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Single and multiple vibrational resonance in a quintic oscillator with monostable potentials
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We analyze the occurrence of vibrational resonance in a damped quintic oscillator with three cases of single
well of the potential V(x)=3wgx®+;Bx*+£y® driven by both low-frequency force fcos wt and high-
frequency force g cos Q¢ with (> w. We restrict our analysis to the parametric choices (i) w(z), B, y>0 (single
well), (i) g, ¥>0, B<0, B2<4wjy (single well), and (iii) wj>0, A arbitrary, y<0O (double-hump single
well). From the approximate theoretical expression of response amplitude Q at the low-frequency w we
determine the values of w and g (denoted as wyg and gyg) at which vibrational resonance occurs. We show that
for fixed values of the parameters of the system when w is varied either resonance does not occur or it occurs
only once. When the amplitude g is varied for the case of the potential with the parametric choice (i) at most
one resonance occur while for the other two choices (ii) and (iii) multiple resonance occur. Further, gyg is
found to be independent of the damping strength d while wyg depends on d. The theoretical predictions are
found to be in good agreement with the numerical result. We illustrate that the vibrational resonance can be

characterized in terms of width of the orbit also.
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I. INTRODUCTION

The study of the influence of two-frequency signals is
important in various branches of science and communication
technologies [1-7]. In recent years investigation of reso-
nance dynamics due to a biharmonical external force with
two different frequencies w and ) with )> w has received
much interest. For example, in a bistable system Landa and
McClintock [8] have shown the occurrence of resonant be-
havior with respect to a low-frequency force caused by the
high-frequency force and later Gitterman [9] proposed an
analytical treatment for this resonance phenomenon. Blekh-
man and Landa [10] found single and double resonances in a
double-well Duffing oscillator when the amplitude or fre-
quency of the high-frequency modulation is varied. Vibra-
tional resonance in a noise-induced structure [11] and
FitzHugh-Nagumo equation [12,13] and experimental evi-
dence of it in the analog simulation of the overdamped Duf-
fing oscillator [ 14] and in an optical system [15,16] have also
been reported. A theoretical approach has been proposed to
characterize vibrational resonance in the presence of additive
noise [17]. A comparative study of vibrational resonance
with stochastic resonance in a two-coupled overdamped os-
cillator [18,19] and an analytical treatment of vibrational
resonance in a overdamped bistable oscillator [20] were also
presented. In a diode laser and logistic map the high-
frequency force was found to induce noise-free stochastic
resonance in an intermittency region [21].

In the present work both theoretically and numerically we
study the vibrational resonance in a quintic oscillator with
three forms of a monostable potential. The equation of mo-
tion of the quintic oscillator driven by two periodic forces is
given by

X+ dx + wix + B3 + yx° = f cos wt + g cos Qr, (1)

where ()> w and the potential of the system in the absence
of damping and external force is
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V(x)—zwox +4,8x +6yx . (2)
The shape of the potential V(x) depends on the sign of the
three parameters w(z), B, and 7. It can be a single well, double
well, triple well, single well with double hump, double well
with double hump, and an inverted single well. The potential
V(x) is used to model optical bistability in a dispersive me-
dium where the refractive index is dependent on the optical
intensity [22]. A triple-well case of the above potential is
found to improve image sharpening in the presence of noise
[23] and is also used to represent partially folded intermedi-
ates in proteins [24]. Such intermediates can accelerate the
protein folding. Equation (1) in the absence of external peri-
odic forces models a magnetoelastic beam in the nonuniform
field of permanent magnets [25]. In recent years, various
nonlinear phenomena have been studied in the quintic oscil-
lator [26-34].

Here, we analyze the occurrence of vibrational resonance
in system (1) with specific emphasize with single-well forms
of the potential V(x). We consider the parametric choices (i)
wp, B, y>0 (single well) [Fig. 1(a)], (ii) wg, y>0, B<0,
BZ<4w§y (single well) [Fig. 1(b)], and (iii) wé>0, B arbi-
trary, y<0 (double-hump single well) [Fig. 1(c)]. The reason
for our interest in single-well cases of this system is that
vibrational resonance is generally studied in bistable and
multistable systems where for certain parametric choices
multiple resonance is found. In the present work we analyze
the possibility of multiple vibrational resonance in the
single-well cases of system (1).

