X•

A = f 1; 2; 3; 4g
Ü

A0 = f 10; 20; 30; 40g
®

÷

¡H¦�¤f£X•
œXŸ�¥¬¦�ž{§�¦�žFªO²g¤fÝm¡� g•
žLŸ�ž}þHÝm•
œX•g¥¬¦�žk§�Ÿ}žm¡�­�×X¡�•
œ�Ým•‚¥�Ÿ�Ým¤m¡©¨

£M••Ÿ�£MÜ<Ÿ� 
•gœX 
¡�Ÿ�ž
í

0

B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
A

š žm¡F¦�¤m£X•gœŒŸ�¥n¦�ž}§"Ÿ�ž}Ÿ�¤m¡�žfÝwŸ�ž}•gœ�¦�¤m£X•gœ�§�•:¼?¡� 
¦�­�¤-¦p§Œ g¦ºžf×�¥¬Ÿ�Ým¤m¡%¨�£X•˜¡�œX 
¡�£X•
œM 
¡"Ÿ�ž

žf•
¤-¦Mí

0

B
B
B
B
B
B
B
B
B
B
@

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

1

C
C
C
C
C
C
C
C
C
C
A
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ï

ò

›d§H 
×M«�¦

Q4
Ýw¡�•
œX•




'
Ÿ�¤m¡�žfÝwŸ�žFØ�×X•I g¦�¤m¤f•
žm©�¦�œX£X•
œÛŸ
§�Ÿ�žF©ŒŸ�§�Ÿ�«X¤mŸ�žF£X•^ô
«X¡�Ým•
ž
í

f 0000; 0001; 0010; 0100; 1000; 0011; 0101; 1001;

1010; 1100; 0110; 0111; 1011; 1101; 1110; 1111g
 ÞŸ�£ŒŸÖ×XœM¦|£X•/§�¦�ž}ªO²
¤cÝw¡� 
•
ž
Ýw¡�•
œX•˜­�¤mŸ�£X¦ÜôÖ©�¦�¤
§�¦éÝqŸ�œ<Ýw¦Ö§"Ÿéžf×X¥�Ÿº£X•˜Ým¦�£X¦�žn§�¦�ž

­�¤wŸ�£M¦�ž¬£ŒŸ!'/ôX® ›dœ�Ým¦�œX g•
ž

Q4
Ým¡�•gœX•Ôò�Ó|Ÿ�¤m¡�žcÝqŸ�žg® Û´ŸÖ¥�Ÿ�Ým¤m¡©¨/£M•Û¡�œM 
¡�£M•
œX g¡"Ÿ�žn§�Ÿ

£X•UÿmŸ�¥n¦�ž{Ÿ�§+§�•g gÝm¦�¤
®±Û•Ÿ}¥�ŸaÝw¤m¡©¨:£X•IŸ�£?Ü<Ÿ� 
•gœX 
¡�Ÿ�žkžf•
­O¾MœK•
žfÝm•I¦�¤m£M•
œ/•
žgí

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 0 1 1 0 0 0
0 1 0 1 0 0 0 0 0 0 0 1 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 0 1 1 0 0
0 0 1 0 1 0 0 0 0 0 0 0 1 0 1 0
0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 0
0 0 1 1 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

×��
Ï�ÌaÊ<Ë4Ê<Ë¶· Ý�ÀnØ

®K›d§_©X¤m¡�¥¬•g¤m¦K£M•�§�¦�ž• 
Ÿ�žm¦�žšœX¦Û•gžÓ©�¦�žm¡�«M§�•n©X×X•gžÓ§�Ÿ/žm×X¥¬ŸK£X•�§�¦�ž

­�¤wŸ�£M¦�žd•
ž#Ó/ò‚Ø�×X•{•gžB×Xœnœ‹¾X¥¬•g¤m¦Ò¡�¥n©ŒŸ�¤
Ù�•gœn 
¦�œ�Ýw¤mŸ�£X¡� 
 
¡�¢�œ} g¦�œn•g§ŒÚM•
 qÚX¦I£X•{Ø�×X•{§�Ÿ

žm×X¥¬Ÿ‚£X•{§�¦�žd­�¤wŸ�£X¦�žd£X•{§�¦�žuªO²g¤fÝw¡� 
•gž_•gžuÓ:ª�•g 
•gž¨•g§Œœ�¾M¥¬•g¤m¦Ò£X•kŸ�¤m¡�žcÝqŸ�žg®u›d§Œžf•
­�×MœX£X¦

•
žk©�¦�žm¡�«M§�•�ÙX©�¦�¤F•Uÿf•
¥n©X§�¦Xí

(f a;b;c;d;eg; ff a;bg; f a;cg; f a;dg; f a;eg; f b;cg; f c;eg; f d;egg)

£X¦�œX£X•

gr (a) = 4
Ù

gr (b) = 2
Ù

gr (c) = 3
Ù

gr (d) = 2
Ü

gr (e) = 3
®

×��
Ï�ÌaÊ<Ë4Ê<Ë¶·yÝ�Àsß

®B›B§H­�¤wŸpÑÍ¦

K 1;6 = (V; E)
Ýw¡�•
œX•oøÓªO²g¤fÝm¡� 
•gž{Üm'
Ÿ�¤m¡�žfÝwŸ�ž
í

(f 1; 2; 3; 4; 5; 6; 10g; ff 1; 10g; f 2; 10g; f 3; 10g; f 4; 10g; f 5; 10g; f 6; 10gg):



Ó

ï

ô î-ïSðdñ
òSóGô_õ8ö�÷Zøkù{ï:ú_õ�?

›d§H­�¤wŸpÑÍ¦

W3 = (V 0; E 0)
Ým¡�•
œM•^ô}ªO²
¤fÝm¡� g•
ž{Ü@'nŸ�¤f¡�žcÝqŸ�ž
í

(f 1; 2; 3; 4g; ff 1; 2g; f 2; 3g; f 3; 1g; f 1; 4g; f 2; 4g; f 3; 4gg):
›dœ6Ÿ�¥Ó«�¦�ž¬ 
Ÿ�žm¦�ž•žf•KÝw¡�•
œX•gœ� g¦�¥¬¦|žm×M«X­�¤wŸ>ÑÍ¦�ž�§�¦�žn­�¤wŸpÑÍ¦�ž¬ g×MÜ�¦  
¦�œaÿf×Mœ�Ýw¦>£X•

Ÿ�¤m¡�žcÝqŸ�ž
•gžnª�Ÿ� ‘þ�¦X®�›dž¬£X•
 g¡�¤gÙ0£X•K§�Ÿ�ÑÍ¦�¤f¥�Ÿ

(A; ; )
£M¦�œX£X•

A
•
ž¬×Mœ�žf×X«� 
¦�œ�ÿf×Xœ�Ým¦

 g×ŒŸ�§�Ø�×M¡�•
¤mŸÛ£X•

V �

¤m•
žf©�•
 $Ýw¡�ªaŸ�¥n•
œ�Ým•3£X•

V 0�&®n�SŸ†Ü

27 Ü

24 ­�¤wŸ>ÑÍ¦�žš£X•••
žfÝm••Ýw¡�©�¦

¤f•
žf©�•g gÝm¡�ª�Ÿ�¥¬•gœ�Ým•�®

÷

¡]Ým¦�¥�Ÿ�¥¬¦�ž0£X¦�žÞªO²g¤fÝw¡� 
•gž
ÙŒ§�¦�žÞœ�×X•gª�¦�žk­�¤mŸpÑÍ¦�žÞœX¦}žm•g§�•
 g 
¡�¦�œŒŸ�£M¦�žF•
œ˜•
§+©n¦�¤m¤wŸ>ÑÍ¦

Ÿ�œ�Ýw•g¤m¡�¦�¤Óžm•˜ 
¦�œMžfÝw¤f×MÜ�•
œ�Ýw¦�¥¬Ÿ�œX£X¦é•g§F©ŒŸ�¤}£X•3ªO²g¤fÝw¡� 
•gž
Üá§�ŸéŸ�¤m¡�žfÝqŸvØ�×X•/§�¦�ž}×MœX•�®

›dœ<Ýw¦�œX g•
žkÚŒŸ%Ü�ÝqŸ�œ<Ýw¦�žF 
¦�¥n¦nŸ�¤f¡�žfÝwŸ�ž
ÙM•
žfÝm¦¬•gž
ÙL'
•gœK 
Ÿ�£ŒŸ
 †Ÿ�žm¦X®

÷

¡SÝw¦�¥¬Ÿ�¥n¦�ž¬Ýw¤m•gž3ªO²
¤cÝw¡� g•
ž3Ü�œX¦�žf¦�œ £X•é§�¦�ž•£X•
§:©X¤m¡�¥¬•g¤•©n¦�¤f¤wŸpÑÍ¦á•
œ<Ýw¦�œM 
•
ž

©M×X•
£X•gœ3Ýw•
œM•
¤




¢Ó£X¦�žÞŸ�¤m¡�žfÝqŸ�ž
®

÷

¡�Ýw¡�•
œX•gœHÓšŸ�¤f¡�žcÝqŸ�žgÙ?•
žcÝqŸ�žÞœX•g 
•
žmŸ�¤m¡�Ÿ�¥n•
œ<Ýw•:£X•g«�•
œ

Ým•
œX•g¤š×Xœ •3¼?Ým¤m•g¥¬¦Û•
œ  g¦�¥r¾Xœ+®Ak-Ÿ�¤wŸK 
¦�œXžfÝw¤f×X¡�¤I×Xœ ­�¤mŸpÑÍ¦K 
¦�œãòKª/²
¤fÝm¡� g•
ž•Ü|×MœŒŸ

Ÿ�¤m¡�žcÝqŸ}žm•IÝm¦�¥¬Ÿ
×MœŒŸ¬Ÿ�¤m¡�žfÝwŸMÙŒžf×XžL•:¼�Ým¤m•
¥n¦�ž{Ü˜¦�Ým¤m¦
ªO²
¤cÝw¡� 
•I 
×ŒŸ�§�Ø�×X¡�•
¤wŸ
£M¡�žfÝm¡�œ<Ýw¦
£X•

žf×Xž‚•3¼�Ýw¤m•g¥¬¦�ž
®Ò›dœé•
§-©M¤m¡�¥n•
¤k †Ÿ�žf¦3ÚŒŸ%Üo'�ppñ(faòOù¬£X•Ó•gžfÝw¦�ž‚­�¤mŸpÑÍ¦�žgÙ]•
œé•g§-žf•
­�×XœM£X¦




Ó?®”k-Ÿ�¤wŸ¬ 
¦�œXžfÝm¤m×X¡�¤L×Xœv­�¤wŸ>ÑÍ¦� g¦�œv£X¦�žSŸ�¤m¡�žfÝqŸ�žkÜÔònªO²g¤fÝm¡� 
•gž
Ù]ÚŒŸ†ÜKØ�×X••Ýw¦�¥�Ÿ�¤{£X¦�ž

Ÿ�¤m¡�žcÝqŸ�žuØ�×M•k g¦�¥¬©XŸ�¤fÝwŸ�œ
×Xœn•3¼�Ýw¤m•g¥¬¦‚Ü}žf×XžBÝw¤f•
ždªO²g¤fÝw¡� 
•gž
®B›dœn•
§X©X¤m¡�¥¬•g¤u †Ÿ�žm¦I †Ÿ�£ŒŸ

©XŸ�¤0£X•:Ÿ�¤m¡�žfÝwŸ�ž¨ 
¦�¥¬©ŒŸ�¤fÝw•gœ••
§�•3¼�Ýw¤m•g¥¬¦

10 ©�¦�¤¨ÝwŸ�œ�Ým¦ÓÚŒŸ†Ü

¡ 6
2

¢
£X•S•
žfÝm¦�žÞ­�¤mŸpÑÍ¦�žg®d›Bœ

•g§]žm•g­�×XœX£M¦
 
Ÿ�žm¦XÙM g¦�¥¬¦š †Ÿ�£XŸšªO²
¤cÝw¡� 
•SÝm¡�•
œM•:­�¤wŸ�£X¦còš•g§]œ�¾M¥¬•g¤m¦Ó£X•:­�¤mŸpÑÍ¦�ž0£M•:•
žfÝm•

Ým¡�©�¦/Ø�×X•� g¦�¥n©ŒŸ�¤fÝm•
œ|×Xœ|ªO²g¤fÝw¡� 
•\§�ÿmŸ�£X¦K•
ž½òM®

Á

•�•gžfÝw•¬¥¬¦�£M¦KÚŒŸ†Ü




Ó˜­�¤wŸ>ÑÍ¦�žI£X•

•gžfÝm•ÒÝw¡�©�¦M®

÷

¡ŒÝw¦�¥¬Ÿ�¥n¦�ž�ô•ªO²g¤fÝm¡� 
•gž
Ù?•
œ�•g§�žm•g­�×XœX£M¦Ó£X•L§�¦�ž_ 
Ÿ�žm¦�ž0•gžfÝqŸ�¥¬¦�ž_Ým¦�¥�Ÿ�œX£X¦ÒÝw¦�£X¦�ž

§�¦�žBªO²
¤fÝm¡� g•
ž
Ù?£X•S¥n¦�£X¦•Ø�×X•S 
¦�¥n¦• 
¦�œaÿf×Mœ�Ýw¦š£X•:Ÿ�¤m¡�žcÝqŸ�ž_žm•S©M×X•
£X•LÝw¦�¥¬Ÿ�¤B 
×ŒŸ�§�Ø�×X¡�•
¤

žf×X«� 
¦�œaÿf×Xœ�Ým¦}£M•
§� 
¦�œaÿf×Mœ�Ýw¦š£X•Lžm×XžÞŸ�¤f¡�žcÝqŸ�žg®uìSž}þ�ÚŒŸ†Ü

26 ¡ 1 �

•
§�ª�Ÿ� �þ�¦IÜ<Ÿ•§�¦•ÚX•g¥n¦�ž

 g¦�œXžf¡�£X•g¤wŸ�£X¦��Þ­�¤mŸpÑÍ¦�žF£X•Ò•
žcÝw•ÒÝm¡�©�¦X®

 0¦�œé 
×ŒŸaÝw¤m¦�ªO²
¤cÝw¡� g•
ž:•
œé•
§-©X¤f¡�¥n•
¤f¦�£X•Ó§�¦�žL †Ÿ�žf¦�ž‚žf¦�œé£X•
§-žf¡�­�×M¡�•
œ<Ýw••Ým¡�©�¦X®

÷

¡

œM¦} 
¦�œ�Ýw¡�•
œX•gœ˜Ÿ�§

10 Ü<ŸÓ•
žcÝJ¦�œ3 
¦�œMžm¡�£M•
¤wŸ�£X¦�žÞ©X×X•gžF•
§� 
¦�œaÿf×Mœ�Ýw¦Ó£X•‚Ÿ�¤f¡�žfÝwŸ�ž0•gžÞª�Ÿ� �þ�¦X®

÷

¡� 
¦�œ�Ým¡�•
œM•
œ3Ÿ�§

10Ù?•
œ<Ýw¦�œM 
•
žÞ©�¦�£X•g¥¬¦�ž¨Ým¦�¥�Ÿ�¤_×XœŒŸMÙ?£M¦�ž0¦•Ýw¤f•
ž0£X•S§�Ÿ�ž0Ÿ�¤m¡�žcÝqŸ�ž_Ø�×M•

 g¦�œ�Ým¡�•gœX•
œ+®BìLž-þH£X•Ò•
žcÝw•ÒÝm¡�©�¦
ÚXŸ%Ü

7 ¤
¡ 6

3

¢
­�¤mŸpÑÍ¦�žF£X•Ò•
žcÝw•ÒÝm¡�©�¦X®

Á

•
§�¥n¡�žf¥¬¦:¥¬¦�£X¦Ò©XŸ�¤wŸhñ:ªO²g¤fÝm¡� 
•gž
®

Á

•
«�•
œ� g¦�œ�Ým•
œX•g¤0Ÿ�§

10 Ü}žm•k©X×X•g£X•
œ¬Ým¦�¥¬Ÿ�¤




Ù Ó?Ù ò}¢\ô
£X•Ò§"Ÿ�ž{Ÿ�¤m¡�žfÝqŸ�žÞØ�×M•ÒÝw¡�•
œX•gœ+®c�LŸ%Ü3•gœ�Ým¦�œX 
•gž

15¤
¡ 6

4

¢
®

 0¦�œq'éªO²
¤cÝw¡� g•
žgÙF£M•
«�•
œ� 
¦�œ<Ýw•gœX•
¤�Ÿ�§

10 ÜëÚŒŸ†ÜëØ�×X•/Ýw¦�¥¬Ÿ�¤}£X•




Ÿ!ñº£M•K§�Ÿ�ž

Ÿ�¤m¡�žcÝqŸ�žFØ�×X•Ò 
¦�œ<Ýw¡�•gœX•gœ+ÙŒÚŒŸ%Ü

(25 ¡ 1) ¤ 6
®

 0¦�œÔø•ªO²
¤cÝw¡� g•
ž{ÚŒŸ†Ü•Ø�×X•Ò 
¦�œXžm¡�£X•
¤mŸ�¤F 
×XŸ�§�Ø�×X¡�•
¤Þžm×X«� g¦�œaÿf×Xœ<Ýw¦n£X•g§H g¦�œaÿf×Xœ<Ýw¦
£X•

Ÿ�¤m¡�žcÝqŸ�ž

�

žwŸ�§�ª�¦�•g§´ª�Ÿ� �þ�¦¬Ø�×M•šÜ<Ÿ�•gžfÝ–¦� 
¦�œXžf¡�£X•g¤wŸ�£M¦"�$®L›Bœ<Ýw¦�œX 
•gž‚ÚXŸ%Ü

26 ¡ 1
­�¤mŸpÑÍ¦�ž

£M•I•gžfÝw•‚Ýw¡�©�¦M®

×_�
Ï�Ì�Ê<Ë`Ê<Ë¶· Ý�ÀWì

®

÷

•
­O¾XœZ•g§‚Ýw•g¦�¤m•g¥�Ÿë£X•>›d×X§�•
¤˜×XœZ­�¤mŸpÑÍ¦�Ÿ�£M¥¬¡sÝw•é×XœY 
¡�¤f 
×X¡sÝw¦



ö�÷JIZYM÷°î)•>îBùÒî��gî��gõ�?Kù�î#?uó�îBôHò0õ�? Ó

ï

ñ

•
×X§�•
¤m¡�Ÿ�œX¦/žf¡BÝw¦�£X¦�ž•žm×Mž•ªO²
¤cÝw¡� 
•
ž••
žcÝJ¦�œ>•
œ>§�Ÿ/¥n¡�žm¥¬Ÿ˜ g¦�¥n©�¦�œX•gœ�Ýw•¬ g¦�œX•3¼MŸKÜÖ§�¦�ž

­�¤wŸ�£M¦�ž-£M•Þžf×Xž-ªO²
¤cÝw¡� 
•
ž-žm¦�œšÝw¦�£M¦�ž-œ�¾M¥¬•g¤m¦�ž-©XŸ�¤m•gž
®u›BœÓ•
§? 
Ÿ�žf¦‚£X•g§?­�¤wŸ>ÑÍ¦S 
¦�¥¬©X§�•gÝm¦

K n
 
Ÿ�£ŒŸ•ªO²g¤fÝw¡� 
•LÝw¡�•
œX•L­�¤wŸ�£M¦

n ¡ 1
•gœ�Ýw¦�œX 
•gžFžm•g¤–¦š•
×X§�•
¤m¡�Ÿ�œX¦•žm¡�Ü¬žm¦�§�Ÿ�¥n•
œ<Ýw•Lžf¡

n
¡�¥n©ŒŸ�¤
®´›dœ
•g§M †Ÿ�žm¦‚£X•
§M g¡� g§�¦

Cn
•
§?­�¤wŸ�£X¦:£X•Þ †Ÿ�£ŒŸSªO²
¤cÝw¡� 
•Þ•
ž±ÓL©�¦�¤u§�¦SØ�×M•Fžm¡�•
¥n©X¤m•

Ÿ�£X¥n¡�Ýw•0×Xœn g¡�¤m g×X¡sÝw¦‚•
×M§�•
¤f¡"Ÿ�œX¦X®-›dœn•
§Œ 
Ÿ�žm¦Ò£X•

Wn
ÚXŸ%ÜšªO²
¤fÝm¡� g•
žB£X•{­�¤mŸ�£X¦oò‚©�¦�¤d§�¦

Ø�×M••œX¦�Ÿ�£X¥¬¡sÝw•‚×XœK g¡�¤m g×X¡sÝw¦
•
×X§�•
¤m¡�Ÿ�œX¦
•
œKœX¡�œX­O¾Xœ/ †Ÿ�žm¦X®C�k¢�Ýw•gžm••Ø�×X•ÒÝw¦�£X¦�ž{•
žfÝm¦�ž

­�¤wŸpÑÍ¦�žFžm¦�œ/ 
¦�œX•:¼?¦�žg®

×�� Ï�ÌaÊ<Ë4Ê<Ë¶·»Ý�ÀS� ®aú0Ÿ�žfÝwŸ••gžm g¤m¡�«M¡�¤kÝqŸ�œ<Ýw¦�žS©M×Xœ�Ým¦�ž: 
¦�¥¬¦V§Œ§�Ÿ�ž

�

¦• 
¦�§�×X¥nœŒŸ�ž#�FÝw•gœX­<Ÿ

§"Ÿn¥¬Ÿ�Ým¤m¡%¨Òœ�×X¥n•
¤–¦�œX£X¦�§�¦�žkžm•g­O¾Xœv•
§´§�×X­<Ÿ�¤{£X•šžf×v¤m•gžm©�•g gÝw¡sª�ŸV§Œ§"Ÿ?®k›dœ<Ýw¤m•• †Ÿ�£XŸ�©ŒŸ�¤

£X•}©X×Mœ�Ýw¦�ž

i
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signo(a) = signo(b)
¼

signo(b) =
signo(c)

‰,ˆ�½#•aˆ�ŒQ‰,‹

signo(a) = signo(c)
ž0–4•(’�½�•(ˆ�½#•£‰,‹§º�ˆ�•£’”‰Q•\•(ŒQ—‘œ(ˆ%™�‰Ÿ‰Q»�º�—š™Eº



±'&¦±�&°îÐ•>î�8®îRQWîRQ�5MŽ?8”î
Ž���î��V��5MŽ ò�Ó[T

ð4—‘šaº�’”•`'�ž '

�

‡NH“‰,’”ŒQ—‘ŒQ—‘•›T�ô�ò�ž —‘—\�Wž

Á

—‘•(ša’”•(•l•6™�‰D�h•(‹”‹”‰

¡–•(•J‰,ˆ�ŒQ—\•Ÿ¼@ˆ�•N‰Q‹¹™�‰D•(’”™�‰Qˆ{Ž&•a’“»�º�‰Dˆ�•N‰,‹h•–ˆ"½#—J‹”—J•\²Q½#’“—JŒZ•