For 0> w the solution of system (1) consists of slow
motion X(¢) with frequency w and fast motion (¢, (¢) with
frequency (). For f<<1 it is reasonable to assume that the
amplitude of the slow oscillation is small so that nonlinear
terms in the equation of motion of X can be neglected. This
leads to an approximate analytical expression for the ampli-
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FIG. 1. Shape of the potential V(x) for (a) w%, B, v>0 (single well), (b) w%, v>0, B<0, ﬁ2<4w(2)'y (single well) and (c) w%>0, B-

arbitrary, y<0 (double-hump single well).

tude (denoted as A; ) of slow motion. The ratio of A; and f is
termed as response amplitude Q. Using this theoretical ex-
pression of Q we analyze the occurrence of vibrational reso-
nance in system (1). For all the single-well forms of the
potential we show that at most one resonance occur when the
parameter w is varied. When g is varied we find that for the
parametric choice (i) resonance occur at most once whereas
multiple resonance occur for the parametric choices (ii) and
(iii). The number of resonances, the values of w and g at
which resonance occur (denoted as wyg and gyg), are deter-
mined from the theoretical expression of Q. All the theoret-
ical predictions are found to be in good agreement with the
numerical calculation.

II. THEORETICAL DESCRIPTION OF VIBRATIONAL
RESONANCE

An approximate solution of Eq. (1) for 1> w can be ob-
tained by the method of separation where solution is written
as a sum of slow motion X(¢) and fast motion i(z,Qr):

x(1) =X(@) + (1,Q1). (3)

We assume that i/ is a periodic function with period 27/} or
2ar-periodic function of fast time 7=)¢ and its mean value
with respect to the time 7 is given by

y=—1_ ydr=0. (4)
2T

0

Substituting the solution Eq. (3) into Eq. (1) and using Eq.
(4), we obtain the following equations of motion for X and -

X+dX + (0243807 + 5y X + (B+ 109D X + yX° + B
+ i’ = f cos o, (5)

G+ di+ o+ 3BXHPY— ) + 3BX(WP = ) + B = )
+ 57X (= ) + 109X (2 = 92) + 109X - o)
+5yx(f* = ¢ + Y = ) + 109X%47 = g cos Q.

(6)

Because i is a fast motion we assume that > i, , Y2, 7,
J#, ¥ and neglect all the terms in the left-hand side of Eq.

(6) except the term ¢. This approximation called inertial ap-

proximation leads to the equation (ﬁz g cos Ot the solution of
which is given by

8
=- ECOS Qr. (7)
For the ¢ given by Eq. (7) we find
2 4
=, = O’ =, = 0 8
204 v 80! v ®
Then Eq. (5) for the slow motion becomes
X+dX+C X+ CoX> + yX° = f cos o, (9a)
where
3Bg°  15yg" 5v¢*
2
Ci=wy+ ZQ4+ 508 C2=B+F. (9b)

The effective potential corresponding to the slow motion
of the system described by Eq. (8) is
1 1 1
Veff(X) = _C1X2 + _C2X4 + _')/X6 (10)
2 4 6
The shape, the number of local maxima and minima and
their location of the potential V(x) [Eq. (2)] depend on the
parameters wé, B, and 7. For the effective potential (V)
these depend also on the parameters g and (). Consequently,
by varying g or {) new equilibrium states can be created or
the number of equilibrium states can be reduced.
The equilibrium points about which slow oscillations take

place can be calculated from Eq. (8). The equilibrium points
of Eq. (8) are given by

— G+ —4C1y1 12

X;=0, X5;= i[
> 2’)/

2~ |12
-C,—\NC;-4C
Xzszi{ 2TV 17] (11)
i 2,y
Suppose, we choose y>0. Then we have the following

cases:
Case (i): C;, C,>0 or C;>0, C,<0 with C;<4C,y.
X(=0 is the only equilibrium point.
Case (ii): C; <0, C, arbitrary. There are three equilibrium
points and are X7, X; 3.
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Case (iii): C;>0, C,<<0 with C3>4C,y. There are five
equilibrium points given by Eq. (11).

We obtain the equation for the deviation of the slow mo-
tion X from an equilibrium point X*. Introducing the change
in variable Y=X-X" in Eq. (8) we get

Y+dY +aY + oY + oY + + a Y + yY° = f cos wt,

(12a)
where
a;=C,+3C,X"2 +5yX™, (12b)
a,=3C,X" +10yX*3, (12¢)
ay=Co+ 10yX™2,  a,=5vX". (12d)

For f<1 and in the limit t— we assume that |Y|<1 and
neglect the nonlinear terms in Eq. (11). Then, the solution of
linear version of Eq. (11) in the limit t—o is A cos(wr

— ), where
0)2 - al)
dw ’
(13)

and the resonant frequency is wrz\s";l. When the slow mo-
tion ta_kes place around the equilibrium point X*=0, then
(x)r= \C 1-

The response amplitude Q is

f

[(0? - 0?)?+ o]V

AL:

¢=tan_l<

0=t 1 (14)

f [(wf_w2)2+d2w2]l/2‘

In the following sections, we consider system (1) with three
single-well cases of the potential V(x) separately and analyze
the vibrational resonance using Eq. (14) and verify the the-
oretical results numerically.

III. RESONANCE WITH SINGLE-WELL POTENTIAL (w},
B, v>0)

For wj, B, y>0, and V(x) is a single-well potential [Fig.
1(a)] with a local minimum at x=0. The quantities C, and C,
given by Eq. (8) are now positive. Therefore, the effective
potential is always a single-well potential when g or () is
varied. The slow motion is around the equilibrium point X
=0 and w,=\C,.

We fix the parameters as w§=,8= y=1, f=0.05, d=0.3,
and Q=10. Figures 2(a) and 2(b) show Q versus w for g
=25, 100, 150 and Q versus g for w=0.5, 1.25, 2 respec-
tively. Continuous curves represent theoretical result ob-
tained from Eq. (14). Painted circles represent numerically
calculated Q. We have calculated numerically the sine and
cosine components Qg and Qc, respectively, from the equa-
tions

2 nT
Og= —f x(t)sin wtdt, (15a)
nT 0
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FIG. 2. (a) Response amplitude Q versus w for three values of g.
(b) O versus g for three values of w. Continuous curve represents
theoretically calculated Q from Eq. (14) with o,=VC;, while
painted circles represent numerically computed Q from Egs. (15).
The values of the other parameters are w%: B=vy=1, f=0.05, d
=0.3, and Q=10.

2 nT
Oc= —f x(t)cos wrdt, (15b)
nT 0
where T=27/w and n is taken as 200. Then
VO3 + Q¢
0= T (15¢)

Numerically computed Q is in well agreement with the the-
oretical approximation. For g=25, 100, and 150 the response
amplitude Q is found to be maximum at w=1.03, 2.08, and
3.72 respectively. In Fig. 2(b) for w=0.5 as g increases, Q
decreases and resonance is not observed. For w=1.25 and
w=2 resonance is found at g=52.75 and 96.25, respectively.
The above resonance phenomenon is termed as vibrational
resonance as it is due to the presence of the high-frequency
external periodic force.

The influence of resonance in X is seen in the width of the
orbit of system (1). Figure 3(a) shows a phase portrait of
system (1) for three values of g. The width of the orbit de-
noted as x,, is marked in this figure for the orbit correspond-
ing to g=52.75. In Fig. 3(b) we have plotted x,, against g for
three values of w. This figure can be compared with Fig.
2(b). The variation in x,, is similar to the variation in Q. x,, is
found to be maximum at resonance.