�

ø�•Z¼@ˆ�¾�•N‰,’“•a‹.™�—‘‹�½#—Jˆ"½#•(‹

Œ,•aˆ ‰,•�•˜—J‹”•N•`‹“—‘šaˆ�•"�Wž

‡�•�Œ,•(ˆcH“º�ˆ"½”•ŸŒ,•�ŒQ—‘‰,ˆ�½#‰h½#—J‰,ˆ�‰h™�•a‹V‰Q•‘‰,•N‰Qˆ"½#•(‹,¾b™�—Jš�•(•N•a‹

signo+
¼

signo¡
¾�»"º�‰

‹”•aˆ�¾.’“‰,‹“Ž�‰QŒQ½”—J¡–•–•˜‰Qˆ"½”‰(¾¹•\•nŒ,•‘•(‹”‰o™�‰o‰,»"º�—¦¡–•(•J‰,ˆ�ŒQ—\•¢™�‰o•‘•a‹˜Ž&•a‹“—J½#—¦¡a•a‹N¼k•\•n™�‰%•J•a‹

ˆ�‰,š�•G½#—¦¡a•a‹,ž

—J¡��S‡�‹?’“‰Q¯�‰3¼�—¦¡–•PŽ�º�‰,‹?Ž�•–’#•CŒZ•(™�•Pˆ‹¾�•N‰,’”•P’”‰,•(•

a
‹”‰�½”—‘‰Qˆ�‰�»"º�‰

a¡ a = 0 2 Z
žF‡�‹

‹”—‘•\²Q½”’”—JŒZ•P¼�•h»"º�‰>‹”—

a¡ b2 Z
‰,ˆ�½#•aˆ�Œ,‰Q‹

b¡ a 2 Z
žF‡�‹4½#’”•(ˆ�‹“—J½#—¦¡–•.Ž�º�‰,‹F‹”—

a¡ b2 Z
¼

b¡ c 2 Z
‰Qˆ"½”•aˆ�ŒQ‰,‹P•‘•9‹”º�•l•9‰,‹Cº�ˆ£ˆ�¾�•˜‰Q’”•Ÿ‰Qˆ"½”‰,’”•

�

a¡ b+ b¡ c = a ¡ c 2 Z
ž

–4•a’P½#•(ˆ"½”•N‰Q‹¹º�ˆ�•*’”‰,•‘•(ŒQ—‘œaˆ@™�‰r‰,»"º�—¦¡–•(•J‰,ˆ�ŒQ—\•`»"º�‰Dˆ�•N‰,‹.™�‰r•a’”™�‰Qˆ�ž

÷

‰®½#—J‰,ˆ�‰®»"º�‰

a = f a + k : k 2 Zg
ž

÷

‰lŽ�º�‰,™�‰£½#•(•l•–’9‰Qˆ¥ŒZ•(™�•%ŒQ•\•(‹“‰l™�‰£‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—\•{º�ˆ¬’”‰QŽ�’”‰Q‹”‰,ˆ�½�•(ˆ�½#‰@‰,ˆ�½#’“‰Fù

¼ º�ˆ�•

�

Ž&•�™gþ‘•(•˜•(‹.™�‰QŒ,—‘’Q¾&‹”ºoŽ�•(’�½#‰9™�‰,ŒQ—‘•˜•(•[�VŽ&•a’¹•‘•N»"º�‰6‰Q•­Œ,•(ˆcH“º�ˆ"½”•lŒ,•�ŒQ—‘‰Qˆ"½#‰9‹“‰

Ž�º�‰,™�‰D—‘™�‰Qˆ"½#—+§�Œ,•(’PŒQ•aˆ ‰,•
—Jˆ"½#‰Q’“¡–•–•‘•

[0; 1)
ž

×nf,À
Ó

Ä�Ã�Ä�Ã
·yÝ�ØsØ?Ç

—[�

N5 = f 1; 2; 3; 4; 5g
ž#Û?•`’”‰,•‘•(ŒQ—‘œaˆ@‰,‹.‰,•
‹“—‘šaº�—‘‰,ˆ�½#‰®ŒQ•aˆcH“º�ˆ�½#•

�

R = f (2; 5); (5; 2); (3; 4); (4; 3)g:
Û?•o½#•(¤�•‘•%•–‹”•�Œ,—‘•(™�•oŒQ•aˆ�‹“—‘‹“½”‰£‰,ˆ�’“‰,Ž�’“‰,‹“‰,ˆ�½�•(’`•‘•(‹6Ž�º�ˆ�½#•a‹Ÿ™�‰

R
‰,ˆ¥º�ˆ¥Ž�•\•–ˆ�•

Œ,•�•a’“™�‰,ˆ�•–™�•�ž



òOÓOÓ îFõ§ï�ö������
5²±�&<8�î��
õ9îRQ�5KL”îWŽ

‡�•
™�—‘ša’”•pÑ›•*•(‹“•�Œ,—‘•(™�•*‰Q‹

�

(N5; f (2; 5); (5; 2); (3; 4); (4; 3)g):
—‘—\�V‡�ˆ ‰,‹“½”‰DŒ,•(ˆcH“º�ˆ"½”•N•\•Ÿ’”‰,•‘•(ŒQ—‘œaˆ@‰,‹

�

R = f (1; 1); (1; 2); (1; 3); (1; 4); (1; 5); (1; 6); (1; 7); (1; 8); (1; 9); (1; 10);

(2; 2); (2; 4); (2; 6); (2; 8); (2; 10); (3; 3); (3; 6); (3; 9); (4; 4); (4; 8); (5; 5); (5; 10)

(6; 6); (7; 7); (8; 8); (9; 9); (10; 10)g
Û?•o½�•–¤�•\•o•(‹“•�Œ,—‘•(™�•oŒQ•aˆ�‹”—J‹“½”‰@‰Qˆ�’“‰,Ž�’“‰,‹”‰Qˆ"½#•(’`•‘•a‹9Ž�º�ˆ"½”•a‹Ÿ™�‰

R
‰Qˆ¥º�ˆ¥Ž�•\•(ˆ�•

ŒQ•�•a’”™�‰,ˆ�•(™�•�ž

‡�•
™�—‘ša’”•pÑ›•*•(‹“•�Œ,—‘•(™�•*‰Q‹

�

(N10; R):
—‘—J—\�uÛ?•*’”‰Q•\•(ŒQ—‘œ(ˆm‰Q‹

�

R = f (; ; ; ); (; ; N1); (; ; N2); (; ; N3); (; ; N4); (; ; N5); (N1; N1);

(N1; N2); (N1; N3); (N1; N4); (N1; N5);

(N2; N2); (N2; N3); (N2; N4); (N2; N5); (N3; N3); (N3; N4);

(N3; N5); (N4; N4); (N4; N5); (N5; N5)g
Û?•o½�•–¤�•\•o•(‹“•�Œ,—‘•(™�•oŒQ•aˆ�‹”—J‹“½”‰@‰Qˆ�’“‰,Ž�’“‰,‹”‰Qˆ"½#•(’`•‘•a‹9Ž�º�ˆ"½”•a‹Ÿ™�‰

R
‰Qˆ¥º�ˆ¥Ž�•\•(ˆ�•

ŒQ•�•a’”™�‰,ˆ�•(™�•�¾�½#•(•l•–ˆ�™�•®Œ,•(•˜•®Œ,•�•(’”™�‰Qˆ�•(™�•(‹�•J•a‹T‹”º�¤gþJˆ�™�—JŒ,‰,‹

�

‰,•nù®Ž�•–’#•®‰,•�Œ,•(ˆcH“º�ˆ�½#•

¡G•(Œ�þJ•"�Wž�‡�•
™�—‘ša’”•pÑ›•*•(‹“•�Œ,—\•–™�•*‰,‹

�

(A; R):
—J¡���Û­•r½#•(¤�•‘•D•(‹”•�ŒQ—\•–™�•DŒQ•aˆ�‹“—‘‹“½”‰h‰,ˆ˜’”‰,Ž�’”‰,‹“‰,ˆ�½�•(’>•‘•a‹�Ž�º�ˆ�½#•a‹c™�‰

R
‰,ˆlº�ˆ˜Ž�•\•(ˆ�•

ŒQ•�•a’”™�‰,ˆ�•(™�•�¾
½”•a•l•–ˆ�™�•@Ž&•a’§‰�H“‰,•NŽ�•J•

a = 1
¾

b = 2
¾

d = 3
¼

c = 4
žŸ‡�•T™�—Jša’#•>Ñ›•

•–‹”•�Œ,—‘•(™�•*‰Q‹

�

(B ; R):
×�f,À

Ó
Ä�ÃÅÄ�Ã

·°Ý�ØYß�Ç

—[�W{4•(•l•(•N•a‹

N5
•(’”™�‰Qˆ�•(™�•N™�‰D•‘•rÑ›•a’“•l•Ÿº�‹”º�•(•�ž

0

B
B
B
B
@

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0

1

C
C
C
C
A



±'&¦±�&°îÐ•>î�8®îRQWîRQ�5MŽ?8”î
Ž���î��V��5MŽ ò�Ó/ò

—‘—\�œ{­•a•˜•–•N•(‹

N10
•a’“™�‰,ˆ�•–™�•N™�‰r•\•½Ñ›•a’”•˜•Ÿº�‹”º�•(•³ž

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 1 1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1 0 1
0 0 1 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

—‘—J—\�
{­•a•˜•(•˜•(‹

A
•a’”™�‰,ˆ�•(™�•N™�‰r•\•½Ñ›•a’”•˜•Ÿ‰,ˆ »�º�‰D‰,‹�½J¦*‰,‹”ŒQ’”—¦½#•�ž

0

B
B
B
B
B
B
@

1 1 1 1 1 1
0 1 1 1 1 1
0 0 1 1 1 1
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1

1

C
C
C
C
C
C
A

—J¡���{­•a•˜•(•N•a‹

B
•a’”™�‰,ˆ�•(™�•N™�‰aÑ›•a’”•˜•`•(•©ÑÅ•–¤s²Q½#—JŒZ•bž

0

B
B
@

0 0 1 1
0 1 0 0
0 0 1 1
0 0 0 1

1

C
C
A

×nf,À
Ó

Ä�Ã�Ä�Ã
·eÝ�ØYì�Ç

–4•�™�‰,•N•a‹mø�•(ŒQ‰,’“•‘•k•(ºb½#•a•V¦–½#—JŒ,•(•N‰Qˆ"½#‰%•˜‰Q™�—\•–ˆ"½#‰<º�ˆòŽ�’”•�ŒQ‰,™�º

—‘•N—J‰,ˆ�½#•{™�‰7û{•(Ž�•‘‰

�

¡(‰,’6•\•?–�’-¦(ŒQ½”—‘Œ,•�ñ(�D»"º�‰l™�•(™�•{º�ˆ�•o•˜•–½#’“—%¨

M
ŒZ•–•‘Œ,º�•\•

M 2 ž

 V•aˆ

M 2 ŒQ•aˆ�‹“½”’”º�¼a‰hº�ˆ�•D•˜•–½#’”—©¨

M 2¤ »"º�‰.½#—‘‰Qˆ�‰¹º�ˆ?Th‰Qˆl•\•®‰,ˆ�½#’#•–™�•D™�‰¹‹”º�¤gþJˆ�™�—JŒ,‰

ij
‹”—4•\•NŒ,•a’“’”‰Q‹”Ž&•aˆ�™�—‘‰,ˆ�½#‰Ÿ‰Qˆ"½”’#•(™�•˜‰,ˆ

M 2 ‰Q‹§ˆ�•lˆ�º�•‘•N¼{º�ˆ�ùl‰Qˆ<Œ,•(‹”•£ŒQ•aˆ"½”’#•(’“—‘•�ž

š ½”•a•l•®•‘•®™�—©Ñ›‰Q’”‰Qˆ�Œ,—‘•

M 2¤ ¡ M
Ž�•(’”•rŒ,•a•NŽ�’“•a¤�•(’�‹”—�½#—‘‰Qˆ�‰.‰,ˆ�½#’#•–™�•(‹cŽ&•a‹“—J½”—J¡–•(‹

�

‰Q‹

™�‰,ŒQ—‘’P‹”—
ø�•Z¼m•(•Jšaº�ˆ�•Ÿ‰,ˆ�½#’#•–™�•*ˆ�•Nˆ"º�•\•`ˆ"º�‰W¡–•��Wž

‡�ˆ¢ŒQº�•(•J»�º�—‘‰,’®Œ,•(‹”• —[�hˆ�• ‰,‹r½”’#•(ˆ�‹”—J½”—J¡G•@Ž&•a’“»"º�‰

2R5
¼

5R2
Ž&‰,’”•

2 + 2 = 4
ˆ�•{‰,‹9º�ˆ¢•r¾�•J½”—JŽ�•J•@™�‰�øbž�Û?• ’”‰Q•\•–Œ,—‘œ(ˆn—J—[��‰Q‹D½#’#•–ˆ�‹”—¦½#—J¡G•mŽ&•(’”»"º�‰˜‹”—

a
™�—¦¡�—‘™�‰N•

b
‰,ˆ"½”•aˆ�ŒQ‰,‹

b = aK
Œ,•(ˆ

K
º�ˆoˆ‹¾�•˜‰Q’”•˜‰,ˆ�½#‰,’“•�ž

Á

‰,•­•N—‘‹”•N•*•˜•�™�•N‹”—

b
™�—¦¡�—‘™�‰9•

c
‰,ˆ"½”•aˆ�ŒQ‰,‹

c = bK0 ŒQ•aˆ

K 0 º�ˆ%ˆ�¾�•˜‰Q’”•l‰,ˆ�½#‰Q’”•�ž�–4•a’¹½�•(ˆ�½#•

c = aK K 0¾&™�‰6•N•�™�•



òOÓpô îFõ§ï�ö������
5²±�&<8�î��
õ9îRQ�5KL”îWŽ

»"º�‰

a
™�—¦¡�—‘™�‰£•

c
žãÛ?•%’”‰Q•\•(ŒQ—‘œaˆ¬—J—‘—\�r‰Q‹`½”’#•(ˆ�‹“—J½”—J¡–•oŽ�º�‰,‹*•J•<‰Q‹*•‘•%—Jˆ�Œ,•Jº�‹”—Jœaˆ�žÜÛ­•

’“‰,•‘•(Œ,—Jœaˆ@—J¡��V‰,‹P½#’#•–ˆ�‹”—¦½#—¦¡–•�ž

×�f,À Ó Ä�ÃÅÄ�Ã ·�Ý�Ø��SÇ Û?• ’”‰Q•\•(ŒQ—‘œ(ˆn—[��ˆ�•{‰,‹9’“‰Q¯�‰3¼b—J¡–•�¾4Ž�•(’”• ŒQ•aˆ"¡a‰Q’“½#—J’”•‘•m‰,ˆ!’“‰Q¯�‰3¼b—J¡–•

ø�•Ï¼@»"º�‰Dº�ˆ�—‘’.•

R
‰,•
ŒQ•aˆcH“º�ˆ�½#•

f (2; 2); (3; 3); (4; 4); (5; 5)g:

Û?•(‹.’”‰Q•\•(ŒQ—‘•aˆ�‰,‹P—J—[��¼@—‘—J—\�c‹”•aˆ ’”‰W¯�‰3¼�—¦¡–•(‹Qž

Û?•*’”‰Q•\•–Œ,—‘œ(ˆm—¦¡��Vˆ�•N‰Q‹¹’”‰W¯�‰:¼b—¦¡–•�¾�ø�•Ï¼£»"º�‰9•ƒ•�•–™�—‘’“•‘‰§‰Q•
‰,•J‰,•N‰,ˆ�½#•

(a;a)

×�f,À Ó Ä�ÃÅÄ�Ã ·°Ý�Ø���Ç Û?•`’”‰Q•\•(ŒQ—‘œaˆ@—[�>‰,‹.‹”—J•V²W½#’“—‘ŒZ•bž

Û?•*’”‰Q•\•–Œ,—‘œ(ˆm—J—[�cˆ�•N‰Q‹¹‹“—‘•\²Q½#’“—‘Œ,•�¾�ø�•Ï¼@»"º�‰rº�ˆ�—‘’“•‘‰§‰,•
ŒQ•aˆcH“º�ˆ�½#•

�

f (2; 1); (3; 1); (4; 1); (5; 1); (6; 1); (7; 1); (8; 1); (9; 1); (10; 1);

(4; 2); (6; 2); (8; 2); (10; 2); (6; 3); (9; 3); (8; 4); (10; 5)g:
Û?•*’”‰Q•\•–Œ,—‘œ(ˆm—J—‘—‘�>ˆ�•N‰,‹.‹”—‘•\²W½#’”—JŒZ•�¾b‹”º Œ,•‘•(º�‹”º�’#•*‹“—‘•\²Q½”’”—‘Œ,•Ÿ‰Q‹

A £ A
ž

Û?•˜’”‰Q•\•(ŒQ—‘œ(ˆ{—¦¡��.ˆ�•l‰,‹h‹”—‘•\²Q½”’”—JŒZ•�¾�ø�•Z¼ »"º�‰6º�ˆ�—J’”•J‰D•J•a‹¹‰Q•‘‰,•N‰,ˆ�½#•(‹

(c;a)
¾

(d;c)
¼

(a;d)
ž

×�f,À
Ó

Ä�ÃÅÄ�Ã
·°Ý�ØYä�Ç

–F•–’#•*Œ,•(•JŒ,º�•‘•(’C•\•ŸŒ,•‘•(º�‹”º�’#•`½”’#•(ˆ�‹”—J½”—J¡G•Ÿ™�‰D•‘•c¾�ˆ�—‘Œ,•*’“‰,•‘•(Œ,—Jœaˆ@»�º�‰

ˆ�•N‰,‹P½#’#•–ˆ�‹”—¦½#—J¡G•�¾`T�ô/ô�ž —\�W¾�ø�•Ï¼@»"º�‰rº�ˆ�—‘’C•‘•a‹P‰Q•‘‰Q•˜‰Qˆ"½#•(‹

(2; 2); (5; 5); (3; 3); (4; 4):

×�f,À
Ó

Ä�ÃÅÄ�Ã
·°Ý�ß��
Ç

—[�C V•aˆ�‹”—J™�‰Q’#•(•N•a‹Pº�ˆ�•*•˜•–½#’“—%¨�Œ,•a•N•*º�ˆ�•*•J—‘‹�½�•ŸŒQ•aˆ ™�•a‹.‹”º�¤=þ‘ˆ�™�—JŒ,‰Q‹

�

÷

—
•‘•`‰Qˆ"½#’”•(™�•*‰Q‹

�

a11; a12; :::; a1n ; :::; bn1; :::; bnn :
Û?•PŒ,•a’“’”‰Q‹”Ž&•aˆ�™�—‘‰,ˆ�½#‰�‹#•–•‘—J™�•V‹”‰�™�‰:§�ˆ�‰�Œ,•a•N•Pº�ˆ�•P•˜•–½#’“—%¨F™�‰�‰,ˆ�½#’#•–™�•(‹

cij
™�•aˆ�™�‰

�

cij = ai 1b1j + ::: + ain bnj :

Á

‰D‰Q‹“½#‰r•˜•�™�•`‰,•?•(•Jša•a’“—¦½#•*•Ÿ™�‰,¤&‰D‹“‰,’

�

‡�ˆ"½#’”•(™�•

�

a11; a12; :::; a1n ; :::; bn1; :::; bnn :
ð�•a’

i = 1
½”•

n
ð�•a’

j = 1
½#•

n
cij := 0



±'&¦±�&°îÐ•>î�8®îRQWîRQ�5MŽ?8”î
Ž���î��V��5MŽ ò�ÓOñ

ð�•a’

l = 1
½#•

n
cij := cij + ail bl j

÷

•(•J—‘™�•

�

c11; :::; cnn
ž

—‘—\�

‡�ˆ"½”’#•(™�•

�

m11; m12; :::;m1n ; :::;mn1; :::;mnn :
ð�•a’

i = 1
½#•

n
ð�•a’

j = 1
½”•

n
—©Ñ

mij 6= 0
½#ø�‰Qˆ

nij := 1
‰Q•‘‹”‰

nij := 0
ž

÷

•(•J—‘™�•

�

n11; :::; nnn :

×nf,À Ó Ä�Ã�Ä�Ã ·ÉÝ�ß³ÝLÇ Û?•F¾�ˆ�—‘Œ,•@’”‰,•‘•(ŒQ—‘œaˆ<ˆ�•@½#’#•–ˆ�‹”—¦½#—J¡G•£‰,‹r•\•£™�‰›T�ôOô�ž —\�WžrÛ­•–‹r•l•G½#’”—©¨

W0
‰,‹.‰:¼�•(ŒW½�•(•N‰,ˆ�½#‰D•‘•`•˜•–½”’”—%¨�™�‰,•
ša’”•pÑ›•*™�—‘’”—Jša—J™�•�¾b‰,‹�½#•N‰,‹,¾

W0 =

0

B
B
B
B
@

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0

1

C
C
C
C
A

Û­•6•˜•–½#’”—©¨

W1
½”—‘‰Qˆ�‰§º�ˆ@º�ˆ�•`™�•aˆ�™�‰

W0
½#‰,ˆ�š�•Ÿº�ˆ@º�ˆ�•Ÿ¼£•–™�‰,•V¦(‹C‹“‰§¡a‰Q’”—©§�ŒZ•Ÿ»"º�‰

w1
ij = 1

‹”—

w0
i1 = 1 = w0

1j
ž{ V•(•˜•{‰Qˆ¬ˆ"º�‰,‹�½#’”•oŒZ•(‹“•%•‘• Ž�’“—‘•N‰,’”•7§�•\• ™�‰

W0
‰Q‹

½#•�™�•`ˆ�º�•‘•`‰,ˆ�½#•(ˆ�Œ,‰Q‹

W1 = W0:

Û­•6•˜•–½#’”—©¨

W2
½”—‘‰Qˆ�‰§º�ˆ@º�ˆ�•`™�•aˆ�™�‰

W1
½#‰,ˆ�š�•Ÿº�ˆ@º�ˆ�•Ÿ¼£•–™�‰,•V¦(‹C‹“‰§¡a‰Q’”—©§�ŒZ•Ÿ»"º�‰

w2
ij = 1

‹“—

w1
i2 = 1 = w1

2j
ž®‡�‹“½�•lŒ,•aˆ�™�—‘Œ,—Jœaˆo‹”‰6¡a‰Q’”—+§�ŒZ•l‹”œa•J•l‰,ˆ

w1
52 = 1 = w1

25
¾

Ž&•a’P½#•(ˆ"½”•*‹”‰r½”—‘‰,ˆ�‰

w2
55 = 1

ž

W2 =

0

B
B
B
B
@

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 1 1

1

C
C
C
C
A

Û­•6•˜•–½#’”—©¨

W3
½”—‘‰Qˆ�‰§º�ˆ@º�ˆ�•`™�•aˆ�™�‰

W2
½#‰,ˆ�š�•Ÿº�ˆ@º�ˆ�•Ÿ¼£•–™�‰,•V¦(‹C‹“‰§¡a‰Q’”—©§�ŒZ•Ÿ»"º�‰

w3
ij = 1

‹“—

w2
i3 = 1 = w2

3j
ž®‡�‹“½�•lŒ,•aˆ�™�—‘Œ,—Jœaˆo‹”‰6¡a‰Q’”—+§�ŒZ•l‹”œa•J•l‰,ˆ

w2
43 = 1 = w2

34
¾
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Ž&•(’P½�•–ˆ"½#•*‹“‰r½#—J‰,ˆ�‰

w3
44 = 1

ž

W3 =

0

B
B
B
B
@

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 1 0
0 1 0 1 1

1

C
C
C
C
A

Û?•6•l•–½”’”—©¨

W4
½#—J‰,ˆ�‰�º�ˆ@º�ˆ�•`™�•aˆ�™�‰

W3
½”‰,ˆ�ša•Ÿº�ˆ@º�ˆ�•Ÿ¼£•(™�‰Q•œ¦–‹C‹“‰§¡a‰,’“—©§�Œ,•Ÿ»�º�‰

w4
ij = 1

‹”—

w3
i4 = 1 = w3

4j
ž§‡�‹�½�•£ŒQ•aˆ�™�—JŒ,—Jœaˆo‹”‰6¡a‰Q’”—©§�ŒZ•l‹”œa•J•£‰Qˆ

w3
34 = 1 = w3

43
¾

Ž&•(’P½�•–ˆ"½#•*‹“‰r½#—J‰,ˆ�‰

w4
33 = 1

ž

W4 =

0

B
B
B
B
@

0 0 0 0 0
0 0 0 0 1
0 0 1 1 0
0 0 1 1 0
0 1 0 1 1

1

C
C
C
C
A

Û?•6•l•–½”’”—©¨

W5
½#—J‰,ˆ�‰�º�ˆ@º�ˆ�•`™�•aˆ�™�‰

W4
½”‰,ˆ�ša•Ÿº�ˆ@º�ˆ�•Ÿ¼£•(™�‰Q•œ¦–‹C‹“‰§¡a‰,’“—©§�Œ,•Ÿ»�º�‰

w5
ij = 1

‹”—

w4
i5 = 1 = w4

5j
ž§‡�‹�½�•£ŒQ•aˆ�™�—JŒ,—Jœaˆo‹”‰6¡a‰Q’”—©§�ŒZ•l‹”œa•J•£‰Qˆ

w4
25 = 1 = w4

52
¾

Ž&•(’P½�•–ˆ"½#•*‹“‰r½#—J‰,ˆ�‰

w5
22 = 1

ž

W5 =

0

B
B
B
B
@

0 0 0 0 0
0 1 0 0 1
0 0 1 1 0
0 0 1 1 0
0 1 0 1 1

1

C
C
C
C
A

÷

‰`•(¤�‹”‰Q’“¡–•£Œ,•a•N•£‹”‰Ÿø�•(ˆ<—Jˆ"½”’”•�™�º�ŒQ—‘™�•�ô£º�ˆ�•(‹®‰Qˆ••‘•l™�—\•(š(•aˆ�•(•­ŒQ•a’”’“‰,‹“Ž&•aˆ�™�—J‰,ˆ"½”‰,‹

• •‘•(‹D‰,•J‰,•N‰,ˆ�½#•a‹

(2; 2); (3; 3); (4; 4); (5; 5)
»"º�‰˜‹”•aˆ!•J•a‹D‰,•J‰,•N‰,ˆ�½#•a‹D»"º�‰lø�•Ï¼•»�º�‰

º�ˆ�—‘’.•

R
Ž�•(’#•Ÿ½#‰Qˆ�‰Q’¹•\•6½#’”•(ˆ�‹“—J½#—¦¡�—‘™�•–™�ž

×�f,À
Ó

Ä�ÃÅÄ�Ã
· Ý�ßWÞ�Ç

–F•(’”•¬Œ,•aˆ�‹�½#’“º�—‘’£•‘•!Œ,•‘•(º�‹”º�’#•¬’”‰W¯�‰:¼b—¦¡–•¥ø�‰Q•˜•a‹£™�‰<•ƒ•�•(™�—J’l•J•a‹

‰Q•‘‰Q•˜‰Qˆ"½#•(‹

(b;b); (c;c); (d;d)(e;e):

Á

‰D‰,‹�½#‰D•N•�™�•

�

Cr = f (a;a); (b;b); (c;c); (d;d); (e;e); (a;c); (c;e); (c;d); (b;d)g:
–F•–’#• ŒQ•a•NŽ�º�½�•–’D•‘•mŒQ•\•(º�‹“º�’#•@½#’#•–ˆ�‹”—¦½#—¦¡–•m•(¤�‹”‰Q’“¡–•–•˜•a‹D»"º�‰

(a;c); (c;e) 2 Cr
Ž&•a’

½#•(ˆ"½”•.™�‰Q¤&‰,•N•a‹?º�ˆ�—‘’

(a;e)
ž

Á

‰�—‘šaº�•(•(•N•�™�•

(a;c); (c;d) 2 Cr
Ž&•(’�½�•(ˆ�½#•.™�‰,¤&‰,•N•a‹
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º�ˆ�—‘’

(a;d)
žc‡�‹.º�ˆ�•*ŒQ•a•NŽ�’”•a¤�•(Œ,—Jœaˆ@™�‰Q•˜•(‹“½#’”•(’P•‘•Ÿ‹”—Jšaº�—J‰,ˆ"½”‰®—Jšaº�•(•J™�•(™S¾b‹”—‘‰Qˆ�™�•

Ct
•\•ŸŒ,•\•–º�‹”º�’”•`½”’#•(ˆ�‹”—J½”—J¡–•Ÿ™�‰

Cr
�

Ct = f (a;a); (b;b); (c;c); (d;d); (e;e); (a;c); (c;e); (a;e); (c;d); (a;d); (b;d)g:

×nf,À Ó Ä�Ã�Ä�Ã ·lÝ�ßsÀ�Ç –F•(’#•oŒZ•(•JŒ,º�•‘•(’9•\•oŒQ•\•(º�‹”º�’#•o’”‰Q¯�‰:¼b—J¡G•<ø�•Ï¼!»"º�‰@º�ˆ�—‘’9½#•�™�•(‹`•J•a‹

•˜—J‰,•Ÿ¤�’“•a‹�™�‰h•\•r™�—\•(š(•aˆ�•(•�žT V•(•˜•

(f ; a); (a;c) 2 R
‰Qˆ"½”•aˆ�Œ,‰Q‹

(f ; c) 2 Ct
ž

6

ø�•a’”•

(f ; c); (c;e) 2 Ct
—‘•NŽ�•J—¦ŒZ•

(f ; e) 2 Ct
žc V•a•N•

(a;c); (c;e) 2 R
‰Qˆ"½#•(ˆ�Œ,‰Q‹

(a;e) 2
Ct

žò V•(•˜•

(a;c); (c;d) 2 R
‰Qˆ"½#•(ˆ�Œ,‰Q‹

(a;d) 2 Ct
žò V•a•N•

(f ; c); (c;d) 2 R
‰,ˆ"½”•aˆ�ŒQ‰,‹

(f ; d) 2 Ct
žCð4—‘ˆ�•–•‘•*‰,ˆ�½#‰

(f ; b); (b;d) 2 R
‰,ˆ�½#•aˆ�Œ,‰,‹

(f ; d) 2 Ct
ž

Á

‰

‰,‹“½”‰D•N•�™�•

�

Ct = f (a;a); (a;c); (a;d); (a;e); (b;b); (b;d); (c;c); (c;d); (c;e);

(d;d); (e;e); (f ; a); (f ; b); (f ; c); (f ; d); (f ; e); (f ; f )g:
‡�ˆ ‰‘Ñ›‰QŒQ½”•�¾�•\•Ÿ•l•–½”’”—©¨§»"º�‰D•J•*’”‰QŽ�’”‰Q‹”‰Qˆ"½#•˜‰Q‹

�

A =

0

B
B
B
B
B
B
@

1 0 1 1 1 0
0 1 0 1 0 0
0 0 1 1 1 0
0 0 0 1 0 0
0 0 0 0 1 0
1 1 1 1 1 1

1

C
C
C
C
C
C
A

:

š²‹“‰9½”—‘‰Qˆ�‰D»"º�‰

A2 ˆ�•˜½”—‘‰Qˆ�‰D‰,ˆ�½#’#•–™�•(‹hˆ�•˜ˆ�º�•\•(‹¹ˆ"º�‰Q¡G•(‹,¾�•‘º�‰,ša•N‰,‹h‰,ˆo‰:Ñ›‰,ŒQ½”•lº�ˆ�•

’”‰,•‘•(ŒQ—‘œaˆ£½#’”•(ˆ�‹“—J½#—¦¡–•�ž

A2 =

0

B
B
B
B
B
B
@

1 0 2 3 3 0
0 1 0 2 0 0
0 0 1 2 2 0
0 0 0 1 0 0
0 0 0 0 1 0
2 2 3 5 4 1

1

C
C
C
C
C
C
A

:

€§—‘‰Qˆ�™�•r‹“º˜™�—\•(š(’#•(•˜•�™�‰¹�h•(‹”‹“‰

�

¡a‰,’#ðF—Jšaº�’”•®'�žóøa�F‹“‰.½”—‘‰Qˆ�‰P»�º�‰¹ø�•Z¼Ÿ™�•a‹�‰Q•‘‰Q•˜‰Qˆ"½#•(‹

•l•>¼b—J•l•–•J‰Q‹N»"º�‰o‹“•aˆ

d
¼

e
¼ŠŽ�•(’N½�•(ˆ�½#•¢ˆ�•!ø�•Z¼k•V¦>¼b—J•˜•�ž©��•Z¼Šº�ˆq‰Q•‘‰Q•˜‰Qˆ"½”•

•˜—Jˆ�—J•˜•–•

f
»�º�‰9‰,‹�•–™�‰,•V¦(‹¹‰Q•?•VþJˆ�—J•N•�ž>‡�•­‰Q•‘‰Q•˜‰Qˆ"½”•

d
‰Q‹hŒ,•–½�•N‹“º�Ž&‰,’“—‘•a’.™�‰

B
¼

‰,‹¹•(™�‰Q•œ¦–‹P•\•r¾�ˆ�—JŒZ•�¾�Ž&•a’C½�•–ˆ"½#•`‰,‹.‰,•�‹”º�Ž�’”‰,•N•�ž±Û­•c¾�ˆ�—‘Œ,•`Œ,•(½#•`—‘ˆ=Ñ›‰Q’”—J•a’V‰,‹

f
»"º�‰

Ž&•a’P½#•(ˆ"½”•*‰,‹¹‰Q•³þ‘ˆ=§�•˜•`™�‰

B
ž
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ð4—‘šaº�’#•`'�žóø

�

‡NH“‰,’“Œ,—‘ŒQ—‘•›T'ñ/ò�ž

Á

—\•(ša’”•(•˜•Ÿ™�‰9�h•(‹”‹“‰

×�f,À
Ó

Ä�ÃÅÄ�Ã
·4Ý�ßgØ­Ç�•

‰QŽ�’”‰Q‹”‰,ˆ�½�•(•N•a‹cŒZ•(™�•9º�ˆ�•D™�‰¹•\•(‹�½#•(’”‰,•(‹cŽ&•a’�‹”ºl—Jˆ�—‘ŒQ—\•–•

�

‰,ˆ�‹#•(•cº

¤�•\•(’CŒ,•aˆ •‘•

E
¼@‰,•NŽ�•(»"º�‰W½�•(’.ŒQ•aˆ •\•

e
�

�

Tareas= f E; a;p;e;l ; r g
Û?•(‹PŽ�’”—J•a’”—J™�•(™�‰Q‹P‹“•aˆ

�

E · a;a · p;p · e;l · p:
švø�•(Œ,—J‰,ˆ�™�•N‹”º Œ,•‘•(º�‹”º�’#•*’“‰Q¯�‰3¼b—J¡–•`¼£½#’”•(ˆ�‹“—J½#—¦¡–•Ÿ™�•(ˆ º�ˆ{•(’”™�‰Qˆ{Ž�•(’”ŒQ—\•(•

�

f (E ; a); (a;p); (E; p); (p;e); (E; e); (a;e); (l ; p); (l ; e)

(E; E); (a;a); (p;p); (e;e); (l ; l ); (r; r )g:
‡�•S•a’”™�‰Qˆ@½#•–½�•(•�»"º�‰®Œ,•a•NŽ�•‘‰W½�•6‰Q‹“½”‰r•a’“™�‰,ˆ@Ž�•(’”ŒQ—\•(•

�

¡a‰,’P™�—\•(ša’”•(•˜•9™�‰®��•(‹“‹”‰r‰Qˆm•\•

ð4—‘šaº�’”•`'bžž•��>‹”‰®¡G•*Œ,•(ˆ�‹“½”’”º�¼a‰Qˆ�™�•˜™�‰r•‘•Ÿ‹”—‘š(º�—‘‰Qˆ"½”‰®•˜•(ˆ�‰Q’#•�ž

÷

‰r‰Q•‘—Jša‰§º�ˆm‰,•J‰,•N‰,ˆ�½#•

•N—‘ˆ�—‘•N•(•Å¾�Ž&•a’h‰�H“‰Q•˜Ž�•‘•˜‰Q•

E
žŸ{­•a•˜•(•˜•(‹¹‰,•­Œ,•(ˆcH“º�ˆ�½#•

Tareas¡ f Eg
¼ ‰,•­•a’”™�‰,ˆ

»"º�‰r‹”‰D—Jˆ�™�º�ŒQ‰

�

f (a;p); (p;e); (a;e); (l ; p); (l ; e)

(a;a); (p;p); (e;e); (l ; l ); (r; r )g:
6

ø�•a’”•N‰Q•‘‰,š(—‘•N•a‹Cº�ˆ{‰,•J‰,•N‰,ˆ�½#•N•N—‘ˆ�—J•N•(•

a
¼m‰Q•?ŒQ•aˆcH“º�ˆ�½#•˜’“‰,‹”º�•J½�•–ˆ"½#‰r™�‰D»"º�—J½#•(’.‰Q•

‰Q•‘‰Q•˜‰Qˆ"½#•

a
¾–ŒQ•aˆ9‰,•�•a’”™�‰Qˆ9—‘ˆ�™�º�Œ,—‘™�•�ž

6

‹-þ"‹”º�ŒQ‰,‹“—J¡–•–•˜‰Qˆ"½#‰>•(¤�½#‰Qˆ�‰,•N•a‹Q¾–Ž�•(’­‰AH“‰,•NŽ�•‘•
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ï

ðF—‘š(º�’#•`'bžž•

�

‡NH“‰,’“Œ,—JŒ,—J•›TEñpô�ž

Á

—\•–ša’#•(•˜•6™�‰D��•(‹“‹”‰

�

•\•Ÿ‰Q•‘‰QŒ,Œ,—Jœaˆm™�‰,•
‰Q•‘‰Q•˜‰Qˆ"½#•`•˜—Jˆ�—J•˜•–•�ˆ�•N‰Q‹�¾�ˆ�—‘Œ,•N•–‹-þ
»"º�‰rø�•Ï¼l¡–•(’“—\•(‹P•˜•(ˆ�‰Q’#•(‹P™�‰

ø�•(Œ,‰Q’”•J•"�

�

E · a · l · p · e · r:

×nf,À
Ó

Ä�Ã�Ä�Ã
·yÝ�ßsß�Ç

—[�³Û?•¹’”‰Q•\•–Œ,—‘œ(ˆD™�‰:§�ˆ�—‘™�•h‰QˆŸ—\��ˆ�•h‰,‹4’”‰W¯�‰:¼b—¦¡–•hŽ�º�‰Q‹“½#•�»"º�‰(¾(Ž&•a’­‰�H“‰Q•˜Ž�•‘•�¾

7+ 7 =
14

ˆ�•˜¡a‰,’“—©§�Œ,•˜‹”‰,’h•˜‰Qˆ�•a’¹»"º�‰

ï

žŸ–4•(’¹½�•(ˆ�½#•˜ˆ�•lŽ�º�‰,™�‰6‹”‰Q’�’”‰Q•\•(ŒQ—‘œ(ˆ{™�‰9•a’“™�‰,ˆoˆ�—

™�‰˜‰,»"º�—J¡G•(•‘‰Qˆ�Œ,—‘•�ž €�‰Q’”—+§�ŒZ• •\• Ž�’”•aŽ�—J‰,™�•–™!‹“—‘•\²Q½#’“—‘Œ,•@¼�•{»"º�‰

a + b = b+ a
ž �h•

‰,‹§½#’”•(ˆ�‹“—J½#—¦¡–•˜¼a•@»"º�‰(¾
Ž&•a’§‰AH“‰,•NŽ�•‘•�¾

7R1
¼

1R7
¼%‹“—‘ˆ<‰Q•`¤�•(’”ša•

7 + 7 > 9
ž

Á

‰

ø�‰,Œ�ø�•˜•‘•`’“‰,•\•–Œ,—Jœaˆ@‰,‹

�

R = f (1; 1); (1; 2); (1; 3); (1; 4); (1; 5); (1; 6); (1; 7); (2; 1); (2; 2); (2; 3); (2; 4);

(2; 5); (2; 6); (3; 1); (3; 2); (3; 3); (3; 4); (3; 5); (4; 1); (4; 2); (4; 3); (4; 4);

(5; 1); (5; 2); (5; 3); (6; 1); (6; 2); (7; 1)g
—‘—\�œÛ?•¥’”‰,•‘•(ŒQ—‘œaˆ©™�‰•Ž�•(’”•(•‘‰Q•‘—J‹“•N•¥‰Q‹ ’”‰W¯�‰:¼b—¦¡–•

�

½#•�™�•¥’”‰QŒQ½�•�‰,‹mŽ�•(’”•(•‘‰Q•\•¬•�‹-þ

•˜—J‹”•˜•��­‹”—J•V²W½#’”—JŒZ•

�

‹”—

r
‰Q‹cŽ�•(’”•(•‘‰Q•\•§•

r 0 ‰,ˆ�½#•aˆ�Œ,‰,‹

r 0 ‰,‹�Ž�•(’#•–•‘‰,•‘•®•

r
�F¼Ÿ½”’#•(ˆ�‹“—J½”—J¡–•

�

‹”—

r
‰Q‹>Ž�•(’#•–•‘‰,•‘•r•

r 0 ¼

r 0 •J•D‰,‹V•

r 00 ‰Qˆ"½”•aˆ�ŒQ‰,‹

r
‰Q‹>Ž�•(’#•–•‘‰,•‘•r•

r 00�Wž

Á

‰h‰Q‹“½#‰h•N•�™�•

‰,‹¹º�ˆ�•*’”‰Q•\•(ŒQ—‘œaˆ@™�‰r‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—\•bž
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–4•�™�‰,•N•a‹T½#•a•˜•(’FŒ,•a•N•®’”‰,Ž�’”‰,‹“‰,ˆ�½�•(ˆ�½#‰¹‰,ˆNŒ,•(™�•®Œ,•\•–‹”‰P™�‰.‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—\•§•\•§’“‰,ŒW½�•

»"º�‰*Ž�•(‹”•mŽ&•a’®‰,•T•a’”—Jša‰,ˆ�¾S¼<‰Qˆ"½#•(ˆ�Œ,‰Q‹D‰,•�ŒQ•aˆcH“º�ˆ�½#• ŒQ•�Œ,—J‰,ˆ�½#‰*‹”‰*Ž�º�‰,™�‰N—J™�‰,ˆ�½#—+§�ŒZ•(’

ŒQ•aˆ¨•‘•!‹”‰Q•˜—JŒ,—J’”Œ,º�ˆ=Ñ›‰,’“‰,ˆ�ŒQ—\•!º�ˆ�—‘™�•(™�¾.¡�—J‰,ˆ�™�•¥ŒZ•–™�•¥’“‰,ŒW½�•¥ŒQ•a•N•¥‰Q•	¾�ˆ�—‘ŒQ•¥Ž�º�ˆ�½#•

™�‰NŒQ•a’“½”‰*Œ,•aˆn™�—JŒ�ø�•m‹“‰,•N—‘ŒQ—‘’”ŒQº�ˆ=Ñ›‰Q’”‰Qˆ�Œ,—‘•�ž*‡�‹“½”•{‰Q‹D‰Q•�‹”º�ŒQ•aˆcH“º�ˆ�½#• ™�‰,•�Ž�•‘•(ˆ�•m’“‰Z•(•

™�‰‘§�ˆ�—J™�•NŒQ•a•˜•

f (x; y) : x2 + y2 = 1; x ¸ 0g ¡ f (¡ 1; 0)g
ž

—‘—J—\�^Û?•o’“‰,•‘•(Œ,—Jœaˆ!‰Q‹Ÿ’”‰W¯�‰:¼b—J¡G•o¼�•%»"º�‰£•‘•{Œ,º�•(•‘—J™�•(™!™�‰£‹”‰Q’Ÿˆ�¾�•˜‰Q’”•%•%•J‰Q½”’#•{•\•

ŒQ•a•NŽ�•(’“½”‰§ŒZ•–™�•`‰Q•‘‰Q•˜‰Qˆ"½#•Ÿ™�‰

A
Œ,•aˆ�‹“—‘ša•Ÿ•˜—J‹”•N•�žT‡�‹P‹”—J•V²W½#’”—JŒZ•9Ž&•a’”»"º�‰®‹”—

m; n 2
A

‹“•aˆò•(•Ÿ¤&•a‹£ˆ�¾�•N‰,’“•a‹

�

’“‰,‹”Ž&‰QŒQ½”—J¡–•–•˜‰Qˆ"½#‰••(•Ÿ¤&•a‹£•‘‰Q½”’#•(‹#�˜‰,ˆ�½#•aˆ�ŒQ‰,‹ •‘•¬•N—‘‹“•l•

Ž�’”•aŽ�—J‰,™�•–™••\•l½”—‘‰Qˆ�‰,ˆ

n; m 2 A
ž

Á

‰*—‘š(º�•(•F•˜•(ˆ�‰Q’#•£‰,‹®½”’#•(ˆ�‹“—J½”—J¡–•bžw–4•a’§½�•(ˆ�½#•m‰Q‹

º�ˆ�•{’”‰Q•\•(ŒQ—‘œaˆn™�‰˜‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—‘•�žm‡�•cŒQ•aˆcH“º�ˆ�½#•oŒ,•�ŒQ—‘‰Qˆ"½”‰

A=R
‰Q‹6º�ˆ!ŒQ•aˆcH“º�ˆ�½#•o™�‰

™�•a‹.‰,•‘‰Q•N‰,ˆ"½”•a‹,¾�•\•ŸŒ,•‘•(‹“‰r™�‰r•‘•a‹Cˆ�¾�•N‰,’“•a‹P¼@•‘•`ŒQ•\•(‹“‰r™�‰r•\•–‹P•‘‰W½#’#•–‹,ž

—J¡���Û?•˜’”‰Q•\•(ŒQ—‘œaˆ{‰Q‹�’”‰Q¯�‰:¼b—J¡G•£Ž&•(’”»"º�‰

3a > a
Ž�•(’”•lŒ,•(™�•˜ˆ�¾�•N‰,’“•lˆ�•–½#º�’#•(•�¾&‰Qˆ

Ž�•(’“½”—‘Œ,º�•\•(’4Ž�•(’#•�ŒZ•(™�•§‰Q•‘‰,•N‰Qˆ"½#•§™�‰

B
žT�h•®‰Q‹�•(ˆ"½”—‘‹“—‘•\²Q½”’”—JŒ,•¹¼�•§»�º�‰(¾"Ž&•(’T‰�H“‰Q•˜Ž�•‘•�¾

1S2
¼�•N»"º�‰

3 > 2
¼

2S1
¼�•N»"º�‰

6 > 1
žC�h•˜‰Q‹h‹”—J•V²W½#’“—‘Œ,•Ÿ¼�•N»�º�‰(¾&Ž&•a’¹‰AH“‰,•NŽ�•‘•�¾

90S1
Ž&‰,’“•

3 £ 1 < 90
ž3–4•(’*½�•–ˆ"½#•nˆ�•¢‰Q‹˜™�‰ ‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—\••ˆ�—.™�‰ •a’”™�‰,ˆ�ž Û?•