0.3 T T

FIG. 3. Phase portrait of solution of Eq. (1) for three values of g.
The inner orbit to the outer orbit the values of g are 10, 52.75, and
80, respectively. x,, denotes the width of the orbit for g=52.75. (b)
Variation in width of the orbit, x,,, as a function of g for three values
of w corresponding to Fig. 2(b).
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FIG. 4. (a) Bifurcation diagram showing period doubling phe-
nomenon and chaotic dynamics. (b) Magnification of a small part of
the bifurcation sequence. Numerically computed response ampli-
tude corresponding to the subplot (b).

Since system (1) can exhibit variety of bifurcations of
periodic orbits leading to chaotic motion and bifurcations of
chaotic attractor, we examined the occurrence of them using
bifurcation diagram and phase portrait. For certain cases of
the parametric choices considered in our study chaotic mo-
tion is found for sufficiently large values of the control pa-
rameter g, particularly, far after resonance. An example is
presented in Fig. 4(a) for w=2. For 0<g<177.2 a period-T
solution is found. When g is varied further period doubling
phenomenon leading to chaotic motion, intermittency dy-
namics occur and are clearly seen in Fig. 4(b) which is a
magnification of a small part of the bifurcation diagram Fig.
4(a). Onset of chaotic motion and sudden widening of a cha-
otic attractor occur at g=204.153 and 204.19, respectively.
For g values just above 204.2745 period-T solution is found.
In Fig. 4(c) numerically calculated Q is plotted correspond-
ing to Fig. 4(b). In the period doubling and chaotic regime
Q <1, that is, enhancement of amplitude of the signal at the
low frequency not takes place.

The possibility of occurrence of resonance when a control
parameter is varied and the values of a parameter at which
resonance occurs can be determined from the theoretical ex-
pression of Q. The response amplitude Q given by Eq. (14) is
a maximum when the function

S= (wf— 0?)? + d*w? (16)

is a minimum. Thus, a local minimum of the function S
represents a resonance. When a parameter, say, g is varied
then resonance occurs at a value of gyg, where gyy is a root
of the equation S,=4(w;-0’)ww,=0 and S

osle=s
_ 8 2 . . VR
=8ww;,>0. gyg is obtained as
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FIG. 5. Plots of (a) gyg versus w [Eq. (16)] and (b) wyg versus
g [Eq. (18)] for system (1) with single-well potential. gyg is inde-
pendent of d.

—b+\b*—4dac |"?
gVR:QZ|:\—:| ) (17a)
2a
where
15 3
a=§y, =5,8, c=w§—w2, w2>w3. (17b)

Equation (16) implies that for o< w% there is no resonance
and for each value of w> w% resonance occur at only one
value of g=gyg. Figure 5(a) shows the plot of gy versus w.
gvr increases with increase in w> w(2)= 1.
For a fixed value of g we obtain
d’ d*

WyR = wf—;, (,U?>E (18)
When o is varied from zero the resonant frequency remains
constant because it is independent of w. Consequently, the
function S will have at most one local minimum and hence
resonance will occur at most one value of w. This is the case
for other forms of the potential also. Multiple resonance is
thus not possible when w is treated as a control parameter.
gvr given by Eq. (16) is independent of the damping strength
d, while wyy depends on d. Resonance will not occur for the
parametric choices for which wr2=C1<d2/ 2. The require-
ment C;>d?/2 is not satisfied for g_<g<g,, where

| -b = b2 —da(e}-£) |

2a

gi = Q (19)
For d? <2} resonance occur at wyg given by Eq. (18) for
each fixed value of g while for d*>2wj resonance will occur
only if g>g,. g,=65.78 for wg:ﬁ: y=1, d=2, and Q=10.
Figure 5(b) shows wyg versus g for d=0.3 and 2.

IV. SINGLE-WELL POTENTIAL WITH w?, y>0, 5<0,
B< 4w5‘y

In this section we consider the system (1) with the single-
well potential of the form shown in Fig. 1(b) where wp, ¥
>0, B<0, Bz<4w%y. In this case the sign of both C; and
C, can be changed by varying either g or (). The effective
potential can change into other forms. Figure 6 depicts Vi
for three values of g where w%zl, B=-19, y=1, and Q
=10. V4 is a single-well potential for g=70 and 100 while it
becomes a double-well potential for g=90.
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FIG. 6. Shape of the effective potential Vg for w(z)z 1, B=-109,
y=1, Q=10 and for three values of g.

wyg is given by Eq. (18) where w?=C} if Vg is a single-
well form while wf:al for the double-well case. Figure 7
shows wyg versus g for three values of d. wyy is single
valued. Above a certain critical value of d and for certain
range of fixed values of g resonance cannot occur when w is
varied. For example, for d=0.3 resonance cannot be ob-
served for g € [70.62,76.14] and [96.94, 101.06]. Analytical
expression for the width of such nonresonance regime is dif-
ficult to obtain because w?=a is a complicated function of
g. In Fig. 7 we notice that the nonresonance interval of g
increases with d.

The values of gyg when the effective potential is a single
well are g1ven by Eq (16) for w?> wo, whereas for w%
—3B8%/10y<w’< wo

b + \rbz

dac 12
Y } . (20)

When V; becomes a double well an analytical expression
for gyp is difficult to find. In this case gyr can be calculated
numerically. We determine the roots of S, 4(w -—w )w Wrg

=0 and gyg numerically by analyzing the cases w2 w? O
and w,,=0. Figure 8(a) shows gyg against w. gVR—87 05 for
w>0412 arises from w,,=0. For ©®<0.412 resonance oc-
curs at four values of g. Three resonances occur for 0.412
<w<1.For w>1 two resonances occur. V. is a single well
for 0<g<74.14 (region I), double well for 74.14<g
<98.5 (region II) and again become a single well for g
>98.5 (region III). In the region I a resonance takes place

gVR=QZ|:

VR

3 05) ]
d=0.7—
JLd=035Y |
0 50 100 150

FIG. 7. Plot of wyg versus g for three fixed values of d with
wp=1, B=-1.9, y=1, and Q=10.
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FIG. 8. (a) gyg versus o with wj=1, B=-1.9, y=1, and Q
=10. The effective potential is a single well for 0 <g <61.65 where
C,>0, <0, C%<4Cly, and 61.65<g<74.14 where C;, C,
>0; double well for 74.14<g<98.5, where C;<0, C,>0 and
again a single well for g>98.5 where C;, C,>0. (b) Q versus g for
two values of w where =10, d=0.3, and f=0.05. Continuous
curves are theoretical result while the painted circles are numeri-
cally computed values of Q.

only if w?>< w}(=1); in the region II resonance occurs at two
values of g for @<<0.412, while one resonance takes place at
gyr=387.05 for ®>0.412; in the region III single resonance
occurs The resonance curves in the regions I and III for
w*< ‘”0 are g1ven by Eq. (20) while the curve in the region-
11 for w”> wj is given by Eq. (16). The resonance curve in
the region II corresponds to double-well case of V. In Fig.
8(b) we can clearly see the resonance at three values of g for
0=0.8. The value of Q at gyg=87.05 is much smaller than
the values of other gyr. The value of Q decreases when w
increases.

In the single-well system (1) with wé:l, B=-109, y=1
when g is varied from O the effective potential underwent
transitions from single well to a double well and then to a
single well and multiple resonance is found. In the next sec-
tion, we show an example of multiple resonance where the
form of the effective potential remains as a double-hump
single well.

V. DOUBLE-HUMP SINGLE-WELL POTENTIAL WITH
>0, B-ARBITRARY, y<0

V(x) is a single-well double-hump potential [Fig. 1(c)] for
w0>0 B-arbitrary, y<<0 with a local minimum at x=0 and
two local maxima at x= +[ —-B-\B*~4w3y]/(27). We as-
sume that S>>0 and fix wo—l B=3, y=—1, and Q=10. For
0<g<78.55 V. is a single-well double-hump potential
with C,, C,>0; for 78.55<g<g.=161.3925 it is again of
same form but with C;>0, C,<0, and for g>g. it is an
inverted potential. That is, the shape of V4 does not change
into a double well or a triple well as g is varied from zero.
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FIG. 9. wyg versus g for three different values of d with w(z)
=1, B=3, y=—1, and Q=10.