’“‰,•‘•(Œ,—Jœaˆ@‰,‹

�

S = f (1; 1); (2; 2); (3; 3); (4; 4); (7; 7); (8; 8); (90; 90); (1; 2); (2; 1); (2; 3);

(2; 4); (3; 1); (3; 2); (3; 3); (3; 4); (3; 7); (4; 1); (4; 2); (4; 3); (4; 7); (4; 8); (4; 90);

(7; 1); (7; 2); (7; 3); (7; 4); (7; 8); (7; 90); (8; 1); (8; 2); (8; 3);

(8; 4); (8; 7); (90; 1); (90; 2); (90; 3); (90; 4); (90; 7); (90; 8); (90; 90)g:
×�f,À

Ó
Ä�ÃÅÄ�Ã

·°Ý�ßWì�Ç

—[�V‡�•�™�—‘ša’”•pÑ›•`‰Q‹

(N7; R)
Œ,ºb¼�•N•˜•–½#’“—%¨§‰Q‹

0

B
B
B
B
B
B
B
B
@

1 1 1 1 1 1 1
1 1 1 1 1 1 0
1 1 1 1 1 0 0
1 1 1 1 0 0 0
1 1 1 0 0 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
A

—‘—\�

÷

‰,•(ˆ

A0 = f a;b;c;dg
¼

B 0 = f 1; 2; 3g
‰,ˆ�½#•aˆ�ŒQ‰,‹¹‰,•
™�—Jša’”•pÑ›•*•(‹“•�Œ,—\•–™�•N•`•\•

’“‰,•‘•(Œ,—Jœaˆ*‰,‹

�

(A; (A0£ A0) [ (B £ B 0)g)
ž

÷

º˜•˜•–½”’”—%¨

�

ŒQ•aˆ˜‰,•L•(’”™�‰Qˆl‰Qˆ˜‰,•L»"º�‰h‰Q‹“½#•



±'&¦±�&°îÐ•>î�8®îRQWîRQ�5MŽ?8”î
Ž���î��V��5MŽ òOò	T

‰,‹”ŒQ’”—¦½#•

A
�C‰Q‹

�

0

B
B
B
B
B
B
B
B
@

1 1 1 1 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0 0
0 0 0 0 1 1 1
0 0 0 0 1 1 1
0 0 0 0 1 1 1

1

C
C
C
C
C
C
C
C
A

—J¡��4‡�•�™�—‘š(’#•pÑ›•§•(‹“•�Œ,—\•–™�•®‰Q‹

(B ; S)
¼Ÿº�ˆ�•®•˜•–½”’”—%¨>™�‰P•(™�¼�•(ŒQ‰,ˆ�ŒQ—\•(‹�Œ,•(ˆ*‰,•�•a’”™�‰Qˆ

‰,ˆ »�º�‰D‰,‹�½J¦*‰,‹”ŒQ’”—¦½#•

B
‰Q‹

�

0

B
B
B
B
B
B
B
B
@

1 1 0 0 0 0 0
1 1 1 0 0 0 0
1 1 1 1 1 0 0
1 1 1 1 1 1 0
1 1 1 1 1 1 0
1 1 1 1 1 1 0
1 1 1 1 1 1 1

1

C
C
C
C
C
C
C
C
A

×nf,À
Ó

Ä�Ã�Ä�Ã
· Ý�ß���Ç

Û?•�¾�ˆ�—‘Œ,•@’”‰Q•\•–Œ,—‘œ(ˆ<»"º�‰*ˆ�•m‰,‹r’“‰Q¯�‰3¼b—J¡–•m‰Q‹r•\•l—[�¹¼%‹”º•Œ,•\•–º�‹”º�’”•

’”‰Q¯�‰:¼b—J¡G•N‰,‹¹•ƒ•�•–™�—‘’

(5; 5)
¾

(6; 6)
¼

(7; 7)
ž

Û?•�¾�ˆ�—‘Œ,•<’“‰,•‘•(Œ,—Jœaˆ¬»"º�‰mˆ�•<‰,‹*‹“—‘•\²Q½”’”—JŒZ•o‰Q‹*•\•o—¦¡��jž¬ V•a•N•<•\•o•˜•–½#’“—%¨l™�‰m‹“º

™�—‘ša’”•pÑ›•r½”—‘‰Qˆ�‰¹½”•�™�•(‹>•‘•(‹c‰,ˆ�½#’”•(™�•(‹>™�‰h•\•aÑ›•a’“•l•

aij = 1
ŒQº�•(ˆ�™�•

i · j
‰,ˆ�½#•aˆ�ŒQ‰,‹V‹”º

Œ,•\•–º�‹”º�’”•*‹“—‘•\²Q½”’”—‘Œ,•Ÿ‰Q‹

B £ B
ž

{­•a•˜•(ˆ�™�•n•\•<•l•G½#’”—©¨@™�‰Q•¹™�—Jša’”•pÑ›••™�‰ —[�Ÿ‹“‰{•a¤�‹“‰,’�¡–•¢»"º�‰{‹”ºkŒ,º�•(™�’#•(™�•n½”—‘‰Qˆ�‰

½#•�™�•(‹P•‘•(‹C‰,ˆ�½#’#•–™�•(‹Pˆ�•*ˆ�º�•‘•(‹P™�‰r•N•�™�•`»"º�‰r‹”º ŒQ•\•–º�‹”º�’”•Ÿ½#’”•(ˆ�‹”—¦½#—¦¡–•6‰,‹

N7 £ N7
ž

Û?•*ŒQ•\•(º�‹”º�’”•`½”’#•(ˆ�‹“—J½#—¦¡–•Ÿ™�‰r—J¡��VŒQ•aˆ�‹”—J‹“½”‰D‰Qˆo• •�•(™�—J’P•J•a‹P‰,•J‰,•N‰,ˆ�½#•a‹

(1; 3); (1; 4); (1; 7); (1; 8); (2; 4); (2; 7); (2; 8); (3; 8):
×nf,À

Ó
Ä�Ã�Ä�Ã

·lÝ�ßL��Ç
Û­•o’”‰Q•\•–Œ,—‘œ(ˆ!‰,‹`•(ˆ"½”—‘‹”—J•\²Q½”’”—JŒ,•�¾4½#’”•(ˆ�‹“—J½#—¦¡–• ¼!ˆ�•<’”‰W¯�‰:¼b—¦¡–•�ž

÷

º

Œ,•\•–º�‹”º�’”•*’“‰Q¯�‰3¼b—J¡–•*Œ,•aˆ�‹”—‘‹�½#‰r‰,ˆ º�ˆ�—J’C½#•�™�•`•\•Ÿ™�—\•–ša•aˆ�•–•³ž

û{—J’#•(ˆ�™�•Ÿ‰,•S™�—\•–ša’#•(•˜•D™�‰®��•(‹“‹”‰

�

¡a‰Q’P•\•½ðF—‘š(º�’#•6'�ž

ï

�c‹”‰®•(¤�‹”‰Q’“¡–•`»"º�‰OTa¾=ò6¼Fñ

‹”•aˆ •N—‘ˆ�—J•˜•–•¦‰,‹V¼HÓb¾gô*¼m'`•˜•>¼b—‘•˜•(•¦‰,‹Qž��¹•Nø�•Z¼@•V¦>¼b—‘•N•Ÿˆ�—
•\þ‘ˆ�—J•*•�ž

×nf,À
Ó

Ä�Ã�Ä�Ã
·lÝ�ßsä�Ç

Á

‰@‰,ˆ�½#’”‰l½#•�™�•(‹Ÿ•‘•(‹6’”‰,ŒW½�•–‹*Ž�•(’#•–•‘‰,•‘•(‹

�

‰Qˆ�•\•{•˜—J‹”•˜•{Œ,•‘•(‹”‰£™�‰

‰,»"º�—J¡G•(•‘‰Qˆ�Œ,—‘•��C‰,•J‰,ša—J•˜•(‹.•‘•N»"º�‰9Ž�•(‹”•˜Ž&•a’¹‰,•­•(’”—‘š(‰,ˆ�žK–4•(’¹½#•(ˆ"½”•˜Ž&•�™�‰,•N•a‹¹—‘™�‰Qˆ"½#—Ÿº

§�ŒZ•(’rŒZ•(™�•mŒ,•\•–‹”‰N™�‰N‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—‘•mŒ,•aˆ¢‰,•#¦–ˆ�šaº�•J• »"º�‰CÑ›•a’”•˜•@™�—‘Œ�ø�•m’”‰QŒQ½�• ŒQ•aˆ¢‰,•

‰�H“‰r™�‰D•(¤�‹“Œ,—‘‹”•(‹,¾�‰Q‹“½#•N‰,‹Q¾LŒQ•aˆ ‰,•
—Jˆ"½#‰Q’“¡G•(•‘•

[0; 180)½ R
ž



ò/ò�Ó îFõ§ï�ö������
5²±�&<8�î��
õ9îRQ�5KL”îWŽ

ð4—‘šaº�’#•`'�ž

ï

�

‡NH“‰,’“Œ,—‘ŒQ—‘•›T'ñƒ•�ž

Á

—\•(ša’”•(•˜•Ÿ™�‰9�h•(‹”‹“‰

×�f,À
Ó

Ä�ÃÅÄ�Ã
·°Ý�ì��
Ç

Û?•`•l•G½#’”—Ÿ¼£™�‰

R
‰Q‹

�

0

B
B
@

1 1 1 0
0 0 0 0
0 0 0 1
0 0 0 0

1

C
C
A

Û?•*•˜•–½#’“—%¨§™�‰D‹“º{ŒQ•\•(º�‹”º�’#•`’”‰W¯�‰:¼b—¦¡–•N‰Q‹

�

Cr =

0

B
B
@

1 1 1 0
0 1 0 0
0 0 1 1
0 0 0 1

1

C
C
A

 V•(•˜•

C2
r =

0

B
B
@

1 2 2 1
0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A

‹“‰r½”—‘‰,ˆ�‰r»"º�‰D•‘•`•˜•–½#’“—%¨�™�‰r•\•`ŒQ•\•–º�‹”º�’”•`½”’#•(ˆ�‹“—J½”—J¡–•Ÿ‰Q‹

�
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ðF—Jšaº�’”•`'�ž¡T�ù

�

‡NH“‰,’“Œ,—‘ŒQ—‘•›TZ'Où�ž

Á

—\•(š(’#•(•˜•Ÿ™�‰9�h•(‹”‹“‰

0

B
B
@

1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A ;

Ž�º�‰,‹¹‰Q‹“½#•N•˜•–½#’“—%¨§•(•�Œ,º�•(™�’#•(™�•Nˆ�•*½#—J‰,ˆ�‰®‰,ˆ�½#’#•–™�•(‹.ˆ�•Nˆ"º�•\•–‹.ˆ"º�‰Q¡G•(‹,ž

ýhˆ�•*’”‰Q•\•(ŒQ—‘œaˆ@™�‰r•a’“™�‰,ˆm½#•–½�•(•�»"º�‰r•\•ŸŒ,•a•NŽ�•J‰Q½�•ŸŽ&•�™�’-þ‘•`‹“‰,’

�

® · ¯ · ° · ! :
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s tvuxw&y{z}|�~ ¢

s ~ƒ… yu£ ~²|

•	† ¤ •h¥e¦¨§ •

…

•	†

£

•q†

z

•

|&ym~

†

‡�ˆ<‰Q‹“½�•£‹”‰QŒ,ŒQ—‘œaˆ<Œ,•(•‘‰,ŒQŒ,—J•aˆ�•(•N•a‹hŒQ•aˆ"½”’”•a•J‰,‹h¼o‰ª©Z«–•˜‰Qˆ�‰,‹®’“‰,‹”º�‰,•J½”•a‹§™�‰ŸŒ,º�’”‹”•(‹r•(ˆ[¬

½#‰,’“—‘•a’“‰,‹Q¾�ŒQ•a•N•*º�ˆ —‘ˆ�‹�½#’“º�•˜‰Qˆ"½”•q­�½#—J•�Ž�•–’#•`‰,•
‰,‹�½#º�™�—‘•N™�‰r•‘•*•(‹“—‘šaˆ�•–½#º�’”•�ž

òOò�ñ



ò/òa' îFõ�ï�ö������
5¯®.&«îK5MLO�:8—5M�•î
Ž˜°°î�,�±—²Ôî�L�î
Ž?8�îWŽR��î��V��5MŽ

³µ´�¶m·%¸•¹:¶Zºœ»:´½¼¾º�¿Z»ÁÀ}·N¶‡´

ÂyÃ�Ä

¶ZÀ

Ã
ÅÇÆ

T

ïOïOï

¬�È/ùOùOùbž

T(ž
É�‰Q•Ÿº�‰,‹�½#’”•NŽ&•a’P—‘ˆ�™�º�Œ,Œ,—Jœaˆm•\•Ÿ‹”—Jšaº�—J‰,ˆ"½”‰PÊ›œa’”•Ÿº�•\•

�

12 + 22 + 32 + ::: + (n ¡ 1)2 + n2 =
n(n + 1)(2n + 1)

6
È�žo V•aˆ�‹�½#’“º�¼a‰£º�ˆ¥•–•‘ša•(’”—¦½#•*• »"º�‰l—Jˆ�™�—‘»"º�‰N‹”—c‰,ˆ¬º�ˆ�•o•J—‘‹�½�•m™�‰lˆ*­�•N‰,’”•(‹6‰Qˆ"½”‰,’”•(‹

ø�•Ï¼@™�•(‹.’”‰,Ž&‰W½#—J™�•a‹,ž�‡�‹�½#º�™�—‘•*‹“º{Œ,•(•˜Ž�•J‰�H“—J™�•(™�ž

òbž“ýhˆ�•¬•–Ž�•‘—JŒZ•(ŒQ—‘œ(ˆ

f : A ! B
‹“‰%™�—JŒ,‰{—‘ˆ"¼(‰,ŒQ½”—J¡–•¢‹”—hˆ�•¬ø�•Z¼k™�•a‹l‰Q•‘‰Q•˜‰Qˆ"½”•a‹

™�—‘‹“½”—‘ˆ�½#•a‹P™�‰

A
»"º�‰D½”‰,ˆ�š�•–ˆ{•\•`•N—‘‹”•˜•Ÿ—‘•˜•(š(‰,ˆmŽ&•a’

f
¾L‰Q‹“½#•˜‰Q‹,¾L‹”—

f (a) = f (b)
‰,‹

»"º�‰

a = b
ž> V•(ˆ�‹“½”’”º�¼a‰Dº�ˆ{•(•‘ša•(’”—¦½”•N•Ÿ»"º�‰DŽ&‰,’“•˜—¦½�•Ÿ‹#•–¤&‰,’.‹”—

f
‰,‹¹—Jˆ"¼a‰QŒQ½”—J¡–•`‰,ˆ ‰,•

Œ,•(‹”•N‰Qˆ{»"º�‰

A
¼

B
‹”‰,•(ˆ{ŒQ•aˆcH“º�ˆ�½#•a‹KË�ˆ�—¦½#•a‹Qž

ô�ž6 V•(ˆ�‹“½#’“º�¼a‰*º�ˆ••(•‘š(•a’”—¦½”•N•˜Œ,º�¼�•@‰Qˆ"½”’#•(™�•£‹“‰Z•@º�ˆ<ˆ}­�•N‰,’“•@‰,ˆ�½#‰Q’”•

a
‰,‹”ŒQ’”—¦½#•@‰,ˆ

•–•‘šaº�ˆ�•@¤�•(‹”‰

b
¼%•(½#’”•@¤�•(‹“‰

c
¼%»"º�‰N•a¤b½#‰,ˆ�š�•mŒQ•a•N•m‹#•–•‘—‘™�•£‰,•Tˆ}­�•N‰,’“•

a
‰Q‹”Œ,’“—J½”•

‰Qˆn•‘•£¤�•–‹”‰

c
ž

�

–�º�‰,™�‰Q‹Dº�‹#•–’,¾
™m«(ˆ�™�•a•‘•£Ž&•a’®ŒQ•aˆ�•�ŒQ—‘™�•�¾�‰,•�•–•‘ša•(’”—¦½#•*•l»�º�‰*ŒZ•(•Ÿ¤�—\•

™�‰D¤�•–‹”‰qT'ùN•`•(½”’#•`¤�•(‹“‰(žX�
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¶mÀ

Ã
ÅhÆ
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Å

¶

Ã

T.Í�Í�ÍI¬œÈ/ùOù/ù�ž

Taž�É�‰,•Ÿº�‰Q‹“½#’”•NŽ&•a’P—‘ˆ�™�º�Œ,ŒQ—‘œaˆm•‘•`‹“—‘šaº�—J‰,ˆ�½#‰PÊ›œa’“•Ÿº�•\•

�

12 + 22 + 32 + ::: + (n ¡ 1)2 + n2 =
n(n + 1)(2n + 1)

6
–F•(’#•

n = 1
•\•wÊ›œa’“•`º�•\•6‰,‹.Œ,—‘‰Q’“½#•Ÿ¼�•N»"º�‰

12 = 1 =
1 ¢2 ¢3

6
É�‰,¤&‰Q•˜•a‹¹•(ø�•a’”•`Ž�’”•a¤�•(’P»�º�‰D‹”—
‰Q‹¹Œ,—J‰,’�½�•`Ž�•(’”•

n
•J•*‰Q‹¹Ž�•–’#•

n + 1
ž

Î­•`—‘š(º�•(•J™�•(™@»"º�‰r»�º�‰,’”‰Q•˜•(‹¹Ž�’“•a¤�•(’P‰,‹

�

12 + ::: + n2 + (n + 1)2 =
(n + 1)(n + 2)(2n + 3)

6
–4•a’.ø�—JŽ&œ(½#‰Q‹”—J‹P™�‰r—‘ˆ�™�º�Œ,Œ,—Jœaˆm•a¤�½”‰,ˆ�‰Q•˜•(‹.»�º�‰

�

12 + ::: + n2 + (n + 1)2 =
n(n + 1)(2n + 1)

6
+ (n + 1)2:

Ï ¼�•`ˆ�•`½#‰Qˆ�‰,•N•a‹P•+«(‹C»�º�‰r•aŽ&‰,’”•(’P‰Q•
‹“‰,šaº�ˆ�™�•*½ÑÐQ’”•N—‘ˆ�•Ÿ™�‰®•\•6—‘š(º�•(•‘™�•(™@•(ˆ�½#‰Q’”—‘•(’

¼@Œ,•a•NŽ�’“•a¤�•(’C»"º�‰D‰,‹.‰�©�•(ŒW½�•(•N‰,ˆ�½#‰

(n + 1)(n + 2)(2n + 3)
6

:
Èbžo V•(ˆ�‹“½”’”º�¼a‰£º�ˆ¬•(•‘š(•a’”—¦½”•N•m»"º�‰£—Jˆ�™�—J»"º�‰˜‹“—>‰Qˆ¬º�ˆ�•{•‘—J‹“½�•m™�‰˜ˆ}­�•N‰,’“•a‹9‰,ˆ�½#‰,’“•a‹

ø�•Ï¼£™�•a‹.’”‰QŽ&‰Q½#—J™�•a‹Qžc‡�‹“½#º�™�—\•*‹“º{ŒQ•a•NŽ�•‘‰AH“—‘™�•–™�ž

‡�ˆ"½”’#•(™�•

�

a1; :::; an

s := 0
Ê›•a’

i = 1
½”•

n Ò

ø�—‘•J‰

s = 0
Ê›•a’

j = i + 1
½”•

n Ò

ø�—J•‘‰

s = 0
—¡Ê

ai = aj
½#ø�‰Qˆ

s := 1
—¡Ê

s = 0
½#ø�‰Qˆ

r :=
ˆ�•N‰Q•‘‹”‰

r :=
‹-þ

Ó

•(•J—‘™�•

�

r
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• îFõ�ï�ö������
5¯®.&«îK5MLO�:8—5M�VÕ
Ž˜°ÖÕ�,�±—²2Õ�L�Õ
Ž?8ŸÕWŽR�:Õ��V��5MŽ

‡�‹6º�ˆ¬•(•Jša•a’“—¦½#•*•m™�‰˜Œ,•(•˜Ž�•J‰�H“—J™�•(™•Œ,º�•–™�’Ñ«–½”—‘Œ,•

O(n2)
¼�•{»"º�‰l‰Qˆ!‰,•cŽ&‰Q•a’9™�‰

•J•a‹�ŒZ•(‹“•a‹c‰,•�¤�º�Œ,•J‰

i
‹”‰¹’“‰,Ž�—¦½#‰

n
¡a‰,ŒQ‰,‹c¼*‰Qˆ˜ŒZ•(™�•rº�ˆ�•r™�‰¹‰Q•‘•‘•(‹�‰Q•L¤�º�ŒQ•‘‰

j
‹“‰¹’”‰,Ž�—J½#‰

n ¡ i
¡a‰,Œ,‰Q‹,ž

Ô

ž“ýhˆ�•¬•–Ž�•‘—JŒZ•(ŒQ—‘œ(ˆ

f : A ! B
‹“‰%™�—JŒ,‰{—‘ˆ"¼(‰,ŒQ½”—J¡–•¢‹”—hˆ�•¬ø�•Z¼k™�•a‹l‰Q•‘‰Q•˜‰Qˆ"½”•a‹

™�—‘‹“½”—‘ˆ�½#•a‹P™�‰

A
»"º�‰D½”‰,ˆ�š�•–ˆ{•\•`•N—‘‹”•˜•Ÿ—‘•˜•(š(‰,ˆmŽ&•a’

f
¾L‰Q‹“½#•˜‰Q‹,¾L‹”—

f (a) = f (b)
‰,‹

»"º�‰

a = b
ž> V•(ˆ�‹“½”’”º�¼a‰Dº�ˆ{•(•‘ša•(’”—¦½”•N•Ÿ»"º�‰DŽ&‰,’“•˜—¦½�•Ÿ‹#•–¤&‰,’.‹”—

f
‰,‹¹—Jˆ"¼a‰QŒQ½”—J¡–•`‰,ˆ ‰,•

Œ,•(‹”•N‰Qˆ{»"º�‰

A
¼

B
‹”‰,•(ˆ{ŒQ•aˆcH“º�ˆ�½#•a‹KË�ˆ�—¦½#•a‹Qž

 V•a•N•

A
‰Q‹�º�ˆ%ŒQ•aˆcH“º�ˆ�½#•+Ë�ˆ�—J½”•N½#—‘‰Qˆ�‰

n
‰,•J‰,•N‰,ˆ�½#•a‹¹¼ Ž&•�™�‰Q•˜•(‹hˆ�º�•N‰,’”•(’h•J•a‹

‰Q•‘‰Q•˜‰Qˆ"½#•(‹§™�‰

A
—Jˆ"½#‰Q’”Ž�’“‰Q½#•(ˆ�™�•£»"º�‰`‹“•aˆ<•‘•a‹hˆ}­�•N‰,’“•a‹

1; 2; :::; n
žŒ×Û™�‰Q• Ž�•(’#•

B
¾

»"º�‰%½”—‘‰,ˆ�‰%Ž&•a’£‰Q•‘‰Q•˜‰Qˆ"½”•a‹£•J•a‹lˆ}­�•N‰,’“•a‹

1; 2; :::;m
™�•aˆ�™�‰

m
‰,‹@‰Q•§ˆ*­�•N‰,’”•¬™�‰

‰Q•‘‰Q•˜‰Qˆ"½#•(‹.™�‰

B
ž

Ó

‰h½#’”•–½�•D‰,ˆ"½”•aˆ�ŒQ‰,‹C™�‰�Œ,•(ˆ�‹“½”’”º�—J’V•‘•D•‘—J‹“½�•

f (1); f (2); :::; f (n)
¾b•6‹”‰Z•6•‘•9•J—‘‹�½�•D™�‰

•‘•(‹P—J•Ø«(š(‰,ˆ�‰Q‹PŽ&•a’

f
™�‰r•‘•(‹P‰,•J‰,•N‰,ˆ�½#•a‹P™�‰

A
ž

 V•aˆ@‰Qˆ"½#’”•(™�•6‰,‹�½�•Ÿ•J—‘‹“½#•9‹“‰®•(Ž�•J—‘Œ,•9‰Q•�•(•Jša•a’“—¦½#•*•9™�‰�•‘•a‹M•
Ø‘ÈWàlÈWÊ�Ò

ÍÏÎ

Ú#ÈÛÙ�ÈWÒ

ÜÅÌ�ÍÏÎ

¼

‹“—
ø�•Ï¼£‰,•‘‰Q•˜‰Qˆ"½”•a‹P’”‰,Ž&‰W½#—J™�•a‹.‰,‹.»"º�‰Dˆ�•N‰Q‹¹—Jˆ"¼a‰QŒQ½#—¦¡–•�ž�‡�ˆ{Œ,•(‹“•˜ŒQ•aˆ"½”’#•(’“—‘•`•‘•`‰,‹Qž

Ù
ž6 V•(ˆ�‹“½#’“º�¼a‰*º�ˆ••(•‘š(•a’”—¦½”•N•˜Œ,º�¼�•@‰Qˆ"½”’#•(™�•£‹“‰Z•@º�ˆ<ˆ}­�•N‰,’“•@‰,ˆ�½#‰Q’”•

a
‰,‹”ŒQ’”—¦½#•@‰,ˆ

•–•‘šaº�ˆ�•@¤�•(‹”‰

b
¼%•(½#’”•@¤�•(‹“‰

c
¼%»"º�‰N•a¤b½#‰,ˆ�š�•mŒQ•a•N•m‹#•–•‘—‘™�•£‰,•Tˆ}­�•N‰,’“•

a
‰Q‹”Œ,’“—J½”•

‰Qˆn•‘•£¤�•–‹”‰

c
ž

�

–�º�‰,™�‰Q‹Dº�‹#•–’,¾
™m«(ˆ�™�•a•‘•£Ž&•a’®ŒQ•aˆ�•�ŒQ—‘™�•�¾�‰,•�•–•‘ša•(’”—¦½#•*•l»�º�‰*ŒZ•(•Ÿ¤�—\•

™�‰D¤�•–‹”‰qT.ÚN•`•(½”’#•`¤�•(‹“‰DŒQº�•(•J»�º�—‘‰,’”•�žX�

Î?•6—‘™�‰,•6‰Q‹CŒ,•(•˜Ž&•aˆ�‰,’Vº�ˆ@•(•Jša•a’”—è½#•N•D»"º�‰�½#’”•(ˆ�‹�Ê›•(’”•N‰h‰,•�ˆ}­�•N‰,’“•

a
™�‰�•\•D¤�•(‹”‰

b
‰,ˆ`•\•h¤�•–‹”‰C™�‰,ŒQ—‘•˜•(•"¼6™�‰Q‹”Ž�º�‰,‹c•(Ž�•‘—‘Œ,•(’­‰,•�•–•‘ša•(’”—¦½”•N•h»"º�‰C½”’#•(ˆ�‹�Ê›•a’“•l•hº�ˆ`ˆ*­�•N‰,’”•

‰Qˆ"½”‰,’”•N‰,‹“Œ,’“—J½#•*‰,ˆ ¤�•(‹”‰qT.Ú`‰,ˆ º�ˆ ˆ}­�•N‰Q’”•N‰Q‹”ŒQ’”—J½”•N‰Qˆ{¤�•–‹”‰

b
ž

‡�ˆ"½#’”•(™�•

a = (a0; a1; :::; an )b; b;c
p := a0; i := 0

Ò

ø�—‘•J‰

(i < n)
i := i + 1
p := p + ai bi

6

Œ,•aˆ�½#—Jˆ�º�•(ŒQ—‘œaˆl•

p
‹”‰§•J‰§•(Ž�•‘—‘Œ,•D‰,•S•(•Jša•a’”—¦½”•N•D»"º�‰§Ž�•(‹#•6™�‰�¤�•(‹“‰ÛT.ÚŸ•6¤�•(‹”‰

b
ž
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Taž�‡�•
—Jˆ"¡a‰Q’”‹”•NŽ�•(’#•`‰,•
Ž�’”•�™�º�ŒW½#•N™�‰

Ô

•Nœ�™�º�•J•àßŸ‰,‹

�

•'áC'

¤XáMâ

Œ.á

Ô

ˆ�•*½”—‘‰Qˆ�‰r—Jˆ"¡a‰Q’”‹”•N•Nœ�™�º�•J•àßbž

Èbž�‡�•J—‘š(‰®•‘•O­�ˆ�—‘Œ,•*‹“•a•‘º�Œ,—‘œ(ˆm•Nœ�™�º�•‘•

Ô

•'âŸ™�‰Q•
‹”—‘‹�½#‰Q•l•`™�‰rŒ,•(ˆ�ša’“º�‰,ˆ�ŒQ—\•(‹.•J—‘ˆ�‰,•(•J‰,‹

x ´ 3(mod 5)
x ´ 5(mod 7)
x ´ 9(mod 11)

:

•'áC‡�•
‹”—J‹“½#‰Q•l•`ˆ�•*½#—J‰,ˆ�‰®‹”•a•Jº�Œ,—Jœaˆ

¤Xá

Ô

Í

Ô

Œ.á

Ô

•

Ô

Ô

ž

Ó

‰Z•{º�ˆ!Œ,•aˆIH“º�ˆ"½”•

A
™�‰2T.Ú ‰,•J‰,•N‰,ˆ�½#•a‹Qž{ V•aˆ�‹“½”’”º�—J•˜•(‹9‰Q•>ŒQ•aˆcH“º�ˆ"½#•

B
™�‰˜•‘•a‹

‹”º�¤&ŒQ•aˆcH“º�ˆ�½#•a‹¹™�‰

A
ž�‡�•�Œ,•aˆcH“º�ˆ"½#•N™�‰D•J•a‹P‹“º�¤&Œ,•aˆIH“º�ˆ"½”•a‹h™�‰

B
½”—‘‰Qˆ�‰

�

•'á

210 ‰,•J‰,•N‰,ˆ"½”•a‹

¤Xá

2210 ‰Q•‘‰Q•˜‰Qˆ"½”•a‹

Œ.á

22210
‰,•J‰,•N‰,ˆ�½#•a‹

Ù
ž8‡�•®ˆ}­�•N‰,’“•Š™�‰nŽ�•(•‘•(¤�’#•–‹m™�‰Çâ�•J‰Q½”’#•(‹Çã›‰,ˆ º�ˆ«•–•¡ÊÅ•(¤&‰W½#•�™�‰hÈƒ•�•J‰Q½”’#•(‹Ñá£»"º�‰

‰,•NŽ�—‘‰åäZ•(ˆ@¼£½”‰,’”•N—‘ˆ�•(ˆ@Ž&•a’P¡a•�Œ,•(•
‰,‹

�

•'á

52 ¢283
¤Xá

5 ¢4 ¢28¢27¢26
Œ.á

5 ¢4 ¢283

âbžT >•aˆ9•‘•(‹�¡–•(’”—‘•(¤�•J‰,‹

x
‰

y
‹“‰cŽ�º�‰Q™�‰,ˆ9Œ,•aˆ�‹�½#’”º�—‘’?•N•aˆ�•a•˜—¦•a‹�ø�•a•N•aš�ÐQˆ�‰,•(‹?™�‰cš(’#•(™�•

ˆ�¾�‰Q‹.™�‰,ŒQ—‘’,¾�‰�©bŽ�’“‰,‹“—‘•aˆ�‰Q‹.™�‰®•\•æÊ›•(’”•˜•

xayb ŒQ•aˆ

a
¼

b
ˆ*­�•N‰,’”•(‹P‰,ˆ�½#‰Q’”•a‹PŽ&•a‹“—J½#—¦¡a•a‹

ãÅŽ&•a‹“—‘¤�•J‰,•N‰,ˆ�½#‰ØÚ'ár½�•(•>»"º�‰

a + b = n
ž•‡�•Vˆ}­�•˜‰Q’”•%™�‰£•N•aˆ�•a•N—J•(‹9™�—J‹“½#—Jˆ"½”•a‹9™�‰

ša’#•(™�•›TIß`‰Q‹

�

•'á

18¢17
¤Xá

9 ¢17
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182

'bž@‡�ˆ!º�ˆ�•{•N‰,‹”• ’”‰Q™�•aˆ�™�• ‹”‰˜’“‰,º�ˆ�‰Qˆ;âmŒQ•a•N‰,ˆ�‹”•(•‘‰Q‹9™�‰˜•˜•(ˆ�‰Q’#•m»�º�‰l»"º�‰Q’”‰Q•˜•a‹

‹”•(¤&‰,’>™�‰hŒQºm«(ˆ�½�•(‹>•˜•(ˆ�‰Q’#•(‹c‹“‰hŽ�º�‰,™�‰,ˆ£‹”‰Qˆ"½�•–’>‹”—&‹“œa•‘•D—‘•NŽ&•a’�½�•®»"º�—çÐQˆl‰,‹�½‰«6•(•L•‘•(™�•

™�‰D»"º�—¡Ð,ˆ�žc‡�•
ˆ*­�•N‰,’”•*™�‰—Ê›•a’”•˜•(‹C‰,‹

�

•'á

5!
¤Xá

5!=4
Œ.á

5!=5
ß�ž�Î?•§Ž�’”•a¤�•(¤�—‘•J—J™�•–™Ÿ™�‰P»"º�‰.•(•�’”‰QŽ�•(’�½#—‘’ Ù Œ,•(’“½#•(‹T‰,ˆ*º�ˆ�•§¤�•(’”•cH”•�‰,‹“Ž�•ƒ•�•(•\•§•‘•�H“º�š�•c¬

™�•*‹”‰,•Nº�ˆm½#’�è‘•uãÅ‰Q‹¹™�‰QŒ,—J’P½#’“‰,‹.ŒZ•(’�½�•(‹.ŒQ•aˆ ‰,•
•N—‘‹“•˜•Ÿˆ}­�•˜‰Q’”•`¼@•\•Ÿ•(½#’”•`™�—¡Ê›‰Q’”‰,ˆ�½#‰sá

‰Q‹

�

•'á

(3 ¢2 ¢36)=(39¢38¢37)
¤Xá

(4 ¢3 ¢2 ¢36)=(39¢38¢37)
Œ.á

(3 ¢3 ¢2 ¢36)=(39¢38¢37)
•bž Î?• Ž�’“•a¤�•(¤�—‘•J—J™�•(™•™�‰˜»"º�‰˜‰Qˆ!º�ˆ!‹“º�Œ,‰Q‹”•%™�‰+éV‰Q’”ˆ�•(º�•‘•J—�»"º�‰N‹”‰˜’“‰,Ž�—¦½#‰

n
¡a‰,ŒQ‰,‹

ŒQ•aˆ Ž�’”•(¤�•(¤�—J•‘—J™�•(™

p
™�‰0Ðª©b—J½#•*‹”‰r•a¤�½”‰,ˆ�š�•–ˆ{•*•J•*‹”º�•˜•

Ô

Ê›’”•(ŒZ•–‹”•a‹.‰Q‹

�

•'á

¡ n
3

¢
pn¡ 3(1 ¡ p)3

¤Xá

§ 3
i=0

¡ n
i

¢
pn¡ i (1 ¡ p) i

Œ.áKÎ?•*•N—‘‹“•l•6»"º�‰D•(¤�½#‰Qˆ�‰,’¹•*•J•*‹”º�•˜•

Ô

Ðª©b—J½#•(‹,ž

Íbž

Ó

‰Z• º�ˆ¢ŒQ•aˆcH“º�ˆ"½#•

A
™�‰NŒ,º�•G½#’”• Ž&‰,’“‹”•aˆ�•–‹9»"º�‰N•˜—J™�‰,ˆ•’”‰Q‹”Ž&‰,ŒW½#—¦¡–•(•N‰,ˆ�½#‰uTažêß Ú�¾

T(žêß�â�¾%Tažžß('�¾%Tažë•'Èbž

Ó

‰Z•*•\•6¡–•(’“—\•–¤�•‘‰®•(•J‰Z•–½”•a’”—‘•

X
»"º�‰D•(‹”—Jšaˆ�•*•`ŒZ•–™�•*Ž&‰,’“‹”•aˆ�•*™�‰

A
‹“ºo•(•¦½#º�’”•�ž�‡�•�¡–•(•J•a’C‰,‹”Ž&‰Q’#•(™�•

E(X )
‰,‹

�

•'áV•\•Ÿ•˜‰Q™�—\•`•(’“—J½#•àÐQ½”—JŒZ•6™�‰r•\•(‹
Ù

•(•¦½#º�’”•(‹

¤XáPTažžß�ß

Œ.áPTažžß
Ù

TsÚ�ž�‡�•
Œ,•aˆcH“º�ˆ"½#•N™�‰D•J•a‹Pˆ*­�•˜‰Q’”•(‹.Ž�’”—J•˜•(‹P‰Q‹

�

•'á�ìhˆ Œ,•aˆIH“º�ˆ"½”•qË�ˆ�—J½”•

¤XáKìhˆ ŒQ•aˆcH“º�ˆ�½#•Nˆ�•OË�ˆ�—J½”•

Œ.áP�h•*‹”‰r‹#•(¤&‰r‹”—
‰,‹KË�ˆ�—¦½#•*•*ˆ�•qË�ˆ�—¦½#•

TƒTaž�‡�•
ˆ}­�•N‰,’“•N™�‰rŒQ—¡Ê›’#•–‹P™�‰
Ù

™ZèJša—J½”•a‹C»"º�‰r‹”•aˆ •Û­�•J½”—JŽ�•J•(‹C™�‰æâ`‰Q‹

�

•'áKÈƒÚ�Ú�Ú

¤XáPT.•�ÚƒÚ

Œ.áMÈ�ß Ú�Ú

T.Èbž

Ó

‰,•l‰Q•4‹“º�Œ,‰Q‹”•

E
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mcd(a + b;a ¡ b) = 1
œ

mcd(a + b;a ¡ b) = 3
¤Xá

mcd(a + b;a ¡ b) = 1
œ

mcd(a + b;a ¡ b) = 2
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œ

mcd(a + b;a ¡ b) = 3
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x ´ 5(mod 7)
x ´ 9(mod 11)
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5!=4
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5!=5
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(3 ¢2 ¢36)=(39¢38¢37)
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(4 ¢3 ¢2 ¢36)=(39¢38¢37)
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mcd(a + b;a ¡ b) = 1
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mcd(a + b;a ¡ b) = 2
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a + b= ps
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2a = p(s + t)

2b= p(s ¡ t):
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p
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2a
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2b
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p
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mcd(2a;2b)
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»�º�—‘‰,’“‰r™�‰,ŒQ—‘’P»"º�‰D•N¤�—‘‰,ˆ

p = 2
•*¤�—‘‰Qˆ

p
™�—J¡�—‘™�‰r•

a
¼m•

b
‰,ˆ"½”•aˆ�ŒQ‰,‹
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n
ˆ�•–½”º�’#•(•
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(1 + a)n ¸ 1 + an:

È�á—ã’ÈŸŽ�º�ˆ�½#•a‹Ñá

•'á�É�‰W½#‰,’“•˜—Jˆ�•(’P‹“—
‰,•
‹“—‘šaº�—‘‰,ˆ�½#‰®’”•ƒä,•aˆ�•(•N—‘‰,ˆ�½#•`‰Q‹¹ŒQ•a’”’”‰QŒQ½”•
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((p _ q) ^ (q_ : r )) $ (p _ : r ):
¤Xá`‡�‹“Œ,’”—J¤�—J’`‰,ˆk•J‰,ˆ�šaº�•IH“‰ Ê›•a’”•˜•(•>¼¥‰Qˆk•J‰,ˆ�š(º�•cH“‰@ˆ�•–½#º�’”•(•C•\•%ˆ�‰,š�•–Œ,—JœaˆŠ™�‰ •‘•

‹”—‘š(º�—‘‰Qˆ"½”‰�‹“‰,ˆ�½#‰Qˆ�Œ,—‘•

�Wó

��•Z¼®•–•‘º�•Nˆ�•a‹S»"º�‰�ˆ�•.ø�•–ˆD•(Ž�’”•(¤�•(™�•Pˆ�—‘ˆ�šaº�ˆ�•P•(‹“—‘šaˆ�•G½#º�’”•

ó

ž

Ô

áåãœT£Ž�º�ˆ�½#•*á

Ó

‰Z•%•‘•?Ê›º�ˆ�Œ,—‘œ(ˆ

f : Z7 ! Z7
™�•–™�•%Ž&•a’6•\•{‰�©bŽ�’“‰,‹”—Jœaˆ

f (a) =
5a + 1

ž—ã
•

‰,ŒQº�‰Q’”™�•˜»"º�‰

Z7
‰Q‹h‰,•?ŒQ•aˆcH“º�ˆ�½#•˜™�‰D•\•(‹�ß*ŒQ•\•(‰Q‹¹™�‰D‰,»"º�—J¡G•(•‘‰Qˆ�Œ,—‘•*™�‰9•‘•

’”‰,•‘•(ŒQ—�œaˆ •Nœ�™�º�•‘•qßbžêá

•'áC‡�‹“½”º�™�—\•–’.‹”—

f
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¤Xá�É�‰Q½”‰,’”•N—Jˆ�•(’C‹“—�‰�©b—J‹“½#‰

g : Z7 ! Z7
½�•–•S»�º�‰r•‘•ŸŒQ•a•NŽ&•a‹”—JŒ,—‘œ(ˆ

g ±f
™�‰åË�ˆ�—J™�•

Œ,•a•N•

(g ± f )(a) = g(f (a))
‹”‰,•N•‘•`—J™�‰,ˆ�½#—J™�•(™�ž

Ù
á—ãœTrŽ�º�ˆ�½#•*á

•
‰Q‹”•a•¦¡a‰,’.‰Q•
‹”—‘‹�½#‰Q•l•`™�‰rŒQ•aˆ�ša’“º�‰,ˆ�ŒQ—\•–‹
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x ´ 3 mod 5

x ´ 5 mod 7

x ´ 2 mod 2

â�á�ã’ÈVŽ�º�ˆ�½#•a‹Ñá? >•aˆ�‹“½”’”º�—J’
º�ˆD•(•Jša•a’“—¦½#•*•V»�º�‰�™�•(™�•Cº�ˆ�•P•‘—J‹“½#•V™�‰�‰,ˆ�½#‰,’“•a‹

a1; a2; :::; an
¾

¼6™�•(‹T‰,ˆ�½#‰Q’”•a‹

a
¼

1 · b · n+ 1
—Jˆ"½”’”•�™�ºZäQŒZ•�‰Q•�‰Qˆ"½#‰Q’”•

a
‰Qˆ`•\•h•J—‘‹“½#•h‰Qˆ`•\•hŽ&•a‹“—‘ŒQ—‘œaˆ

b
žMã�‡NH“‰Q•˜Ž�•J•

�
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1 + a ¸ 1 + a:
Ó
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n
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n + 1
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�

(1 + a)n+1 = (1 + a)n (1 + a) ¸ (1 + an)(1 + a)
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6

ø�•a’”•*¤�—J‰,ˆ

�

(1 + an)(1 + a) = 1 + a + an + a2n:
Éh‰D•N•�™�•*»"º�‰ŒÊÅ•(•¦½�•ŸŒQ•a•NŽ�’”•(¤�•(’P•‘•`™�‰Q‹”—Jšaº�•(•J™�•(™

�

1 + a + an + a2n ¸ 1 + a(n + 1) = 1 + an + a:
H

‰Q»"º�—J¡–•–•‘‰Qˆ"½#‰Q•˜‰Qˆ"½”‰
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a2n ¸ 0;
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a > 0
ž
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((p _ q) ^ (q_ : r )) $ (p _ : r ):
Ó

—L•–‹”—‘š(ˆ�•(•N•a‹

p := F
¾

r := V
¾

q := V
‰,ˆ"½”•aˆ�ŒQ‰,‹

(p_ q) := V
¾

(q_ : r ) := V
ž

Éh‰D‰,‹�½#‰D•N•�™�•�¾�Œ,•aˆ ‰Q‹“½�•–‹h•(‹“—‘šaˆ�•–Œ,—‘•(ˆ�‰,‹

�

((p _ q) ^ (q_ : r )) := V:



Ô

â�ß

–4•a’P•(½#’“•*•\•(™�•

(p _ : r ) := F
¼£‹”‰r½”—‘‰Qˆ�‰r•‘•`ŒQ•aˆ�½#’#•(™�—‘ŒQŒ,—‘œ(ˆ

V $ F
ž

¤Xá`‡�‹“Œ,’”—J¤�—J’`‰,ˆk•J‰,ˆ�šaº�•IH“‰ Ê›•a’”•˜•(•>¼¥‰Qˆk•J‰,ˆ�š(º�•cH“‰@ˆ�•–½#º�’”•(•C•\•%ˆ�‰,š�•–Œ,—JœaˆŠ™�‰ •‘•

‹”—‘š(º�—‘‰Qˆ"½”‰®‹”‰,ˆ�½#‰Qˆ�Œ,—‘•

��õ

É

Ë

É(Ø

Ñ

à`Ê

ÍÏÎ

Þ

Ñ

ÈDÊ

ÍÛö

É(Ê•ÉWÙ�Ú

Íƒo

É

Ì�Í

Ê

Ü

Ê

ß(Ñ

Ê&É£É

ÎWÜ¦ß

Ê&É(Ò

Ñ

Ú“É ž

Ó

‰,•

U
‰Q•�Œ,•aˆIH“º�ˆ"½”•r™�‰P•J•a‹T•(•Jº�•Nˆ�•a‹­¼

A
‰,•�™�‰P•‘•(‹T•(‹“—‘šaˆ�•G½#º�’”•(‹,žF‡�ˆ*‰Q•�º�ˆ�—¦¡a‰,’”‹“•

U £ A
‹”‰r™�‰�Ë�ˆ�‰D‰,•
Ž�’“‰,™�—JŒZ•–™�•

�

P((x; y)) := el alumno x ha aprobadola asignatur a y:

–4•a’P½#•(ˆ"½”•N•\•Ÿ‹”‰,ˆ�½#‰Qˆ�Œ,—‘•

�Kõ

É

Ë

É(Ø

Ñ

à`Ê

ÍÏÎ

Þ

Ñ

ÈDÊ

ÍOö

É(Ê•ÉWÙ&Ú

Íƒo

É

Ì�Í

Ê

Ü

Ê

ß(Ñ

ÊLÉ@É

ÎWÜ¦ß

l

Ê&É(Ò

Ñ

Ú“É ‹“‰D‰Q‹”ŒQ’”—‘¤&‰—Ê›•a’”•˜•(•J•*‰,ˆ"½”‰

�

9x 2 U 8y 2 A (: P(x; y)):
Ó

º ˆ�‰Qš�•(ŒQ—‘œaˆm‰,‹Q¾Lº�‹”•(ˆ�™�•N•\•–‹P‰,»"º�—¦¡–•(•J‰,ˆ�ŒQ—\•(‹P•‘œ(ša—JŒZ•(‹CŽ&‰Q’“½#—Jˆ�‰,ˆ�½#‰Q‹

�

8x 2 U 9y 2 A P(x; y):
‡�‹.™�‰,ŒQ—‘’Q¾

Ð

É

Ì

É£É(Ø

Ñ

à`Ê

ÍÛö

É£ÉWÙ&Ú

Íƒo

É

Ì�Í

É(Ø

ß(Ñ

Ê&É£É

ÎWÜ¦ß

Ê&É(Ò

Ñ

Ú“É
ž

Ô

áåãœT£Ž�º�ˆ�½#•*á

Ó

‰Z•%•‘•?Ê›º�ˆ�Œ,—‘œ(ˆ

f : Z7 ! Z7
™�•–™�•%Ž&•a’6•\•{‰�©bŽ�’“‰,‹”—Jœaˆ

f (a) =
5a + 1

žŸã
•

‰,ŒQº�‰,’“™�•*»"º�‰

Z7
‰Q‹.‰Q•�ŒQ•aˆcH“º�ˆ�½#•*™�‰®•\•(‹Kß6Œ,•‘•(‹”‰Q‹P™�‰®‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—‘•Ÿ™�‰®•‘•

’”‰,•‘•(ŒQ—‘œaˆ@•Nœ�™�º�•‘•qßbžêá

•'áC‡�‹“½”º�™�—\•–’.‹”—

f
‰,‹.—‘ˆ�¼a‰,ŒW½#—J¡G•`¼@‹“—
‰,‹.‹”•a¤�’“‰Q¼a‰QŒQ½#—¦¡–•�ž

Ó

‰r•a¤�‹“‰,’�¡–•N»"º�‰

�

f (0) = 1
f (1) = 6
f (2) = 4
f (3) = 2
f (4) = 0
f (5) = 5
f (6) = 3

–4•a’C½�•(ˆ�½#•

f
‰Q‹¹¤�—¦¼a‰,ŒW½#—¦¡–•�ž

¤Xá�É�‰Q½”‰,’”•N—Jˆ�•(’C‹“—�‰�©b—J‹“½#‰

g : Z7 ! Z7
½�•–•S»�º�‰r•‘•ŸŒQ•a•NŽ&•a‹”—JŒ,—‘œ(ˆ

g ±f
™�‰åË�ˆ�—J™�•

Œ,•a•N•

(g ± f )(a) = g(f (a))
‹”‰,•N•‘•`—J™�‰,ˆ�½#—J™�•(™�ž

÷

•a•N•

f
‰,‹�¤�—J¼a‰,ŒW½#—¦¡–•§ˆ�‰QŒ,‰Q‹#•(’“—\•(•N‰,ˆ�½#‰C™�‰,¤&‰P‰�©b—J‹“½#—J’

g
ž�Éh‰Pø�‰,Œ�ø�•r¤�•(‹�½�•�½#•a•˜•(’

g(b) = 3b+ 4
¼�•*»�º�‰

�



Ô

âƒ• îFõ�ï�ö������
5¯®.&«îK5MLO�:8—5M�VÕ
Ž˜°ÖÕ�,�±—²2Õ�L�Õ
Ž?8ŸÕWŽR�:Õ��V��5MŽ

g(f (a)) = g(5a + 1) = 3(5a + 1) + 4 = a + 3 + 4 = a
™�•aˆ�™�‰®½#•�™�•–‹.•\•(‹C—‘šaº�•–•‘™�•–™�‰,‹C‹”•aˆ Œ,•(ˆ�ša’“º�‰,ˆ�ŒQ—\•(‹.•Nœ�™�º�•J•àßbž

Ù á—ãœTrŽ�º�ˆ"½”•*á • ‰,‹“•a•J¡a‰Q’.‰,•
‹“—‘‹�½#‰,•˜•`™�‰rŒ,•(ˆ�ša’”º�‰,ˆ�ŒQ—\•(‹

�

x ´ 3 mod 5

x ´ 5 mod 7

x ´ 2 mod 2

÷

•a•N•�âb¾ ßV¼ŒÈP‹“•aˆDŽ�’“—‘•N•a‹,¾Ï‰Qˆ"½”•aˆ�ŒQ‰,‹­‰,•(½#‰Q•a’”‰Q•l•PŒ�ø�—Jˆ�•.™�‰�•J•a‹�’”‰Q‹“½#•(‹­ša•(’#•(ˆ�½#—¡äZ•

•‘•.‰�©b—‘‹�½#‰,ˆ�Œ,—\•¹™�‰>‹”•(•‘º�ŒQ—‘œaˆr¼r‹”º6º�ˆ�—‘ŒQ—‘™�•–™9•Nœ�™�º�•J•

5£ 7£ 2 = 70
žRÉ�‰>‰,‹�½�•h•˜•(ˆ�‰,’”•�¾

‰Q•
Œ,•aˆIH“º�ˆ"½”•N™�‰r•\•(‹P‹“•a•‘º�Œ,—J•aˆ�‰,‹P‰,‹.™�‰r•\•wÊ›•a’”•˜•

�

x = 68+ 70k

™�•aˆ�™�‰

k
‰,‹.º�ˆ ˆ}­�•N‰,’“•N‰Qˆ"½”‰,’”•�ž

â�á�ã’ÈVŽ�º�ˆ"½”•a‹‰á

÷

•aˆ�‹“½#’“º�—‘’�º�ˆD•(•‘š(•a’”—¦½”•N•V»"º�‰�™�•(™�•Pº�ˆ�•P•‘—J‹“½�•V™�‰�‰Qˆ"½”‰,’“•a‹

a1; a2; :::; an
¾

¼9™�•a‹F‰,ˆ�½#‰,’“•a‹

a
¼

1 · b · n+ 1
—Jˆ"½#’“•�™�ºZäQŒZ•�‰,•b‰,ˆ�½#‰Q’”•

a
‰,ˆ`•‘•h•‘—J‹“½�•¹‰,ˆ`•‘•hŽ&•a‹”—JŒ,—Jœaˆ

b
žMã�‡NH“‰,•NŽ�•‘•

�

•\•®‰,ˆ"½”’#•(™�•+TsÚ'Èb¾‚T.Ú'âb¾‚T.Ú'ß�dXTƒT�Ta¾[ÈbžF™�•DŒ,•a•N•D‹#•(•J—‘™�•®•‘•r•‘—J‹“½�•OTsÚ'Èb¾XT�T�T(¾

TsÚ'âb¾%TsÚ'ßbžžá`‡�‹�½#º�™�—\•(’P‹”º Œ,•a•NŽ�•J‰�H“—‘™�•(™�ž

‡�ˆ"½#’”•(™�•

�

a1; a2; :::; an ; a;b
c := ab

ab := a
Ê›•a’P—%Ê›’“•a•

b+ 1
½#•

n
d := ai

ai := c
c := d

an+1 := c
Ó

•(•J—‘™�•

�

a1; :::; an+1
‡�‹{º�ˆ«•(•Jša•a’”—è½#•N•¥™�‰nŒQ•a•NŽ�•‘‰AH“—‘™�•(™©•‘—Jˆ�‰Z•(•�Ž�º�‰Q‹{½”—‘‰Qˆ�‰nº�ˆG­�ˆ�—‘ŒQ•k¤�º�Œ,•J‰n»�º�‰

’“‰Z•(•J—çä,•Ÿº�ˆ�•*Œ,•(ˆ"½”—‘™�•–™ ŒQ•aˆ�‹�½�•(ˆ�½#‰D™�‰r•aŽ&‰Q’#•(ŒQ—‘•aˆ�‰,‹.‰Qˆ{Œ,•(™�•*’”‰QŽ&‰Q½”—‘Œ,—Jœaˆ�ž



Ô

âƒÍ

³µ´�¶Z·%¸\¹�¶mºœ»:´½¼3ºœ¿	»ÁÀ[·N¶‡´

Â˜Ã�Ä

¶ZÀ

ÃWÅÇÆ�ñ

ÈƒÚ�Ú�ÚI¬œÈƒÚ�Ú[Taž

TIáøãôÈ%Ž�º�ˆ"½”•a‹‰á

Ó

‰Z•

t 2 R
º�ˆŠˆ*­�•˜‰Q’”••’”‰,•(•C‰,‹�½#’”—JŒQ½#•(•˜‰Qˆ"½”‰mŽ&•(‹”—J½”—J¡a•

t > 0
ž

É�‰,•N•a‹“½”’#•(’®Ž&•a’®—Jˆ�™�º�ŒQŒ,—‘œ(ˆ•»�º�‰N•\•£‹”—Jšaº�—J‰,ˆ�½#‰`™�‰Q‹”—Jšaº�•(•J™�•(™<‹”‰`¡a‰,’”—‚Ë�Œ,•mŽ�•(’#•@Œ,•(™�•

n
ˆ�•–½”º�’#•(•

�

(1 + t)n ¸ 1 + tn:

È�á—ã’ÈŸŽ�º�ˆ�½#•a‹Ñá

•'á�É�‰W½#‰,’“•˜—Jˆ�•(’P‹“—
‰,•
‹“—‘šaº�—‘‰,ˆ�½#‰®’”•ƒä,•aˆ�•(•N—‘‰,ˆ�½#•`‰Q‹¹ŒQ•a’”’”‰QŒQ½”•

�

((p _ q) ^ (q_ : r )) $ : (p _ : r ):
¤Xá`‡�‹“Œ,’”—J¤�—J’`‰,ˆk•J‰,ˆ�šaº�•IH“‰ Ê›•a’”•˜•(•>¼¥‰Qˆk•J‰,ˆ�š(º�•cH“‰@ˆ�•–½#º�’”•(•C•\•%ˆ�‰,š�•–Œ,—JœaˆŠ™�‰ •‘•

‹”—‘š(º�—‘‰Qˆ"½”‰¹‹”‰Qˆ"½#‰Qˆ�ŒQ—\•

�Mó�ù

•Ï¼N•(•Jº�•˜ˆ�•a‹�»"º�‰�ø�•(ˆ£•(Ž�’”•a¤�•–™�•D½#•�™�•–‹>•‘•(‹>•(‹“—‘šaˆ�•–½#º�’”•(‹

ó

ž

Ô

áåãœT£Ž�º�ˆ�½#•*á

Ó

‰Z•%•‘•?Ê›º�ˆ�Œ,—‘œ(ˆ

f : Z7 ! Z7
™�•–™�•%Ž&•a’6•\•{‰�©bŽ�’“‰,‹”—Jœaˆ

f (a) =
3a + 1

žŸã
•

‰,ŒQº�‰,’“™�•*»"º�‰

Z7
‰Q‹.‰Q•�ŒQ•aˆcH“º�ˆ�½#•*™�‰®•\•(‹Kß6Œ,•‘•(‹”‰Q‹P™�‰®‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—‘•Ÿ™�‰®•‘•

’”‰,•‘•(ŒQ—�œaˆ •Nœ�™�º�•‘•qßbžêá

•'áC‡�‹“½”º�™�—\•–’.‹”—

f
‰,‹.—‘ˆ�¼a‰,ŒW½#—J¡G•`¼@‹“—
‰,‹.‹”•a¤�’“‰Q¼a‰QŒQ½#—¦¡–•�ž

¤Xá�É�‰Q½”‰,’”•N—Jˆ�•(’C‹“—�‰�©b—J‹“½#‰

g : Z7 ! Z7
½�•–•S»�º�‰r•‘•ŸŒQ•a•NŽ&•a‹”—JŒ,—‘œ(ˆ

g ±f
™�‰åË�ˆ�—J™�•

Œ,•a•N•

(g ± f )(a) = g(f (a))
‹”‰,•N•‘•`—J™�‰,ˆ�½#—J™�•(™�ž

Ù
á—ãœTrŽ�º�ˆ�½#•*á

•
‰Q‹”•a•¦¡a‰,’.‰Q•
‹”—‘‹�½#‰Q•l•`™�‰rŒQ•aˆ�ša’“º�‰,ˆ�ŒQ—\•–‹

�

x ´ 4 mod 5

x ´ 5 mod 7

x ´ 2 mod 2

â�á�ã’ÈVŽ�º�ˆ�½#•a‹Ñá

÷

•aˆ�‹“½”’”º�—J’
º�ˆD•(•Jša•a’“—¦½#•*•V»�º�‰�™�•(™�•Cº�ˆ�•P•‘—J‹“½#•V™�‰�‰,ˆ�½#‰,’“•a‹

a1; a2; :::; an
¾

¼6™�•(‹T‰,ˆ�½#‰Q’”•a‹

a
¼

1 · b · n+ 1
—Jˆ"½”’”•�™�ºZäQŒZ•�‰Q•�‰Qˆ"½#‰Q’”•

a
‰Qˆ`•\•h•J—‘‹“½#•h‰Qˆ`•\•hŽ&•a‹“—‘ŒQ—‘œaˆ

b
žMã�‡NH“‰Q•˜Ž�•J•

�

•‘•r‰,ˆ�½#’”•(™�•àT.Ú'Èb¾‚T.Ú'â�¾¡TsÚ'ßbdmT�T�Ta¾[È�žT™�•DŒ,•(•˜•D‹#•–•‘—J™�•®•\•r•J—‘‹“½#•OT.Ú'Èb¾XT�TƒTa¾

T.Ú'âb¾`T.Ú'ßbžžá`‡�‹“½”º�™�—\•–’.‹”º Œ,•(•˜Ž�•J‰�H“—J™�•(™�ž



Ôƒú
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³µ´�¶m·%¸•¹:¶Zºœ»:´½¼¾º�¿Z»ÁÀ}·N¶‡´

Â˜Ã�Ä

¶ZÀ

ÃWÅÇÆ�ñ

À[·%¿[ÌŒ·

Å

¶

Ã

È Ú�Ú�Úc¬�ÈƒÚ�Ú	T(ž

TIáøã’È%Ž�º�ˆ"½#•(‹‰á

Ó

‰,•

t 2 R
º�ˆŠˆ}­�•˜‰Q’”••’”‰,•(•P‰Q‹“½”’”—‘ŒW½�•(•N‰Qˆ"½#‰@Ž&•a‹“—J½”—J¡a•

t > 0
ž

Éh‰,•N•a‹“½”’#•(’®Ž&•a’®—‘ˆ�™�º�Œ,ŒQ—‘œaˆ•»"º�‰*•\•£‹”—Jšaº�—‘‰Qˆ"½”‰`™�‰Q‹”—‘š(º�•(•‘™�•(™•‹“‰*¡a‰Q’”—‚Ë�ŒZ•mŽ�•(’#•@ŒZ•–™�•

n
ˆ�•–½#º�’”•(•

�

(1 + t)n ¸ 1 + tn:
–F•(’#•

n = 1
•‘•ÛÊ›œa’“•Ÿº�•\•6‰,‹.Œ,—J‰,’“½#•uãÅ¤�•(‹“‰D™�‰D—Jˆ�™�º�ŒQŒ,—JœaˆXáVŽ�º�‰,‹“½”•˜»"º�‰

�

1 + t ¸ 1 + t:
Ó

º�Ž&•aˆ�š�•(•N•a‹N•(ø�•(’#••»"º�‰ •\•ðÊ›œa’“•`º�•\•%‰Q‹˜ŒQ—‘‰Q’“½�•<Ž�•(’#•

n
¼�ŒQ•a•NŽ�’”•a¤&‰Q•˜•(‹*‹”º

¡a‰Q’#•(ŒQ—‘™�•–™ Ž�•(’#•

n + 1
žc‡�‹”ŒQ’”—J¤�—‘•N•a‹

�

(1 + t)n+1 = (1 + t)n(1 + t) ¸ (1 + tn)(1 + t)
™�•aˆ�™�‰ •\•í­�•¦½#—J•˜•%™�‰Q‹”—‘š(º�•(•‘™�•(™Š‰Q‹˜ŒQ•aˆ�‹“‰,Œ,º�‰,ˆ�Œ,—\•n™�‰ •\•<ø�—JŽ&œ(½#‰Q‹”—J‹*™�‰ —‘ˆ�™�º�ŒQŒ,—‘œ(ˆ�ž

6

ø�•a’”•*¤�—J‰,ˆ

�

(1 + tn)(1 + t) = 1 + t + tn + t2n:
Éh‰D•N•�™�•*»"º�‰ŒÊÅ•(•¦½�•ŸŒQ•a•NŽ�’”•(¤�•(’P•‘•`™�‰Q‹”—Jšaº�•(•J™�•(™

�

1 + t + tn + t2n ¸ 1 + t(n + 1) = 1 + tn + t:
H

‰Q»"º�—J¡–•–•‘‰Qˆ"½#‰Q•˜‰Qˆ"½”‰

�

t2n ¸ 0;
•J•*»"º�‰D‰Q‹¹ŒQ—‘‰Q’“½#•*Ž�º�‰,‹“½”•˜»"º�‰

t > 0
ž

È�á—ã’ÈŸŽ�º�ˆ"½”•a‹‰á

•'á�É�‰Q½”‰,’“•˜—Jˆ�•(’P‹“—?‰Q•
‹”—Jšaº�—J‰,ˆ"½”‰®’#• ä,•aˆ�•–•˜—J‰,ˆ�½#•`‰,‹.Œ,•a’“’”‰QŒQ½#•

�

((p _ q) ^ (q_ : r )) $ : (p _ : r ):
Ó

—�•(‹”—Jšaˆ�•(•N•a‹

p := V
¾

r := V
¾

q := V
‰,ˆ�½#•aˆ�Œ,‰Q‹

(p_ q) := V
¾

(q_ : r ) := V
ž

Éh‰D‰,‹�½#‰D•N•�™�•

�

((p _ q) ^ (q_ : r )) := V:



Ô�ú

T

–4•a’P•(½#’“•*•\•(™�•

(p _ : r ) := V
¼@‹“‰r½”—‘‰Qˆ�‰r•‘•`ŒQ•aˆ"½”’#•(™�—JŒ,ŒQ—‘œaˆ

V $ F
ž

¤Xá`‡�‹“Œ,’”—J¤�—J’`‰,ˆk•J‰,ˆ�šaº�•IH“‰ Ê›•a’”•˜•(•>¼¥‰Qˆk•J‰,ˆ�š(º�•cH“‰@ˆ�•–½#º�’”•(•C•\•%ˆ�‰,š�•–Œ,—JœaˆŠ™�‰ •‘•

‹”—‘š(º�—‘‰Qˆ"½”‰¹‹”‰Qˆ"½#‰Qˆ�ŒQ—\•

�Mó�ù

•Ï¼N•(•Jº�•˜ˆ�•a‹�»"º�‰�ø�•(ˆ£•(Ž�’”•a¤�•–™�•D½#•�™�•–‹>•‘•(‹>•(‹“—‘šaˆ�•–½#º�’”•(‹

ó

ž

Ó

‰,•

U
‰Q•�Œ,•aˆIH“º�ˆ"½”•r™�‰P•J•a‹T•(•Jº�•Nˆ�•a‹­¼

A
‰,•�™�‰P•‘•(‹T•(‹“—‘šaˆ�•G½#º�’”•(‹,žF‡�ˆ*‰Q•�º�ˆ�—¦¡a‰,’”‹“•

U £ A
‹”‰r™�‰�Ë�ˆ�‰D‰,•
Ž�’“‰,™�—JŒZ•–™�•

�

P((x; y)) := el alumno x ha aprobadola asignatur a y:
–4•a’P½#•(ˆ"½”•N•\•Ÿ‹”‰,ˆ�½#‰Qˆ�Œ,—‘•
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Ë
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à`Ê
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ÍOö
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Íƒo
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Ì�Í

Ê

Ü

Ê

ß(Ñ

ÊLÉ@É

ÎWÜ¦ß

l

Ê&É(Ò

Ñ

Ú“É ‹“‰D‰Q‹”ŒQ’”—‘¤&‰—Ê›•a’”•˜•(•J•*‰,ˆ"½”‰
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9x 2 U 8y 2 A (: P(x; y)):
Ó

º ˆ�‰Qš�•(ŒQ—‘œaˆm‰,‹Q¾Lº�‹”•(ˆ�™�•N•\•–‹P‰,»"º�—¦¡–•(•J‰,ˆ�ŒQ—\•(‹P•‘œ(ša—JŒZ•(‹CŽ&‰Q’“½#—Jˆ�‰,ˆ�½#‰Q‹

�

8x 2 U 9y 2 A P(x; y):
‡�‹.™�‰,ŒQ—‘’Q¾
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É

Ì

É£É(Ø

Ñ

à`Ê

ÍÛö

É£ÉWÙ&Ú

Íƒo

É

Ì�Í

É(Ø

ß(Ñ

Ê&É£É

ÎWÜ¦ß

Ê&É(Ò

Ñ

Ú“É
ž

Ô

áåãœT£Ž�º�ˆ�½#•*á

Ó

‰Z•%•‘•?Ê›º�ˆ�Œ,—‘œ(ˆ

f : Z7 ! Z7
™�•–™�•%Ž&•a’6•\•{‰�©bŽ�’“‰,‹”—Jœaˆ

f (a) =
3a + 1

žŸã
•

‰,ŒQº�‰,’“™�•*»"º�‰

Z7
‰Q‹.‰Q•�ŒQ•aˆcH“º�ˆ�½#•*™�‰®•\•(‹Kß6Œ,•‘•(‹”‰Q‹P™�‰®‰Q»�º�—J¡–•–•‘‰,ˆ�Œ,—‘•Ÿ™�‰®•‘•