However, we notice multiple resonance when g is varied. For
g<g. the resonant frequency is \C; and for g> g, the mo-
tion of the system becomes unbound.

We consider the dependence of wyg on g. wyy is given by
Eq. (18). From the requirement w?=C,>d?/2 we find that
for d2>2w(2) when o is varied resonance will occur only if

g_-<g<g,, where
d2 1/2
b+ \/b2+4|a|<wg— 3>

2ldl

g==’ (21)

Examples for this are shown in Fig. 9 for d=2 and 2.5. For
d*< ZwS resonance will occur for 0 <g<g, [see wyy versus
g for d=0.3 in Fig. 9]. The nonresonance intervals of g in-
creases with increase in d. Figures 5(b), 7, and 9 can be
compared.

Figure 10 shows plot of w, versus g and o,, versus g. In
Fig. 10(a) as g increases from O the value of w, increases
from w;;=1 reaches a maximum value w,=1.924 at g=g,
=109.54 and then decreases and reaches again the value w,
at g=g,;=155. This is because C|, the square root of which is
w,, 1s a nonmonotonically varying function of g.

From Fig. 10 we infer the following:

(i) For 0 < w< w,; the quantity w’—w? is zero for a value
of g in the interval [g,=155,g,=161.3925] and thus a reso-
nance.

(ii) For each value of w in the interval [w,,w,],
—w*=0 for two values of g in the interval [0,g,] and hence
two resonances—one for g<<g, and another for g,<g<g,.

(iii) w, =0 at g=go with S,,=-36(w},— w?)/ w},. There is
only one resonance for > w,, and is at g=g,,.

2

3 0.003

Wrg

-0.003 o
0 100 200

(b) g

FIG. 10. (a) w, versus g and (b) w,, versus g for a%:l, B=3,
y=-1, and Q)=10.
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FIG. 11. (a) w versus gyg for the system (1) with a double-hump
single-well potential. Here w(z)zl, B=3, y=-1, and Q=10. The
effective potential is a single-well double-hump form for 0<g
<g.=161.3925, where C;>0 and C, arbitrary and becomes an
inverted single-well for g > g.. (b) Response amplitude Q as a func-
tion g for two values of w where f=0.05 and d=0.3. Continuous
curves are theoretical result while the painted circles are numeri-
cally computed values of Q.

Interestingly, analytical expressions for gyr due to w
=0 and w?—w’=0 can be obtained. ., =0 gives

[2pB
gvr =80 =’ 5|_y 0> 0,(g)) = 0. (22)

On the other hand, w?-w?=0 gives

rg

[,2 2 o\ |12
b+ Vb +4|a|(wy— @
gvr=0? X lal(ws ) . o <) (23)
2|al
and
[ 1/2
gvp =2 b+ \b*—da(wy— )| | "
" 2l ’
< 0 < [w(g)P = ad e 2L (24)
Wy < w w0 (8o) "= W 10|y’

where a and b are given by Eq. (16).

Figure 11(a) depicts w versus gyg. Figure 11(b) shows the
variation in Q versus g for two fixed values of w with d
=0.3 and f=0.05. In Fig. 11(b) we notice that Q at g=g, is a
minimum for w=1.25, and it becomes a maximum for w
=2. For w=1.25 two resonances are observed at g=36.5 and
150.6, while for w=2 resonance is found only at g=g,. In the
double-hump single-well system multiple resonance occurs
because the resonant frequency w, of the slow motion is a
nonmonotonically varying function of g. Even though the
effective potential not changes into a double-well or a triple-
well form, as g increases from O the resonant frequency in-
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FIG. 12. Phase portrait of slow motion of system (1) with
double-hump single-well potential for three values of g around the
two resonances at g=36.5 and 150.6 for w=1.25, f=0.05, Q=10,
and d=0.3.

creases for a while and then decreases. Consequently, for a
range of fixed values of w, (wf—wz) in Eq. (14) becomes
minimum (=0) at two values of g. Therefore, two resonances
are observed when g is varied for certain range of fixed
values of w. Figure 12 shows slow motion of the system
around the two resonances for w=1.25. All the orbits oscil-
late about the origin.