’”‰,•‘•(ŒQ—�œaˆ •Nœ�™�º�•‘•qßbžêá

•'áC‡�‹“½”º�™�—\•–’.‹”—

f
‰,‹.—‘ˆ�¼a‰,ŒW½#—J¡G•`¼@‹“—
‰,‹.‹”•a¤�’“‰Q¼a‰QŒQ½#—¦¡–•�ž

Ó

‰r•a¤�‹“‰,’�¡–•N»"º�‰

�

f (0) = 1
f (1) = 4
f (2) = 0
f (3) = 3
f (4) = 6
f (5) = 2
f (6) = 5

–4•a’C½�•(ˆ�½#•

f
‰Q‹¹¤�—¦¼a‰,ŒW½#—¦¡–•�ž

¤Xá�É�‰Q½”‰,’”•N—Jˆ�•(’C‹“—�‰�©b—J‹“½#‰

g : Z7 ! Z7
½�•–•S»�º�‰r•‘•ŸŒQ•a•NŽ&•a‹”—JŒ,—‘œ(ˆ

g ±f
™�‰åË�ˆ�—J™�•

Œ,•a•N•

(g ± f )(a) = g(f (a))
‹”‰,•N•‘•`—J™�‰,ˆ�½#—J™�•(™�ž

÷

•a•N•

f
‰,‹�¤�—J¼a‰,ŒW½#—¦¡–•§ˆ�‰QŒ,‰Q‹#•(’“—\•(•N‰,ˆ�½#‰C™�‰,¤&‰P‰�©b—J‹“½#—J’

g
ž�Éh‰Pø�‰,Œ�ø�•r¤�•(‹�½�•�½#•a•˜•(’

g(b) = 5b+ 2
¼�•*»�º�‰

�

g(f (a)) = g(3a + 1) = 5(3a + 1) + 2 = a + 5 + 2 = a
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™�•aˆ�™�‰®½#•�™�•–‹.•\•(‹C—‘šaº�•–•‘™�•–™�‰,‹C‹”•aˆ Œ,•(ˆ�ša’“º�‰,ˆ�ŒQ—\•(‹.•Nœ�™�º�•J•àßbž

Ù á—ãœTrŽ�º�ˆ"½”•*á • ‰,‹“•a•J¡a‰Q’.‰,•
‹“—‘‹�½#‰,•˜•`™�‰rŒ,•(ˆ�ša’”º�‰,ˆ�ŒQ—\•(‹

�

x ´ 4 mod 5

x ´ 5 mod 7

x ´ 2 mod 2
÷

•a•N•�âb¾ ßV¼ŒÈP‹“•aˆDŽ�’“—‘•N•a‹,¾Ï‰Qˆ"½”•aˆ�ŒQ‰,‹­‰,•(½#‰Q•a’”‰Q•l•PŒ�ø�—Jˆ�•.™�‰�•J•a‹�’”‰Q‹“½#•(‹­ša•(’#•(ˆ�½#—¡äZ•

•‘•.‰�©b—‘‹�½#‰,ˆ�Œ,—\•¹™�‰>‹”•(•‘º�ŒQ—‘œaˆr¼r‹”º6º�ˆ�—‘ŒQ—‘™�•–™9•Nœ�™�º�•J•

5£ 7£ 2 = 70
žRÉ�‰>‰,‹�½�•h•˜•(ˆ�‰,’”•�¾

‰Q•
Œ,•aˆIH“º�ˆ"½”•N™�‰r•\•(‹P‹“•a•‘º�Œ,—J•aˆ�‰,‹P‰,‹.™�‰r•\•wÊ›•a’”•˜•

�

x = 54+ 70k

™�•aˆ�™�‰

k
‰,‹.º�ˆ ˆ}­�•N‰,’“•N‰Qˆ"½”‰,’”•�ž

â�á�ã’ÈVŽ�º�ˆ"½”•a‹‰á

÷

•aˆ�‹“½#’“º�—‘’�º�ˆD•(•‘š(•a’”—¦½”•N•V»"º�‰�™�•(™�•Pº�ˆ�•P•‘—J‹“½�•V™�‰�‰Qˆ"½”‰,’“•a‹

a1; a2; :::; an
¾

¼9™�•a‹F‰,ˆ�½#‰,’“•a‹

a
¼

1 · b · n+ 1
—Jˆ"½#’“•�™�ºZäQŒZ•�‰,•b‰,ˆ�½#‰Q’”•

a
‰,ˆ`•‘•h•‘—J‹“½�•¹‰,ˆ`•‘•hŽ&•a‹”—JŒ,—Jœaˆ

b
žMã�‡NH“‰,•NŽ�•‘•

�

•\•®‰,ˆ"½”’#•(™�•+TsÚ'Èb¾‚T.Ú'âb¾‚T.Ú'ß�dXTƒT�Ta¾[ÈbžF™�•DŒ,•a•N•D‹#•(•J—‘™�•®•‘•r•‘—J‹“½�•OTsÚ'Èb¾XT�T�T(¾

TsÚ'âb¾%TsÚ'ßbžžá`‡�‹�½#º�™�—\•(’P‹”º Œ,•a•NŽ�•J‰�H“—‘™�•(™�ž

‡�ˆ"½#’”•(™�•

�

a1; a2; :::; an ; a;b
c := ab

ab := a
Ê›•a’P—%Ê›’“•a•

b+ 1
½#•

n
d := ai

ai := c
c := d

an+1 := c
Ó

•(•J—‘™�•

�

a1; :::; an+1
‡�‹{º�ˆ«•(•Jša•a’”—è½#•N•¥™�‰nŒQ•a•NŽ�•‘‰AH“—‘™�•(™©•‘—Jˆ�‰Z•(•�Ž�º�‰Q‹{½”—‘‰Qˆ�‰nº�ˆG­�ˆ�—‘ŒQ•k¤�º�Œ,•J‰n»�º�‰

’“‰Z•(•J—çä,•Ÿº�ˆ�•*Œ,•(ˆ"½”—‘™�•–™ ŒQ•aˆ�‹�½�•(ˆ�½#‰D™�‰r•aŽ&‰Q’#•(ŒQ—‘•aˆ�‰,‹.‰Qˆ{Œ,•(™�•*’”‰QŽ&‰Q½”—‘Œ,—Jœaˆ�ž
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¶ZÀ
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Ó

‰Z•*‰,•�ša’#• Ê›•`‹”—J•˜Ž�•J‰

G = (V; E)
Œ,ºb¼�•N•l•G½#’”—¡ä§™�‰D•(™b¼�•(Œ,‰Qˆ�Œ,—‘•(‹¹‰Q‹

A
ž

A :=

0 1 0 0 0 0 0 1 1 1 0 0 1 1 0
1 0 1 1 0 1 1 1 0 1 0 1 0 1 0
0 1 0 1 0 0 0 1 1 1 1 0 1 1 0
0 1 1 0 1 0 1 1 1 1 1 1 1 1 1
0 0 0 1 0 1 0 1 0 1 1 1 0 1 1
0 1 0 0 1 0 0 1 0 0 0 1 1 1 1
0 1 0 1 0 0 0 1 0 0 1 0 0 0 1
1 1 1 1 1 1 1 0 0 1 1 0 1 1 1
1 0 1 1 0 0 0 0 0 0 1 0 1 1 0
1 1 1 1 1 0 0 1 0 0 0 0 0 1 0
0 0 1 1 1 0 1 1 1 0 0 1 0 1 1
0 1 0 1 1 1 0 0 0 0 1 0 0 0 1
1 0 1 1 0 1 0 1 1 0 0 0 0 1 0
1 1 1 1 1 1 0 1 1 1 1 0 1 0 1
0 0 0 1 1 1 1 1 0 0 1 1 0 1 0

¼@™�‰r•N•�™�•*»"º�‰r‹”º{Ž&•–½#‰,ˆ�Œ,—\•`Œ�­�¤�—‘Œ,•*‰,‹

�
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Ù îFõ�ï�ö������
5¯®.&«îK5MLO�:8—5M�VÕ
Ž˜°ÖÕ�,�±—²2Õ�L�Õ
Ž?8ŸÕWŽR�:Õ��V��5MŽ

A3 :=

20 37 29 37 28 21 18 46 29 33 31 21 33 45 28
37 38 49 63 41 42 34 62 31 41 43 36 33 65 38
29 49 40 57 39 33 25 61 36 43 48 28 42 60 40
37 63 57 72 60 44 41 80 46 55 61 45 54 80 59
28 41 39 60 40 40 29 60 29 40 48 35 33 59 43
21 42 33 44 40 26 24 52 27 30 37 30 34 51 59
18 34 25 41 29 24 16 40 20 25 35 19 24 36 32
46 62 61 80 60 52 40 74 40 54 65 39 52 78 58
29 31 36 46 29 27 20 40 22 28 35 19 29 45 27
33 41 43 55 40 32 25 54 28 32 38 26 32 55 35
31 43 48 61 48 37 35 65 35 38 44 39 35 65 45
21 36 28 45 35 30 19 39 19 26 39 20 25 37 36
33 33 42 54 33 34 24 52 29 32 35 25 28 53 30
45 65 60 80 59 51 36 78 45 55 65 37 53 76 59
28 38 40 59 43 39 32 58 27 35 45 36 30 59 40

T.á
É�‰Q½”‰,’”•N—‘ˆ�•(’>‰Q•�ˆ}­�•˜‰Q’”•6™�‰h¡�ÐQ’“½#—JŒ,‰Q‹,¾�‰,•&ˆ}­�•N‰,’“•6™�‰§•(’“—‘‹“½#•(‹c¼N‰,•&ša’#•(™�•6™�‰�ŒZ•–™�•

¡�ÐQ’“½”—‘Œ,‰r‹“‰,š�­�ˆ{•‘•`•(’”™�‰Qˆ�•(ŒQ—‘œaˆm™�‰r•‘•a‹V¡�Ð,’“½”—‘ŒQ‰,‹¹»"º�‰D™�•*•\•Ÿ•˜•–½#’”—¡ä

6

ž

Èƒá�Éh‰,•N•a‹“½”’#•(’Vº�‹”•(ˆ�™�•`•\•9•˜•–½#’“—çä

A
¼˜•\•–‹VŽ&•(½”‰,ˆ�ŒQ—\•(‹V™�‰

A
»"º�‰§‹”‰®•(Ž&•a’�½�•(ˆ£»"º�‰§‰,•

š(’#• Ê›•

G
‰Q‹¹Œ,•(ˆ�‰�©b•�ž

Ô

á�€�‰Q’”—‚Ë�ŒZ•–’.‹“—
‰,‹¹•*ˆ�•Nº�ˆ ša’”• Ê›•*‰Qº�•‘‰Q’”—‘•(ˆ�•�ž

Ù
á
É�‰Q½”‰,’”•N—‘ˆ�•(’cŒ,ºm«(•&‰,‹V•\•DŽ�’”•a¤�•–¤�—‘•J—J™�•(™N™�‰�»"º�‰§•(•&‰Q•‘‰Qša—‘’�º�ˆ£ŒZ•–•˜—Jˆ�•9™�‰h•‘•aˆ�š(—J½”º�™

Ô

º�ˆ�—J‰,ˆ�™�•*‰,•
Ž�’“—‘•N‰,’V¡�Ð,’�½#—JŒ,‰®¼@‰Q•�½#‰,’“Œ,‰Q’”•˜™�—‘Œ�ø�•*ŒZ•(•N—‘ˆ�•`‹”‰Z•*‹”—J•˜Ž�•J‰(ž

âƒá

Ó

‰Z•@‰Q•T‰�©bŽ&‰Q’”—‘•N‰,ˆ�½#•@™�‰qéV‰Q’”ˆ�•(º�•‘•J—4Œ,•(ˆ�‹”—J‹“½#‰Qˆ"½”‰*‰,ˆ•‰Q•‘‰,š(—‘’�º�ˆ<¡�Ð,’“½”—‘ŒQ‰`™�‰

G
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•N•�™�•m»"º�‰N‹”‰N•(¤�½#—J‰,ˆ�‰*º�ˆòÐ�©b—J½”• ‹”—�‰,•�ša’”•(™�•m™�‰N™�—JŒjø�•m¡�Ð,’�½#—‘ŒQ‰N‰Q‹D•l•Z¼a•a’®• —‘š(º�•(•

»"º�‰ÛT.Úbž�Éh‰Q½#‰Q’”•N—‘ˆ�•–’>•\•9Ž�’“•a¤�•(¤�—‘•‘—¦™�•(™

p
™�‰PÐª©b—J½#•9¼˜•\•9Ž�’“•a¤�•(¤�—‘•‘—¦™�•(™

q
™�‰�Ê›’#•–ŒZ•(‹“•

™�‰D™�—JŒ�ø�•N‰ª©bŽ&‰,’”—J•N‰,ˆ"½”•N™�‰0éV‰Q’”ˆ�•aº�•‘•‘—�ž

ú

áOÉ�‰W½#‰,’“•˜—Jˆ�•(’`•‘•<Ž�’”•(¤�•(¤�—J•‘—J™�•–™¥™�‰ »"º�‰{•(•C’”‰QŽ&‰Q½#—J’*‰Q•.‰ª©bŽ&‰,’”—J•˜‰Qˆ"½”•¢•(ˆ"½”‰,’”—J•a’àâ

¡a‰QŒ,‰Q‹h‹”‰D•(¤�½#‰Qˆ�š�•N•–•
•N‰,ˆ�•a‹.º�ˆuÐ�©b—¦½#•�ž

ßƒá

Ó

‰Z• º�ˆ!ˆ"º�‰Q¡a•o‰�©bŽ&‰,’“—‘•N‰,ˆ�½#•o•(•‘‰,•–½#•(’”—J•m»"º�‰˜Œ,•aˆ�‹”—‘‹�½#‰˜‰Qˆ!‰,•J‰,ša—J’rº�ˆn¡�Ð,’“½”—‘ŒQ‰˜™�‰

G
ž

Ó

‰,•Ÿ•\•D¡G•(’”—‘•(¤�•‘‰h•(•‘‰,•–½#•a’“—‘•

g
Œ,•aˆ�‹”—‘‹�½#‰,ˆ�½#‰§‰,ˆm•(‹“—‘šaˆ�•–’C•6Œ,•(™�•6¡�ÐQ’“½”—‘Œ,‰§‹“º@ša’#•(™�•�ž

Éh‰,‹”ŒQ’”—J¤�—‘’h‰Q•4‰Q‹”Ž�•–Œ,—‘•l•Ÿº�‰Q‹“½#’”•(•­™�‰9™�—JŒjø�•˜‰�©bŽ&‰,’“—‘•N‰,ˆ�½#•˜¼ •\•qÊ›º�ˆ�Œ,—Jœaˆ

g
ž

÷

•(•JŒ,º�•‘•(’

•‘•`‰Q‹”Ž&‰,’”•(ˆZä,•˜•˜•–½#‰Q•+«–½#—JŒ,•Ÿ™�‰r™�—JŒjø�•Ÿ¡–•–’”—‘•(¤�•‘‰®•–•‘‰Z•G½#•a’“—\•bž

•�á+É�‰Q½”‰,’“•˜—Jˆ�•(’˜‰,•hˆ}­�•N‰,’“•¬™�‰<•–’”—‘‹�½�•(‹˜»"º�‰%ø�•Ï¼k»"º�‰<•ƒ•�•(™�—‘’l•

G
Ž�•(’#•!»"º�‰%‹”‰

ŒQ•aˆ"¡�—J‰,’“½#•*‰Qˆ{‰Q•
ša’#• Ê›•`Œ,•a•NŽ�•J‰Q½”•�ž
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Ã
Å?Ü

À[·%¿[ÌŒ·

Å

¶

Ã
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Ó

‰Z•*‰,•�ša’#• Ê›•`‹”—J•˜Ž�•J‰

G = (V; E)
Œ,ºb¼�•N•l•G½#’”—¡ä§™�‰D•(™b¼�•(Œ,‰Qˆ�Œ,—‘•(‹¹‰Q‹

A
ž

A :=

0 1 0 0 0 0 0 1 1 1 0 0 1 1 0
1 0 1 1 0 1 1 1 0 1 0 1 0 1 0
0 1 0 1 0 0 0 1 1 1 1 0 1 1 0
0 1 1 0 1 0 1 1 1 1 1 1 1 1 1
0 0 0 1 0 1 0 1 0 1 1 1 0 1 1
0 1 0 0 1 0 0 1 0 0 0 1 1 1 1
0 1 0 1 0 0 0 1 0 0 1 0 0 0 1
1 1 1 1 1 1 1 0 0 1 1 0 1 1 1
1 0 1 1 0 0 0 0 0 0 1 0 1 1 0
1 1 1 1 1 0 0 1 0 0 0 0 0 1 0
0 0 1 1 1 0 1 1 1 0 0 1 0 1 1
0 1 0 1 1 1 0 0 0 0 1 0 0 0 1
1 0 1 1 0 1 0 1 1 0 0 0 0 1 0
1 1 1 1 1 1 0 1 1 1 1 0 1 0 1
0 0 0 1 1 1 1 1 0 0 1 1 0 1 0

¼@™�‰r•N•�™�•*»"º�‰r‹”º{Ž&•–½#‰,ˆ�Œ,—\•`Œ�­�¤�—‘Œ,•*‰,‹
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A3 :=

20 37 29 37 28 21 18 46 29 33 31 21 33 45 28
37 38 49 63 41 42 34 62 31 41 43 36 33 65 38
29 49 40 57 39 33 25 61 36 43 48 28 42 60 40
37 63 57 72 60 44 41 80 46 55 61 45 54 80 59
28 41 39 60 40 40 29 60 29 40 48 35 33 59 43
21 42 33 44 40 26 24 52 27 30 37 30 34 51 59
18 34 25 41 29 24 16 40 20 25 35 19 24 36 32
46 62 61 80 60 52 40 74 40 54 65 39 52 78 58
29 31 36 46 29 27 20 40 22 28 35 19 29 45 27
33 41 43 55 40 32 25 54 28 32 38 26 32 55 35
31 43 48 61 48 37 35 65 35 38 44 39 35 65 45
21 36 28 45 35 30 19 39 19 26 39 20 25 37 36
33 33 42 54 33 34 24 52 29 32 35 25 28 53 30
45 65 60 80 59 51 36 78 45 55 65 37 53 76 59
28 38 40 59 43 39 32 58 27 35 45 36 30 59 40

T.á
É�‰Q½”‰,’”•N—‘ˆ�•(’>‰Q•�ˆ}­�•˜‰Q’”•6™�‰h¡�ÐQ’“½#—JŒ,‰Q‹,¾�‰,•&ˆ}­�•N‰,’“•6™�‰§•(’“—‘‹“½#•(‹c¼N‰,•&ša’#•(™�•6™�‰�ŒZ•–™�•

¡�ÐQ’“½”—‘Œ,‰r‹“‰,š�­�ˆ{•‘•`•(’”™�‰Qˆ�•(ŒQ—‘œaˆm™�‰r•‘•a‹V¡�Ð,’“½”—‘ŒQ‰,‹¹»"º�‰D™�•*•\•Ÿ•˜•–½#’”—¡ä
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ž

÷

•a•N•¹•\•P•l•–½”’”—¡ä�‰,‹­™�‰�½�•(•˜•ƒ•�•

15£ 15
‰Qˆ"½”•aˆ�Œ,‰Q‹Fø�•Ï¼qT.âP¡�ÐQ’“½”—‘Œ,‰Q‹,ž�Î?•.‹”º�ŒQ‰,‹”—Jœaˆ

™�‰D•J•a‹Pša’”•(™�•a‹Q¾�º�‹#•(ˆ�™�•˜•\•Ÿ•a’“™�‰,ˆ�•–Œ,—Jœaˆ ™�‰D•J•a‹C¡�ÐQ’“½#—JŒ,‰Q‹¹»"º�‰D‹”‰å•�•(•‘•*•‘•`•˜•–½#’“—çä�‰,‹

�

(6; 9; 8; 12; 8; 7; 5; 12; 6; 7; 9; 6; 7; 12; 8):
–4•a’r½�•(ˆ�½#• ‰,•cˆ*­�•N‰,’“•{™�‰l•(’“—‘‹“½#•(‹r‰,‹9•\•m•N—¦½�•(™•™�‰˜•‘•m‹”º�•˜• ™�‰N‰,‹“½”•a‹9ša’#•(™�•a‹,¾

‰Q‹“½”•˜‰Q‹,¾

122=2 = 61
ž

Èƒá�€�‰,’“—¡Ë�Œ,•(’Tº�‹”•(ˆ�™�•r•‘•�•l•G½#’”—¡ä
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÷
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6
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6
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÷
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÷
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6
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W3TJº�Q#R1W3���

6

O��)T

6

R.b(º�R.�)�"½+�

6

R

6

½+�)V"N O��IQ#W���b3P“º��#��Q)RfN

6

�

x ´ 2(mod 3)
x ´ 5(mod 7)
x ´ 1(mod 5)

÷

W3V-W

Ô

¾�â%¼;ß

6

W3�rY�P%R1V/W

6

¾8�#TC½%�#W3P*�#V/N�Q�ø�R.��WwO��:T1W

6

P%�

6

½%W

6
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6
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6
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3 £ 7 £ 5 = 105
MO–!W3P§½`N���½+W@½%WZODN

6

T.N

6&6

W�T‘º�Q)R.W3���
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W3��O��ITfNwÊ,W3P*V"N

�

x = 26+ 105k k 2 Z:
Ô

M

Ó

��N(�#T

6

R.baº�R1�#��½+�IN�T1b3W3P*R¦½+V(W

�

4

�"½+P%N�ODN

�
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Q
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�

Q

RšáuãœT$Yb½+W�Mžá

4
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6

N�T.R1ODN�M

ÎmN

6

N=T.R1ODNB�

6

�

c := 1 + (1 + 2) + (1 + 2 + 3) + ::: + (1 + 2 + ::: + n)
R.R áPã�TCY�½%W*á
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��º�V-�#P%N�O�W

6

O��#T�TjN�T

ú

O��

6

Q#P%R¦½`N-Y�W3P.º��Ab3P+NcÊ,W
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6
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6
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0 1 0 0 1 0
1 0 1 0 0 1
0 1 0 1 0 0
0 0 1 0 1 0
1 0 0 1 0 0
0 1 0 0 0 0
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0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0

RšáPãôÚkMêâBY�½%W

6

MžáqÉ0�Q½%�#P%V-R1�DN�P&�)TU�}­�V-�#P*W-O��IQ)W3V-YgW����#��½+�

6

Q#W�����©�N

6

O��)Tmb�P+N Ê,W�M

{&R.�)���0O�W

6

Q)W3V/Y�W����#��½+�

6

Q#W3����©�N

6

¾�T.N9»"º��^Q)W3��½+R.�)���^NjT1W

6eh

Ð)P“½+R1Q#�

6

Ta¾ZÈb¾

Ô

¾
Ù

¼

TfNŸ»�º��CQ#W3��½+R1�#���CN T.W

6[h

Ð#P�½+R.Q)�

6

â�¾

ú

¾‡ß�¾X•kM

R.R áOãôÚ�Mžâ:Y�½%W

6

Mžá¾É0�W½+�#P*V/R1�DN�P

6

R

G
�

6

º��y«�P*\�W3TsM É0�W½+�)P%V-R.�DN�P

6

ReN�TeNƒ•DN=O�R.PIT.N

N�P%R

6

½`N

(1; 5)
�#TU�"º��

h

W/b�P+N Ê,W

(V; A [ f (1; 5)g)
�

6

º��?«�P%\�W3TˆM



Ô

•'È îFõ�ï�ö������
5¯®.&«îK5MLO�:8—5M�VÕ
Ž˜°ÖÕ�,�±—²2Õ�L�Õ
Ž?8ŸÕWŽR�:Õ��V��5MŽ

G
��W-�

6

º��?«�P%\�W3T	Y�º��

6

��W(�

6

Q)W3���ª©�W�M

6

TmNƒ•�N�O�R.P[O�R.Q�øDN-N=P%R

6

½`N

6

�CW3\�½+R1�#���ITfN Q)W3���ª©�R1S3�AY��)P%W-��W-�

6

º��?«�P%\�W�TUY�W3P“»�º��

Q)W3�"½%R.�)���I�#TUQ)R.Q)T.W

2342
M

R.R1R á�ãôÚ�MžâBY�½+W

6

MêáqÉ]�Q½+�)P%V-R.�DN=P&T.W

6

b3P+N=O�W

6

O��r½%WZO�W

6

T1W

6[h

Ð)P“½+R1Q#�

6

O��

G
M

ÎmN

6

º�Q)�

6

R.S3�AO��CT1W

6

b3P+N=O�W

6

¾

6

R1baº�R1�#��O�W TfN W�P%O��)�DN�Q#R1S3�:O��

h

Ð)P“½%R.Q#�

6

»"º��CV/N�P%Q#N

T.N V/N–½%P%Rçä0�

6

�

(1; 3; 2; 2; 1; 2; 2; 1):
R

h

á—ãôÚkMêâBY�½+W

6

MžáqÉ0�Q½%�#P%V-R.��N�P

6

RU�)TUb3P+NcÊ,W

(V; A [ f (1; 5)g)
�

6]4

º�T1�#P%R.N���W�M

û]W-T1W(�

6

Y�º��

6

Q#W��"½+R1�#���

h

Ð#P“½%R.Q)�

6

O��Cb�P+N�O�W(R1V/YDN=P#M

ú

M

Ó

��N(�#TUQ)W3�cH“º���½+W

A = f 1; 2; 3; 4; 8; 7; 54; 34; 52; 21; 11; 12; 13; 16; 112g:

4

�

A
O��åËD��R1V-W

6

TfN

6

R1baº�R1�#�"½%� P*�#TfN=Q#R.S��
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A
M

476

P%�}€D��©kR

h

N-Y�º��

6

½+W˜»"º��
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6
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Ó
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÷
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\�’�Q#T1��MKÎUW

6

O�W

6

�

6

Q)W3P%P*�

6
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R.O��)P+N�Pî«_R.��Q)W3Pœ¬
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O��IR.��O�’�Q#Q)R.S3�	¶

§ n+1
i=1

1
i (i + 1)

=
n

n + 1
+

1
(n + 1)(n + 2)

:

ÏÌ�

6

’���N(Q#W3V-Y�P%W�\DN�Q#R1S3�

h

�#P*R¡ËDQ#N�P'�)�

•

W3��Q#�

6

T.NÛÊ,S3P*VB’�TfNkM

ÈkM�ã’È{Y�’��

•

W

6

á

Ó

�#N^T.N

6

R1b3’�R1�#�

•

�9V"N

•

P%R¡äe’��DN0V/N

•
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h

Ð)P

•

R.Q#�

6

­uÈ Ú-N=P%R

6‘•

N

6

M

R.R á�É0�

•

�)P%V-R.�DN�P

6

R

G
�

6

Q)W3���ª©kW�MWÉ0�

•

�)P%V-R.�DN�P

6

R

G
�

6]4

’�T1�#P*RfN���W�M

é[N

6‘•

N�’��DN�P*�#Y�P*�

6

�)�

•

N�Q#R1S3�dO��)Teb3P%N Ê,W�YDN=P+N�W�\

6

�)P

h

N=Pt“�’��/�

6

Q)W3���ª©kW�M›û{WA�

6

4

’�T1�#P*RfN���W Y�’��

6'•

R1�#���

h

Ð#P

•

R.Q)�

6

O��Cb�P+N�O�W-R1V/Y�N�P#M

R.R1R áWÉ0�

•

�#P%V-R1�DN�P&T1W

6

b3P%N�O�W

6

O��IQ�N�ODN ’���W-O��IT.W

6[h

Ð#P

•

R.Q)�

6

M

Ó

R.b�’�R.�)��O�W2T.N"W3P%O��)�DN�Q)R.S3�$O�� T1W

60h

Ð)P

•

R.Q)�

6

“Z’��(V/N�P*Q�N"TfN"V/N

•

P%R¡ä�•gTfN

6

’�Q#�

6

R1S3�

O��CT1W

6

b3P%N�O�W

6

�

6

¶

(5; 1; 3; 3; 2; 4; 2; 2; 3; 2; 3; 3; 2; 2; 3):

R

h

á

÷

W3V/Y�’

•

N�P)•

6

Rg�

6

Y�W

6

R.\�T.��•Z’��ø«�P%\�W3T�b3�#���#P+N=O�W3PiO��

G
M

Ó

R

G
�

6

��WBQ)W3���ª©�W�•

•

W3V/N�P^TfN2Q#W3V-Y�W3���)�

•

�(Q#W3���ª©�N�Q#W3�GV/N5­3W3P^�}­�V-�#P*W�O��

h

Ð)P

•

R1Q#�

6

­�Q)W3V-Y�’

•

N=P#•

6

R

�

6

Y�W

6

R.\�T1��•�’��?«�P%\�W3T	b3�)���)P+N�O�W�P'O��IO�R.Q`¬DN Q#W3V-Y�W3���)�

•

��M

÷

W3V-WX�)Tcb3P+NcÊ,W2�

6

Q)W3���ª©kW�•mN�O�V-R

•

�t’��ò«=P%\�W3T!b3�)���#P%N�O�W3P)•	“Z’�� O��#\��

•

�#���)POT
Ù

N=P%R

6‘•

N

6

MKÉ0�j�

6*•

�jV-WZO�W/¬�N5­:“Z’��j“�’�R

•

N�P�ß-N�P*R

6*•

N

6

•u“�’��

h

N��?Ê,W�P%V/N���O�W-Q#R1Q#T1W

6

ã?�

6



Ù TIâ

O��#Q)R.P#•n“Z’��-N=Tc“�’�R

•

N�P%T.N

6

�#Tcb3P+NcÊ,WXY��)P%V/N����)Q#� Q)W3���ª©�W'á}Mwì{�DN2Y�W

6

R1\�T.�j�)T.�)Q#Q#R1S3��O��

�

6*•

N

6

N�P*R

6‘•

N

6

�

6

¶

(13; 15); (11; 12); (3; 4)

(3; 10); (1; 15); (6; 7):

Ô
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R
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Ò
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N�T.�<O��)Tm\�’�Q#T1�
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6

O��C�)T.T1W

6i•

R.�)���#��R1�

h

�)P

6

W/Y�N�P+N �#TUY�P*WZO�’�Q

•

W�M

R.R áOã

Ø

Y�’��

•

W*á

÷

N�T.Q)’�T.N�PIT.N

6I6

R.b�’�R.�)�

•

�

6

W3Y��)P+N�Q)R.W3���

6

V-SZO�’�T.W?âk¶

234+ 2798
•

34128 ­

2765£ 7895943021
M

R.R1R á�ã’ÈBY�’��

•

W

6

áMÉ]�

6

Q)P%R1\�R.P

•

WZODN

6

TfN

6[6

W3T1’�Q#R1W3���

6

O��IT.N Q#W���b3P*’��#��Q)RfN(T1R.���#N�Tˆ¶

5x + 3 ´ 7 mod 11:
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Ô

M

�nf#”�•‰–�—ˆ–�—µ‹ÙŒDš

Ó

��N=�

p
­

q
Ê,W3P%V/N

6

Y�P%W�Y�W

6

R1Q#R1W3�DN�T1�

6

MÇ–!W3P T.N

6

ÎU�)­��

6

O��uÉ]�

��W3P%b�N=�

: (p ^ q)
�

6

T.S3b3R1Q#N�V-�)�

•

� �)“Z’�R

h

N=T.�#�

•

�/N

: p _ : q
M É0�)V-W

6*•

P+N�PIY�W3PCR1�[¬

O�’�Q#Q)R.S3��“Z’��tYDN=P+N(Q#N�ODN(�}­�V-�#P*W-�DN

•

’�P+N�T

n ¸ 2 6

�

•

R.�)���I“�’��

: (p1 ^ ::: ^ pn )
�

6

T1S3b3R1Q�N=V-�#�

•

�{�#“�’�R

h

N�T.�)�

•

�^N

: p1 _ ::: _ : pn
ã

6

R.�)��O�W

p1
•gM1MlMl•

pn
h

N�P*RfN�\�T1�

6

Y�P%W3Y�W

6

R‚¬

Q)R.W3��N�T.�

6

á}Mnû]W

•

N�¶7T.N

6

ÎU�)­3�

6

O��0É0�t�AW3P*b�N�����W-¬DN�­X“�’��CO��)V/W

6‘•

P%N�P%T.N

6

M

ÝBÂ k ” x ”A— ›�x:v –�–�—?É › Mn–cN=P+N

n = 2
TfNjN Ë�P%V/N�Q#R1S3�"�

6

Q#R1�#P

•

NjY�W3PiT.N

6

ÎU�}­3�

6

O��

É]�j�AW3P*b�N��	M

Þ^Â
k

‹
x

”X—
›:x�v

–�–�—?É
›

M

÷

W�V/W

p1 ^ :::^ pn ^ pn+1
�

6

T.S�b3R1Q�N�V(�#�

•

�&�#“�’�R

h

N�T1�#�

•

�

N

(p1 ^ ::: ^ pn ) ^ pn+1
�)�

•

W���Q#�

6]6

�

•

R1�#���=¶

: (p1 ^ ::: ^ pn ^ pn+1 )
�

6

T1S3b3R1Q�N�V(�#�

•

�^�#“�’�R

h

N�T1�#�

•

�CN�¶

: ((p1 ^ ::: ^ pn ) ^ pn+1 ):

Ê]Y�T.R1Q�N���O�WjT.N

6

T1�)­3�

6

O��PÉ0�I��W3P%b�N=�

6

�

•

R1�#���]TfNC�#“�’�R

h

N�T1�#��Q)RfNtT.S�b3R1Q�NCO��^T.Nt�ª©�Y�P%��¬

6

R.S3��N��

•

�)P%R.W�P&Q)W3�	¶

: (p1 ^ ::: ^ pn ) _ : pn+1 :
Ïß�

6*•

N-�ª©kY�P%�

6

R.S��A�

6

T.S3b�R.Q#N�V-�)�

•

�^�)“Z’�R

h

N=T.�#�

•

�=•DY�W3P'¬�R.Y�S

•

�

6

R

6

O��IR.��O�’�Q#Q)R.S3��N�¶

(: p1 _ ::: _ : pn ) _ : pn+1 :

†!R.�DN�T1V(�#�

•

��•�TfNB��©kY�P*�

6

R.S3�_N=�

•

�#P%R1W3P[�

6

�)“�’�R

h

N�T.�)�

•

�CNk¶

: p1 _ ::: _ : pn _ : pn+1 :

ÎUW(“Z’��CQ#W���Q#T1’�­3�CT.N O��)V/W

6*•

P%N�Q#R1S3�	M

�nf#”�•‰–�—ˆ–�—µ‹d˜	š
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Ó
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•
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n
O��:�}­�V-�#P*W

6

�)�

•

�#P%W

6

O�R‚Ê,�#P%�)�

•

�

6

M

É0�

•

�#P%V-R.��N�P2Q)’m«��

•

N

62•

�)P%�DN

6

W3P*O��#�DN=ODN

6

ã?Y��)P%V-R

•

R1�#��O�Wy�}­�V-�)P%W

6

P*�#Y��

•

R.O�W

6

á

6

�

Y�’��#O��#�uÊ,W3P%V/N�P[’

6

N���O�W-T.W

6

�}­�V-�#P*W

6

O��IT.N T1R

6*•

N�M

R.R áŒÉ0R

6

��•�N�PB’��pN�T1b3W3P%R

•

V-W�“�’��

•

�#��b3N$Q)W3V-W$�)�

•

P+N�ODN_’��DN_T.R

6*•

NAO��"�}­�V-�#P*W

6

�#�

•

�#P*W

6

O�R¡Ê,�#P*�#�

•

�

6

­tQ#W3V-W

6

N�T.R1ODN

•

WZODN

6

TfN

6

Y�W

6

R1\�T.�

6!•

�#P*�DN

6

W3P*O��#��N�ODN

6

O��[O�R1Q`¬�W

6

�}­�V-�#P*W

6

•aY��)P%V-R

•

R1�#��O�WA�#�yO�R.Q`¬DN

6t•

�#P*�DN

6

“Z’��2¬DN5­�N_P*�#Y��

•

R.Q)R.W3���

6

M

476‘•

’�O�R.N�P

6

’

Q#W3V-Y�T1��Ö*R.O�N�O	M

Ršá

Ó

W3�A�#Tm�}­�V/�)P%W/O��

h

N=P%RfN=Q#R.W����

6

O��

n
�#T1�#V-�#�

•

W

6'•

W3V/N

6

ODN

6

O��

Ô

�#�

Ô

M�–!W3P

•

N��

•

W

n3 M

R.R á

4

TmN=T.b3W3P*R

•

V(WB�#��Y

6

�)’�O�WZQ)SZO�R.b3W�M

4

�

•

P+N�ODNk¶

a1
•	M1MlMl•

an
ã?�*­�V-�#P%W

6

�#�

•

�)P%W

6

O�R¡Ê,�#P*�#�

•

�

6

á

l := 1
†DW3P

i = 1 •

W

n
†DW3P

j = 1 •

W

n
†DW3P

k = 1 •

W

n
bl := (ai ; aj ; ak)
l := l + 1

Ó

N�T1R.O�N�¶

b1
•	M1MlMl•

bn3

÷

W3V-W

6

W��

•

P%�

6

\�’�Q)T.�

6

N=��R.ODN=O�W

6

•��)TmN�T1b3W3P%R

•

V-W

•

R.�)���IQ)W3V-Y�T.�¦Ö*R.ODN=OXQ�­�\�R.Q#N�M

�nf#”�•‰–�—?–�—,‹@Û	š

Ó

��N

Z11
�#TmQ#W3�ÄÖ*’��

•

W"Q#WZQ)R.�)�

•

�tO��tT.W

6

�}­�V-�#P*W

6

�#�

•

�#P*W

6

Y�W3P{T.N

P%�#T.N�Q)R.S3�XO��IQ#W���b3P%’��#��Q)RfN(V-SZO�’�T1W

Ø3Ø

M

RšáNÉ0�

•

�#P%V-R.��N�P	Q#’m«��

•

W

6

�#T.�)V/�)�

•

W

6	•

R1�#���

Z11
­^Q)’m«�T1�

6U6

W3�	MRÉ]�

•

�)P%V-R.�DN=PUQ)’m«�T1�

6

O��I�#T.T1W

6i•

R1�#���)��R.�

h

�#P

6

W-YDN�P%N(�)TUY�P%WZO�’�Q

•

W�M

R.R á

÷

N�T.Q)’�TfN=PXTfN

6X6

R.b�’�R.�)�

•

�

6

W3Y��#P%N�Q#R1W3���

6

V/SZO�’�T.WÖâZ¶

234+ 2798
•

34128 ­

2765£ 7895943021
M

R.R1R áWÉ0�

6

Q#P*R.\�R1P

•

WZODN

6

T.N

6&6

W3T.’�Q)R.W3���

6

O��ITfNBQ#W3��b3P%’��)��Q#R.N(T.R1����N=Tˆ¶

5x + 3 ´ 7 mod 11:

Ršá
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TUQ#W3�ÄÖ*’��

•

W-Q#WZQ)R.�#�

•

�

Z11
•

R.�)���

Ø3Ø

�#T.�)V-�#�

•

W

6

•�“�’��

6

W3�	¶

Z11 = f 0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10g:
÷

W3V-W

Ø3Ø

�

6

Y�P%R1V/W�•

•

WZO�W

6

T.W

6

�#T1�#V-�#�

•

W

6

O��

Z11
•

R.�)���jR1�

h

�)P

6

W2YDN�P%N"�)T!Y�P*W ¬

O�’�Q

•

W�M
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234+ 2798´ 4 + 3 ´ 2 mod 5
•

34128 ´ (¡ 1)128 ´ 1 mod 5
•

2765£ 7895943021́ 0 mod 5
M

R.R1R áW–cN

6

N=V/W

6

�#T

Ô

P%�

6*•

N=��O�W(­XW3\

•

�#���)V/W

6

¶

5x ´ 4 mod 5:
÷

W3V-W

5 £ 9 ´ 1 mod 11
�#�

•

W3��Q#�

6

•9VB’

•

R.Y�T1RlQ�N���O�W$T.N_Q#W3��b�P%’��)��Q#R.N�Y�W�POÍ�•

W�\

•

�)���#V-W

6

¶

x ´ 3 mod 11:
É0�C�

6*•

�IV/WZO�W �#TUQ)W3�‰Ö*’��

•

W-O��

6

W�T.’�Q)R.W3���

6

�

6

¶

f 11k + 3 : k 2 Zg:
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•

W

6

áMÉ]�#V-W

6*•

P+N�P&“�’��CYDN�P%N

•

WZO�W(�}­�V-�#P*W-�DN

•

’�P%N�T

n 2 N;

2nX

k=1

(2k ¡ 1) = 4n2:

È�á›ã’â�Y�’��

•

W

6

á

486

Q#P*R.\�R1P(�#�qY

6

�)’�O�WZQ)SZO�R.b3Wx’��LN=T.b3W�P%R

•

V(W�Q#’�­�NG�#�

•

P+N=ODN

6

�#N

’��DN:T.R

6‘•

N2O��-�*­�V-�#P*W

6

�)�

•

�#P*W

6

­wQ)’�­�N

6

N�T1R.ODN

6

�#N�•

6

R7��©kR

6‘•

��•��)T8Y�P*R.V-�#P^�}­�V-�#P*W

�#�

•

�#P*W/O��IT.N T1R

6*•

NB“�’��C�

6

Q#W���b3P%’��#�

•

�CQ)W3�
Ù

V-SZO�’�T.WqßkM

486‘•

’�O�RfN�P&TfNBQ#W3V-Y�T1��Ö*R1ODN�OXO��)TmN�T.b�W3P%R

•

V-W�M

Ô

á—ã’âBY�’��

•

W

6

áMÉ0N�O�W-�#T

6

R

6‘•

�#V/N O��IQ#W���b3P*’��#��Q)RfN

6

8
><

>:

x ´ 1 mod5

x ´ 5 mod11

x ´ 2 mod3;
�

6*•

’�O�R.N�P

6

RU��©kR

6‘•

�)�

6

W3T1’�Q#R1W3���

6

­�•

6

RU��©kR

6*•

�)�	•D¬DN�T.T.N�P*T.N

6i•

WZODN

6

M

Ù
á—ã’âBY�’��

•

W

6

á

Ó

�ITfN��	ä�N��:O�W

6

ODN�O�W

6'6

R.VB’�T

•

«=����N=V-�#�

•

�^’��DN

6

W3TfN

h

��ä=MWÉ0�

•

�#Pœ¬

V/R1�DN�PIT.N�Y�P%W3\DN=\�R.T1R1ODN�OwO��/“Z’��"’���W_O��/T.W

6

O�W

6

P%�

6

’�T

•

N�O�W

6

W3\

•

�#��R.O�W

6C6

�#NíÈk•

6

R

6

N�\��)V/W

6

“�’��ITfN

6

’�V/N(O��CT1W

6

O�W

6

P*�

6

’�T

•

N�O�W

6

�

6

ú

M

Ý/á-âAã
�cä

ã’È:Y�’��

•

W

6

áæÉ0�

•

�)P%V-R.�DN�PCQ)’m«��

•

W

6

�}­�V/�)P%W

6

O��
Ù

Q)R¡Ê,P%N

6

O�R

6‘•

R1�

•

N

6

��W

•

R1�#���#����R1��b3’��DN O��CT.N

6

O�W

6

Y�P%R.V-�)P+N

6

Q#R‚Ê,P+N

6

R1b3’DN�T	N Q#�#P*W�M
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•

W

6

áKÉ0�)V/W

6*•

P%N�P&“Z’��CYDN�P+N

•

WZO�W-�*­�V-�#P%W(�DN

•

’�P+N=T

n 2 N;

2nX

k=1

(2k ¡ 1) = 4n2:

ì

•

R.T.R‚ä#�)V/W

6

’��DN(O��)V/W

6*•

P%N�Q#Q)R.S3�:Y�W3P&R.��O�’�Q#Q)R.S��	M

éiN

6

�IO��IR.��O�’�Q#Q)R.S3�	¶

6

R

n = 1;
�#�

•

W3��Q)�

6

2nX

k=0

(2k ¡ 1) =
2X

k=1

(2k ¡ 1) = 1 + 3 = 4 = 4n2:

–cN

6

W-O��IR.��O�’�Q#Q)R.S3�	¶

6

��N

2nX

k=1

(2k ¡ 1) = 4n2:
Ó

�

•

P+N

•

N O��IO��#V-W

6‘•

P+N=P'“�’��

2(n+1)X

k=1

(2k ¡ 1) = 4(n + 1)2:

Ê]¬�W3P%N�•

2(n+1)X

k=1

(2k ¡ 1) =
2n+2X

k=1

(2k ¡ 1) =
2nX

k=1

(2k ¡ 1)+ [2(2n+ 1)¡ 1]+ [2(2n+ 2)¡ 1]

¬�R.Y	MåO��IR1��O	M

= 4n2 + (4n + 1) + (4n + 3) = 4n2 + 8n + 4 = 4(n + 1)2:
Ó

�

6

R.b3’��I“�’��CYDN=P+N

•

WZO�W(�}­�V-�)P%W-��N

•

’�P%N�T

n 2 N;

2nX

k=1

(2k ¡ 1) = 4n2:
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6

á

486

Q#P*R.\�R1P(�#�qY

6

�)’�O�WZQ)SZO�R.b3Wx’��LN=T.b3W�P%R

•

V(W�Q#’�­�NG�#�

•

P+N=ODN

6

�#N

’��DN:T.R

6‘•

N2O��-�*­�V-�#P*W

6

�)�

•

�#P*W

6

­wQ)’�­�N

6

N�T1R.ODN

6

�#N�•

6

R7��©kR

6‘•

��•��)T8Y�P*R.V-�#P^�}­�V-�#P*W

�#�

•

�#P*W/O��IT.N T1R

6*•

NB“�’��C�

6

Q#W���b3P%’��#�

•

�CQ)W3� Ù V-SZO�’�T.WqßkM

486‘•

’�O�RfN�P&TfNBQ#W3V-Y�T1��Ö*R1ODN�OXO��)TmN�T.b�W3P%R

•

V-W�M

4

�

•

P%N�ODN�¶

a1; a2; a3; ¢¢¢; an :
Rs¶

�

Ø

�‡¬�R.T1�

i · n; ai
V/WZO

7 6= 4
i := i + 1

×bÊ

i > n •

¬��)�

s := æCžOö�Ÿ� X¡}¤D¥�¡}¨+ž5§BÑ`ž‰¤ZÕ�¨vÎu¡}¤D¥¦¡`§BÑ`ž‰¤

i

£"ç#«�ÎZ¢.ž�è/¡}¤$¢lŸ"¢éª.§}¥sŸ

�#T

6

�

s := ai ¡`§ ¡}¢k©�¨vªµ£"¡}¨I¤

~

£"¡}¨+ž2¡}¤D¥�¡}¨+ž"«Z¡I¢lŸ/¢éª.§}¥êŸ2Ï#Îu¡ ¡`§BÑ`ž‰¤ZÕ�¨vÎu¡}¤D¥¦¡BÑ`ž‰¤

i

£"ç#«�Îk¢1ž�è

Ó

N�T.R1ODN�¶

s
Î�N_Q#W3V-Y�T1��Ö*R1ODN�OdO��2�
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