In the case of Duffing oscillator with the potential V(x)
122 154 : ;
=5 wyx"+;Bx" occurrence of multiple resonance is not pos-
sible when V is a single-well or a double-hump single-well
form as shown below. We have

3Bg’

1 1
Ver(X) = =C, X7 + ~C X", .,
eff( ) 5 1 4 2 204

C1=(1)é+ C2=IB.

(25)

V(x) is a smgle -well potential for w3, 8> 0, double-well po-
tential for w0<0 B>0, single-well double-hump potential
for w0>0 B<0, and an inverted single-well potential for
wO, B<<0. For the single-well case the values of C; and C,
are always >0 and the effective potential remains a single
well. The resonant frequency w,=1C; increases continuously
from wé as g increases from 0 and

2(w® - w%)

3p

Hence, as g increases from 0, resonance does not occur for
w’<w; and only one resonance occurs for w’>w; at g
=gvr given by Eq. (26).

For the single-well double-hump potential we have C
<0 (always) and C;=wi-3|Bg%/(2Q%). At g=0, w,=\C,
=\wj. As g increases from 0, w, decreases monotonically
from \'/Zo and becomes 0 at g=g, —QZ\ 23/ (3|B). Thus, for
? <w0 there is a resonance at a value of g given by Eq.
(26). (For ’ >w0 resonance does not occur.) When g is
further increased from g, the effective potential becomes an

8VR = O? (26)
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inverted single-well form and the motion of the system is
unbounded. Thus, at most one resonance occur in the Duff-
ing oscillator with the single-well double-hump potential.
Whereas in the expression for C; in V. of the quintic oscil-
lator there are two terms depending on g and the sign of
these two terms are different. The result is w”=C| oscillates
over a certain range of g (or ().

VI. CONCLUSION

For the quintic oscillator, from the analysis of the approxi-
mate theoretical expression of response amplitude Q of slow
motion, we are able to determine the number of resonances
and the values of the control parameter, say, g or w or (), at
which resonance occur. Irrespective of whether the quintic
oscillator potential V has a single well or a multiwell, as w
varies either no resonance or only one resonance occur
(when w?—w?+d?/2=0) depending upon the values of other
parameters. As g is varied we have the following results: (i)
resonance occur when either w2 =0 or o, .=0 with S,
> 0. (ii) In the single-well case w1th wo, B, y>0 the resonant
frequency w, increases monotomcally from wO and hence
only one resonance occur for w?> wo at the value of g given
by Eq. (16). (iii) In the case of single-well with wj, y>0,
B<0, ,82<4wa the effective potential changes from single
well to double well and then to single well for a range of
fixed values of w. w, oscillates over a range of g such that
wf—w2=0 is realized at more than one value of g leading to
a multiple resonance. (iv) When the potential of the system is
a single-well double-hump potential, double resonance is no-
ticed in the interval of g where the effective potential re-
mains as the single-well double-hump shape, however, w, is
found to oscillate.

Our analysis indicates that to observe resonance bistabil-
ity and transition of Vg from one form to another form are
not necessary. A monostable system can be able to exhibit
multiple vibrational resonance if the resonant frequency w,
oscillates. Further, not only the case wf—aﬂ:o but also the
case w,,=0 with S,,>0 corresponds to a resonance.

We have shown that the presence of resonance can be
identified using the width of the orbit x,. The numerical
calculation of x,, is much easier than the numerical calcula-
tion of Q. Analysis of vibrational resonance in nonlinearly
damped system and parametrically driven system can pro-
vide further insight on the occurrence of vibrational reso-
nance.
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